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INPEINCJIOBUE

JTa KHUTra COJlepUT OCHOBHbIE NOJIOMEHUA TEOPUU MaTeMaTUUeCKOro
nporpaMMUpOBaHUA U YMCIeHHble MeTO[bl pelleHUA COOTBEeTCTBYIOUIUX
SKCTpeMalbHBIX 3a7ay.

Kuura Hamucana Ha OCHOBe JIEKIIMi1, KOTOPbIe aBTOP YUTAl B TeUeHUE
pAa neT Ha MexaHHMKo-MaTeMaTHuyeckoM (akyiabTeTe U Ha (daryjbTeTe
BBIUNCAUTENbHO MaTeMaTUKU U KubepHeTUKN MocKoBCKoro rocyaapct-
BEHHOT'0 YHUBepcUTeTa.

EcrecTBenHo, uTO B Kypce, NpeAHa3HAaYeHHOM [IJIfl IIePBOr0 3HAKOM-
CTBa C NpeIMeTOM, MpeAcTaBileHbl JUIIb OCHOBHbIE UMC/AEHHble METObI.
B cBA3M ¢ 3TUM HacToAIlas KHUTA He MO;KeT CIYUTb CIIPABOYHUKOM, B
KOTOPOM UMTaTelb PacCUYMThIBaeT HallTH TOT caMblil alropuTM, KOTOPbIi
eMy HeoGXOAUM [IJIfl pellleHUA BO3HUKIIEH mepeq HUM peanbHON 3amayu
ONTUMM3ALUH.

I'naBa 1 nocpslieHa npeiMeTy MaTeMaTUUeCKOro IporpaMMUpoBaHus,
ero MecTy B HayKe 00 uccileJoBaHUU ollepaliuff, mpuMepaMm 3ajgayd Tex-
HUKO-3KOHOMUYECKOT'0 COJepKRaHufd, MaTeMaTuYeCKUMU MOJAeIAMU KOTO-
PBIX ABJAIOTCA 3alaud MaTeMaTUYeCKOTo IPOorpaMMUPOBaHuUA.

B raaBe 2 usnaraetcsa maTeMaTHuecKuil annaparT, Ha KOTOPbIit onupa-
I0TCA MOCcAeaYIONINe TaBbl KHUTHU.

B raaBe 3 ocHOBHOe MecTO OTBOAUTCA YCJAOBUAM ONTUMAaIbHOCTU —
HeO0OXOIUMBIM YCJIOBUAM JOKAILHOIO MUHUMYMa B 3aauyax HeJuHeiHoro
nporpaMMUpOBaHufA, HeOOXOAUMBIM U AOCTaTOUHBIM YCJIOBUAM pa3pellu-
MOCTHU 3a7ay BbIIYKJIOr0 NporpaMMUPOBaHUA.

I'maBa 4 — Teopus nuHeNHOr0 MPOrpaMMUPOBaHUA.

OcHoBHbIe MeTOAbI pellleHNs 3a7ay JUHeitHoro IporpaMMUpOBaHue 13-
JI03KeHBI B IVIaBe 5.

MonyuuBmmuii mrpoKkoe pacrnpocTpaHeHue MeTo[ MTpadHbIX QYHKINIA
paccMmoTpeH B riase 6.

BamHoMy NOHATUIO yCTOMYMBOCTY 3a/1auy MaTeMaTUIeCKOI0 IIPOrpaM-
MUPOBaHNA MOCBAlleHa I71aBa 7. 30eCh U3JI0MEH METOI peryiapusaluu
IJIAl pellleHU HEYCTOUUMBBIX 3KCTPeMalbHbIX 3a/adu.

MHorokpaTHoe pelleHUe 3a/1a4 0JHOMEPHONU MUHUMU3aIUN — Helpe-
MeHHBI! 3Tarn 60JbIIMHCTBA YUCIEHHbIX MeTOJ0B MaTeMaTHUeCcKoro mpo-
rpaMMUpOBaHNKA, B CBA3U C UeM U MOABUJACH I1aBa 8.

Ha mnepBrrit B3riAg MeToObl pellleHUA 3agay Ge3yCH0BHON ONTUMU-
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3allMid OTHOCATCA K “UYMCIeHHOMY aHaiu3y”’, OgHaKo 3TH METOAbl CTa-
AU HeoT'beMJeMOi JacThio MaTeMaTUYecKoro mporpammupoBanus. Tag,
sKCTpeMalbHble 3aflaud ¢ orpaHuueHUAMHU (YCIOBHO-3KCTpeMaibHble 3a-
naqu) MeToqoM MTpadHbIX (YHKIUN CBOAATCA K 3agayaM 0e3yCJ0BHOI
ONTUMUBAIUH, TO K€ caMoe OTHOCUTCA U K MeToAy peryasapusanuu. Kpo-
Me TOTr0, Ued MHOI'MX MEeTO/IOB pelleHUs yCAOBHO-3KCTPeMalbHbIX 3a1au
cylllecTBEHHO 6a3upylOTcA Ha MeTogax 0e3yCJ0BHOI ONTUMUIALUU, KO-
TOpBLIM TOCBAlleHa riaaBa 9. BecbMa cylliecTBeHHbIN pa3fesn 3TOi TiaBbl
MOCBAIleH CTabUAM3UPYIOIMIUM CBOHCTBAaM MeTOI0B FpaWeHTHOro TUIa,
MO3BOJIAIOIUM HaXOAUTh HOpMalbHOE pellleHne HEKOPPEeKTHBIX 3ajay, He
npuberas K mpoleaype peryiagpusanuu. ITOT pasjel JOMOJHAIOT Hhccie-
MOBaHWS, U3J0EHHbIE B Ii1aBe 7.

I'naBa 10 mocBAIeHa MeToaM pellleHUs AKCTPeMaIbHBIX 3a1a4 ¢ orpa-
HUYEHUAMU: MeToaM NPOeKI U I'paJiueHTa, YCIOBHOIO I'paJiueHTa, MeTo-
Iy BO3MOKHBIX HallpaB/JeHUIl U MeTogaM ClAy4daiiHOro crycka.

BHuMaHue MHOTHX ClelIMaJiCcTOB MPUBIEUYEHO K MeTo/1aM pelleHus 3a-
a4y MaTeMaTU4YeCcKoro nporpaMMUpPOBaHNfA, OCHOBaHHLIM Ha MOCTPOEHUU
MOAUGULIIMPOBaHHBIX (yHKIUI JlarpaHs;ia. T BONPOChI paCCMOTPEHLI B
riaase 11.

OcHoBHOe BHHMaHUe MpHU MCCIeJOBAaHUM METOAOB, H3JjaraeMbIX B Ha-
cToAlllleli KHUre, y[elfdeTcA BONpocaM CXOJUMOCTH W yCTOMYMBOCTHU, a
TaKe apUuOpPHbIM OLlEHKaM CKOPOCTU CXOJMMOCTHU — OJHOHN U3 CyllecT-
BEHHBIX XapaKTEpPUCTUK KadyecTBa MeTOJIOB.

OTHOCUTENBLHO YMCIEHHBIX METOMOB CIeyeT caelaTh OJHO 3aMevaHue:
MpU pelleHUd peanbHOIl 3aJadyd caMblil HeyJauyHbIi, HA MEpBbIi B3TJIAL,
METO]] MOKeT OoKa3aThCA BecbMa 3(P(GEKTUBHBIM; B CBA3W C 3TUM aBTOP
BO3jlep#iajicA OT 3aMaHUMBOIl MepCHEKTHUBbI IPUBECTU HEKOTOPbIE CPaB-
HUTEeNbHbIE XapaKTEPUCTUKU MeTOA0B, BBIXOAIIME 38 pAMKU OLEHOK CKO-
POCTHU CXOAUMOCTH.

IIpu pa6GoTe Hamg KHUTOI GOJBLLIYIO MOMOLIL aBTOPY OKa3bIBalIU CO-
tpynHuku BII PAH B.A. BepesueB, O.A. BpexueBa, A.®. U3maiiaoB u
A.A. TpeThAKOB, COBMECTHYIO MHOTI'0JETHIOIO padoTy ¢ KOTOPbIMU aBTO-
Py TPYZIHO MePEeOLEHUTD.

B.I'" Kapmanos



NITABA 1
BBEIJEHHUE

1.1. IIlpegMmeT MaTeMaTH4Ye€CKOr0 NpOrpaMMHPOBaHUA

1.1.1. Coaepssanue mnpeamerta. Copep:raHue MaTeMaTHUECKOTO
IporpaMMUPOBaHUA COCTaBJAIOT TEOPUA U MeTO[bl pelleHuA 3agad o
HaX0MJeHNN 3KCTPeMyMOB (GYHKLIUI HAa MHO#eCcTBax, olpee/seMblX JIH-
HEHBIMU U HENMHEeHHbIMU OrpaHMUYeHUAMY (PaBEHCTBaMM U HEPaBEHCT-
BaMK). MaTemMaTunyeckoe nNporpaMMUpOBaHue IBASETCA OJHUM U3 pasie-
JIOB HayKU 00 HUccleJoBaHUU omepauuii.

1.1.2. O61acTu IpUMeHeHHA. 3ajJaul MaTeMaTUYeCcKoro nporpam-
MMPOBaHUAl HaXoOAT NPUMeHeHUe B pa3ju4HbIX 00/acTAX 4ejoBedyecKoil
efATeJbHOCTH, I'le HeoOXOAUM BbIOOD OJHOIO M3 BO3MOMHBIX 00pas3oB
neficTBuii (mporpaMM [IeliCTBHUIL), HAIPUMEp, IPY PEIIeHUuH Ipo6IeM YII-
paBleHUs U I1IaHUPOBaHUA NPOU3BOACTBEHHBIX IPOLECCOB, B IPOEKTUPO-
BaHUU U NepCNeKTUBHOM IIaHMPOBaHUH, B BOEHHOM Jeje U T. 1.

3HauuTelbHOE YUCIO 3ajayd, BO3HMKAIOUIMX B 00LlecTBe, CBA3aHO C
yIpaBisfgeMbIMU ABIEHUAMHU, T. €. C ABIEHUAAMHU, PeryJINPYeMbIMU Ha OCHO-
Be CO3HATeNbHO MNpUHUMaeMblXx pemeHuii. [lpy ToM orpaHuueHHOM
o6beMe MHGbOpPMaLUM, KOTOPbIl ObLI JOCTYNEeH Ha paHHUX 3Tamnax pas-
BUTUSA 00llecTBa, IPUHUMANOCh ONTHMaJAbHOEe B HEKOTOPOM CMBIC]IE pe-
IIeHVe Ha OCHOBaHMU MHTYMLUHU U OINbITA, a 3aTeM, C Bo3pacTaHueM 00b-
emMa uHbopMauuu 06 u3y4yaemMoM fIBJIEHUHU,— C [OMOLIbIO pAJa NPAMBIX
pacyetoB. Takr mpoucxoauiao, HaIpUMep, CO3/laHle KaleHAapHbIX IJIaHOB
paboThbl NPOMBIIJIEHHBIX IPeANPUATUIA.

CoBepllleHHO UHaA KapTUHAa BO3HMKAeT HAa COBPEMEHHOM MPOMbIIIIEH-
HOM IPeANpPUATHAU C MHOIOCEPUNHBIM U MHOTOHOMEHK/ATyPHBIM [IPOU3-
BOJCTBOM, Korjga o6beM BXOJHOH MH(OpMaUuu CTOJb BeIUK, YTO ero oo-
paboTKa ¢ Lenblo NPUHATUA OINpeIe/]eHHOIO pelleHUs HeBO3MozkHa 6e3
npuMeHeHUuA KoMNbioTepoB. Emie Gonbuine TpyIHOCTH BO3HUKAIOT B CBf-
31 ¢ 3afavell 0 NIPUHATUN HaWIy4llero pelleHus.

1.1.3. IIpunatue pemenwuii. [IpoGiema nNpuHATUA pelleHUNt B HC-
c/leJoBaHUN ollepaliiii Hepa3pbIBHO CBfA3aHa C IPOLeccOM MOIe/lMpOBaHu .

Ilox mouaTHEeM, 0603HAYAEMOM TEPMUHOM M00eab, IOHUMAIOT CHOCo0
oTpakarth (B TOM dumncie U M306paskaTh) OCHOBHOE COMEpyKaHUe HCCie-
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ayemoro o6berta. Takum 06pasoM, MofIelb — 3TO 00pa3 U3y4aeMoro fB-
neHusi (06bEeKTA), T. €. ero ONUCAHME TeM WM UHBIM CPEeJCTBOM, KOTO-
PBIM TIONb3YeTCAl CyObhEeKT MOMAeIUPOBaHUA (OMUCAHUA), UCTONb3YIOMULL
MOJIeJib B KauecTBe MpeCTaBUTeNA (3aMECTUTEN) U3YYaeMOro 06heKTa.

MepBblii »Tan mpolecca MOASIMPOBAHUA COCTOUT B IIOCTPOEHUU
KavecmeerHoll modeau, T. €. B BblaeleHnt (HaKTOPOB, KOTOPbIE MpeacTaB-
JAIOTCA Hanbojee BasHbIMK, U B YCTAHOBICHUU 3aKOHOMEPHOCTEH, KOTO-
PLIM OHM TIOAYUHAIOTCA.

Bropoii aTan— mocTpoeHue mamemamuieckoll modeau paccMar-
puBaemMoii mpo6JaeMbl, T. €. 3alliCh B MaTeMaTUUeCKUX TepMUHAX KadyecT-
BeHHOH mogenn. TakuMm o6pasom, MaTeMaTHdeckad Mofelb — 3TO 3a-
NMcaHHafA B MaTeMaTUUeCKHX CHMBOJaX aO0CTpPaKUUA peajbHOro ABJe-
HMA, TaKk KOHCTpyWpyeMas, uyToObl aHalIu3 ee JaBajl BO3MOASHOCTL IIPO-
HUKHYTh B CYIIHOCTh fiBJeHUA. MaTemMaTuueckas Moelb yCTaHABINBAeT
COOTHOIIEHUSA MEIY COBOKYNHOCTBIO epeMEeHHbIX — OCHOBHBLIMU Mapa-
MeTpamu fiBjeHus (Koria fiBieHue YIpaBisfeMoe — MemIy napaMeTpamu
yIpaBieHus).

Byziem Ha3bIBaTh MaTeMaTUUYeCKYO Mofedb moynoil*) B mpeanonose-
HMHU, YTO BCE UCXOHbIE BEIMUYNHbI YNCIOBBIX 1aPaMETPOB MOJEIN ABJIA-
I0TCA TOUHBLIMM (HampuMmep, pesyabTaThl HabJdloneHuil). B aToM cmbicie
TOYHYIO MOJe/]b WHOI[A HA3LIBAIOT udedAbHOll.

B pganbueitmem GygeM IpefanojaraTh CylUIeCTBOBAHUE MOYH020 pelle-
HUA MaTeMaTH4ecKoll 3afgaud, COOTBETCTBYIOWIEH TOYHON Monenu, T. e.
CylllecTBOBaHKE COOTHOIIEHN, OTBEYAIOero neau (Uiu LeldaM) MocTpoe-
HUA MOJeNu.

B peanbHolt cuTyauuu cBeleHMA O BXOJHBLIX [apamMeTpax HOCAT, KaK
NpaBuiio, NPUOIUAEHHBIN XapaKkTep (Hampumep, pes3yabTaThbl U3MepeHui
U T. I.), U B 3TOM cCilydyae MaTeMaTUUYeCKyIO MOMelb U efi COOTBeTCT-
BYIOLIYIO 3aauy HasbIBalOT PeaAbMbliMlL, a PeIleHre 3a0aul — pPedibHblm
pelueruem. PealbHoe pellleHre MOKET U He CylIeCTBOBAaTh, HECMOTPSA Ha
anpUoOpHOE MPEANoNoAEeHe 0 CylleCTBOBAHUY TOYHOIO PelleHUf. 3aMe-
TUM, YTO MOJOGHYIO BechbMa BO3MOMKHYIO CUTYaLUIO CleIyeT YUUThIBATh
IpyY BLIOOPE COOTBETCTBYIOMNX YMCICHHBIX METOHOB, a UMEHHO TaKuX,
KOTOpbIE MO3BOJAIOT MOMYYaTh NPUOIUAEHUA K TOYHOMY pEIIeHUIO, He
obpalasch K mpobjieMe CylecTBOBaHUA pealbHbIX PEIIeHUil.

O6paTuM BHMMaHHUe Ha TO, 4TO, NOCKOJbKY TOUHAfA MOJEIb IO Mpef-
nonoxeHuio (IOCTPOEHUIO) OTpakiaeT OCHOBHOe cofiepiiaHie (CBOWCTBa,
en) MOJeIUpyeMoro o0beKTa, 3TOMY e YCIOBUIO HoiHa (06sa3aHa)
YIOBIETBOPATH (C U3BECTHON CTENEHbIO TOUHOCTU) U peajbHas MOIEb.
BHOBL momuepkHeM, YTO TOUHAA MOJeldb TaKk #e, KaKk ¥ TOYHOEe pelleHue
[aeT JULIb NPUOIMKEHHbIE CBeleHNs 0 MOISIUPYeMOM 00beKTe, 3aBUCH-

>k)STO Ha3BaHUe He BIIOJIHe yJadHO, HO OHO Y:e BOILJIO B Oﬁl/lXO,El. SEMBTI/IM, 4To
nHorjga TO4YHYIO Mo/ie/lb Ha3blBaroT njealbHOM (B CMbIC/Ie Mneannsnposal—u—loﬁ). Ho mbI
6y;[eM npuaepmuruBaTbCA YCTOABIIEroCA Ha3BaHUA.
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Y€ OT CTENeH! aJeKBaTHOCTU TOYHOM MOJenu MOAEINPYeMOMY 00BERTY;
NI03TOMY TOYHOCTb BXOIHBIX JAHHBIX pealbHOIl MoJelud U TOUYHOCTbH Bbl-
YHCJIeHUIl B Ipollecce pellleHUs JOJHHbI COrVIacOBbIBATLCA CO CTENEHbIO
aJeKkBaTHOCTU TOYHOIl Momenu. I, uTo cyliecTBeHHO, pealbHasA MOAelb
JoHa 061aaTh CBOMCTBAMM TOYHON MOJIENM, 00eCcneYnBalOMUMU BbI-
NOJIHEHUE YCIOBUI MOCTPOEHUA BhIOMPAEMOro YUCJIEHHOI'0 MeToa.

JTOT 3Tal BKIIOYAET TaK:Ke [I0OCTPOEHNE Yeaesoll GYHKYUL, T. €. TAKOI
YUCIOBON XapakTepUCTURY, 60bleMy (M MEeHbIIEMY ) 3HaYeHUIO KOTO-
poii COOTBETCTBYET Jyullafg CUTYalUf C TOYKU 3PEHUA INPUHUMAIOIIEr0
peleHus.

Urakr, B pe3yabTaTe 3TUX ABYX 3TANoB (HOPMHUPYETCA COOTBETCTBYIO-
mas MaTeMaTHU4yecKas 3ajava.

Bropoit sran y:;e TpeGyeT NmpuUBJIeYeHHSA MaTeMaTHYECKUX 3HAHUU.

TpeTuit 3Tan— ucciefoBaHre BINAHNA NepeMeHHBIX Ha 3HaUEHUE
HesieBoOi GYHKIMU. DTOT 3Tal MpelycMaTpUBaeT BlageHue MaTeMaTuvec-
KUM anmapaToM [JIfl pellleHuA MaTeMaTU4yeCcKUX 3afay, BO3HUKAIONUINX Ha
BTOPOM 3Talle Npollecca NPUHATUA pelleHus.

[Muporuit Kiacc 3amau ynpaBieHUs COCTABIAIOT Takue 3KCTpeMallb-
HbIe 3a/laul, B MaTeMaTUYeCKUX MOJeNfAX KOTOPbIX YCJIOBUA Ha MepeMeH-
Hble 3a7al0TCA paBeHCTBaMU U HepaBeHCTBaMU. Teopusi 1 METOIbI pelle-
HUA BTHUX 33aa4 KaKk pa3 U COCTABIAIOT COAep:;KaHUEe MAMeMaAmuyecko2o
npoepamMmMupoBaHUsL.

Ha Tperbem sTamne, noiab3ysach MaTeMaTUUECKUM aIlapaToM, HaXOIAT
pelleHuA COOTBETCTBYIOMUX 3KCTpeMalabHbIX 3agad. O6paTuM BHUMaHUe
Ha TO, UYTO 3aJaud MaTeMaTHUUeCKOro MporpaMMUpPOBaHUfA, CBI3aHHbIE C
pelleHueM MpakTUYeCKUX BOMPOCOB, Kak MPaBUiIo, UMEIOT G0JbIIoe YuC-
JIo IepeMeHHbIX U orpaHuyeHuil. O6beM BbIUMCIUTENbHBIX pabOT A Ha-
XOIEHUA COOTBETCTBYIOUIMX PELIeHUi! CTOMb BelUK, YTO Bech Ipolece
He MbICIUTCcA 0e3 NMpUMEHEeHUA KOMIIbIOTEpPOB, a 3HAUUT, TpebyeT aubo
co3JaHuA IporpaMM, pealusyoUX Te WM WHble alrOpUTMBbI, JUG0 HC-
NOJIb30BaHUA yike UMEIONIMXCA CTaHJaPTHBIX MPOrPaMM.

YeTBepThIil 3Tan — colocTaBleHHe Pe3yJIbTaTOB BbIYHCIEHUI,
MOJIYUYEeHHBIX Ha TPeTheM 3Tale, ¢ MOJeIUPYeMbIM 0GBEKTOM, T. €. BKC-
nepTHas NpoBepKa pe3yabTaToB (KpuTepuil npakTuru). Takum o6pasoMm,
Ha 3TOM 3Talle yCTaHaBIMBaeTCA CTeNeHb aJleKkBaTHOCTU MOMAEIU U Moje-
aupyemoro o6bekTa B IMpefejax TOYHOCTU MCXOAHOM MHpopManuu.

3ech BO3MOKHEBI JIBa ciyydas.

1-1 cayuaii. Eciu pesynbTaThl comoOCTaBleHUA HEYOAOBJIETBOPU-
TenbHbl (00bIYHAA CUTYAIMA Ha HAYalbHOM CTAJUU MpoLecca MOIEIUpo-
BaHUA), TO NMEPEXOAAT KO BTOPOMY LUKIY Mpolecca: YTOYHAETCS BXO.-
Hafg uHbopMalufA 0 MoJenrupyeMoM oObeKTe U B ciiyyae HeoGXOJUMOCTHU
YTOYHSETCA MOCTAHOBKA 3agaun (MepBbIil 3Tam), yTOYHAETCA WIU CTPO-
UTCA 3aHOBO MaTeMaTuyeckas MofAeab (BTOpOi 3Tal), pemiaeTcs COOT-
BETCTBYIOIIasg MaTeMaTu4eckas 3afgada (TpeTUil 5Tall) U, HAKOHell, CHOBa
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IIPOBOJUTCSA COMOCTaBlIeHHe (UeTBEPTHIA 3Tal).

2-i1 canyuail. Eciu pesyabTaThl comocTaBleHUus yIOBIETBOPUTEIb-
HBI, TO MoOJeJh NMpuHuUMaeTcA. Korga peub uUaeT 0 HEOOHOKPATHOM UC-
NI0Jb30BaHUM Ha NpaKTHKe pe3yJ/bTaTOB BbIUMCIEHUIl, BO3HUKAeT 3aja-
ya NOATOTOBKU MOAeNM K 3KcityaTauuu. Ilpennonosum, Hanpumep, 4To
LlesIbl0 MOJle/IMPOBaHuA fBIAETCA CO3[aHle KajleHJapHbIX IJIAHOB [IPOU3-
BOACTBEHHOH AeATeNbHOCTU NpeanpuATud. Torga sKemiyaTanusa Moaeau
BRJIIOUaeT B ce6da c6op 1 06paboTKRy MHpOpManuu, BBoJ 06paboTaHHOU UH-
(opManuy B KOMIBIOTEP, PacyeThbl Ha OCHOBe pa3paboTaHHLIX IIPOrpamMMm
KalleHIapHbIX IAHOB U, HAKOHeI[, BbIflauyy pe3yJabTaTOB BbIUMcIeHUi (B
yI0GHOM [JIf1 TIodbh30BaTeNel Bue) A/ UX WCNONb30BaHUA B cdhepe Mpo-
W3BOJCTBEHHOI 1efTEeNbHOCTH.

IlogroToBka Momenu K 3KcliayaTalluy NpegycMaTpuBaeT pa3paboTRy
clielianbHOI0 MaTeMaTuyeckoro obecrnevyeHus, 6e3 KOTOPOro HEBO3MOK-
HO MpaKTHUUeCcKOoe UCI0Nb30BaHUe MOJeNU: JoM#Ha ObITh co3laHa rubkas
crucTeMa nporpamm, obecrneurBalolias Mojab30BaTelAM yA00HbIII KOHTAKT
C KOMIIBIOTEPOM U He Tpelylolas [IpU ee 3KCILIyaTalluu BbICOKOH MaTe-
MaTHU4YecKoll KBanuduKaluuyu Nojb3oBaTeleld.

B o ke BpeMs MaTeMaTHUeCcKoe ofecreveHne (BIpoueM, Tak ke, Kak
U caMa MoOJelb) JO/HO [OMyCKaTh MOAEPHU3ALMIO B CBA3M C HOBBIMU
TpeGoBaHUAMU, KOTOPbIE #U3Hb IOCTOAHHO NPeIbABAAET K IPOU3BOACT-
By. [lomuepkHeM, YTO UMEHHO MOJIEPHU3AIUIO, & HE CO3/IaHNe KaKbIil pa3
HOBOI cucTeMbI mporpaMM. ToJbKO MPU 3TUX YCIOBUAX BO3MOMKHO pe-
ryJspHOe UCIO/Ib30BaHUe MaTeMaTU4YeCKUX MoJeqell B Ipoliecce ynpaB-
JIeHu .

1.2. Emie pa3 o moaenax

Mockoabky Kypc MaTeMaTHUYeCKOro NporpaMMUpOBaHUA BRIIOYaeT B
cebs I0Ka3aTeIbCTBA 3HAUUTENBLHOI0 YNUCIa PAa3NIUUHBIX TeopeM U pa3top
pa3HOOGPa3HLIX METOMOB pelIeHUs BKCTPEeMalbHbIX 3ajlau, MOMeT CIlo-
JKUThCA BleYaT/JeHUe, YTO POJNb MaTeMaTHUKa B pelleHUU NpUKIaTHBIX
3aflady OrpaHUUYMBAETCA ero ydacTHeM B TpeTheM 3Tale mpoljecca Moje-
JUPOBaHUA, B TO BpeMf KaK Ha OCTalbHBLIX ATanax 3aHAThbI CHenuajuc-
ThI, 3HaIONKE He(OpMaln30BaHHble CTOPOHLI MOMAEIUPYEMOro oObeKTa.
JleficTBUTENbHO, ObIBaeT U TaK, HO, KaKk NPaBUJIO, Pe3yJIbTaThl TaKOro
pasieneHus Tpylda B Ipollecce MOAEINPOBaHUA OKa3bIBAIOTCA HeyoBIIe-
TBOPUTEIbHBIMU. [le10 B TOM, UTO MOJI€b JUIIb NPUGIU#KEHHO OTpaskaeT
paccMmaTpuBaeMble CBOMCTBA MOAEIUPYyeMOro 06beKTa, U CTelneHb 3TOro
NpUGIUHEHNA T0J#HA COracoBLIBATLCA C TOYHOCTHIO BXOAHOM nHpOpMa-
IUU O ABJIEHUHU.

YacTo noABIfAETCA MeNaHue NOCTPOUThL TaKylo MaTeMaTH4YeCKyIo MO-
Jellb, B KOTOPOH YUYUTHIBAIOCH Obl OMPOMHOE UUCIO BXOJHBIX NAHHbBIX.
OpHako Mpu TIIATENbHOM aHaln3e OKa3bIBaeTCH, YTO BIAMAHUE MHOTUX
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U3 HUX Ha pellleHUe JuO0 He3HAUNTENbHO, 1100 MPOCTO OTCYTCTBYET U3-
3a HEBBICOKOW TOYHOCTHU BXOOHBIX JaHHLIX. Kpome Toro, Henan3A He yuu-
TBIBATh TO OGCTOATENLCTBO, UTO MaTeMaTHUecKadA MOAeIb C GOJbIINM
YUCJIOM TapaMeTpPoB NMPUBOAUT K 3agaye ONTUMM3AUUM (QYHKLIUI CTONDb
6onbIIOro YKcia epeMeHHbIX, YTO HaliTU ee YHUCIeHHOe pelleHue ¢ ToY-
HOCTBIO, COrJIAaCOBAHHOM C TOUHOCTBIO BXOMHOM MHGOpMalUK, OKa3bIiBaeT-
cfA B pealbHOH cUTyallUU [eoM Ge3HaleM HbIM.

TakuMm oGpasoM, Leblil pAA YCIOBUI, NPeIbABIAEMbIX K MaTeMaTu-
YeCKUM Mo[enfaM, TpedyeT yJacTUfA MaTeMaTHUKOB B pelleHUU MpURJIa-
HBIX 3a[Jay y:;Ke Ha BTOPOM 3Tale Ipolecca MOJeIUPOBaHUA.

Cpenu ycnoBuil, KOTOpble NPeIbABIAIOTCA K MaTeMaTUUECKUM Mojie-
JfIM, CYIeCTBEHHOe MeCTO OTBOAUTCA TpeGOBaHUAM, CBA3AHHBIM C IPU-
MeHeHUEeM METOJIOB pellleHUsA MaTeMaTH4ecKUX 3ajay, BOZHUKAIOIUX Ha
OCHOBe pa3pabaTbiBaeMbIX Mopedeil. [lockonbKy 5TH BOmpockl Ha Havalb-
HBIX Tanax npolecca MoJeINpPOBAaHUA YacTo ABIAIOTCA MpobieMaMu BTO-
poro miaHa U K HUM oGpallaloTcA JHIb KOrja Jelo KacaeTcs BbIGopa
CpPeJCTB pellleHUA COOTBETCTBYIOUIUX 3ajau, MpeAcTaBisgeTcA 1e1ecoot-
pasHbIM OMpefeNaTh MUHUMadbHbIM HaGop TpeGoBaHWi, BO3HUKAIOIINX
Ipy pelleHUU 3agay IifA Modeneil HauGojee obliero Bujaa, WIHMPOKO MpU-
MEeHAEMbIMH YKCIEHHbIMUA METOHaMU.

1.3. Bompocsl kiaccupukanuu U cnequpurmu

1.3.1. HampaBieHnua. B MaTemaTuueckoM mNporpaMMUpPOBaHUN
MOHO BBIJEIUTH Ba HamnpapieHusa. K mepBoMy, yike BIIOJIHE CIOMSUBIIE-
MYCsl HallpaBleHUI0 — COGCTBEHHO MaTeMaTU4YeCKOMY MpPOorpaMMUpPOBa-
HUIO — OTHOCATCA JeTepMUHUPOBaHHbIe 3aJayl — KOIJa BCA MCXOIHAS
uH(popMalus ABIAETCA MOJHOCThIO ONMpeaeNeHHOMN.

Ko BTOpoMy HampaB/eHMIO — TaKk Ha3bIBAEMOMY CTOXaCTHUYECKOMY
NporpaMMUPOBAaHNIO — OTHOCATCA 3a4ayu, B KOTOPLIX MCXOAHaA UH(Op-
MalMfl CONEPHUT JIeMEHThbI HeolpedeleHHOCTH, 00 KOrga HeKoTophle
napaMeTphbl 3aJaul HOCAT CIydallHbIfl XapaKkTep C U3BECTHBIMU BEPOAT-
HOCTHBIMU XapakTepucTuramu. Tak, miaHupoBaHUe TPOU3BOACTBEHHOMN
IeAITeIbHOCTU 3a4acTylO MPOU3BOAUTCA B YCJIOBUAX HEMOJHON uHpopMa-
UUU O peajbHON CUTyalMM, B KOTOPOi GyAeT BBINOJHAThLCA Miaad. Miu,
CKameM, Korja sKcTpeMajibHaf 3ajada MofelupyeT paboTy aBTOMAaTU-
YeCKUX YCTPOMCTB, KOTOpas CONPOBOMIAETCA CIydYalHLIMU MOMeXaMu.
3amMeTuM, YTO O[HA U3 IVIaBHBIX TPYIHOCTEH CTOXaCTUYEeCKOro Iporpam-
MUPOBaHUS COCTOUT B caMoii [MOCTAHOBKe 3aJay IJiaBHbIM 06pa3oM K3-3a
CJI0KHOCTHU aHalIn3a UCXOAHON uHpOopMaluu.

1.3.2. OcHoBHble pa3zaeabl. TpagUIIMOHHO B MaTeMaTUYeCKOM
NporpaMMUPOBaHUM BbIOEIAIOT CAEAYIOlINe OCHOBHbIE pa3felbl.

Junetinoe npozpammuposarue: nenesas GyHKIMA JUHeHHA, a MHOMeC-
TBO, Ha KOTOPOM HIIETCA 3KCTPEMYM LieleBoi QYyHKLUNY, 3a1aeTCs CUCTe-
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Mol TMHeHHbIX paBEeHCTB U HepaBeHCTB. B cBoio ouepenb B IMHEHHOM Mpo-
rpaMMHUpPOBaHUU CYIIECTBYIOT KJacchl 3a1ay, CTPYKTYpa KOTOPBIX MO3-
BOJIfIeT CO3[aTh CHelualbHble METOAbI UX pelleHuf, BbIFOJHO OTJIAMYAlO-
muecs oT MeTOJIOB pellleHUA 3afay oblnero xapakTepa. Tak B JUHEHOM
MporpaMMUPOBaHUU MOSIBUJCA pa3fesi mpaHcnopmubuly 3adad.

Heaunetinoe npoepammuposarue: HeluHeHHLI LiejJeBaA GYHRIUA U Or-
panndenus. HemuHeliHoe nporpaMMupoBaHue IPUHATO MOAPa3aedfTh cle-
OYIOUUM 06pa3oM.

Buinykaoe npozpammuposanue: Koraa BbIMyKIa UedeBasa GyHkuus (ec-
AU paccMarpuBaeTcs 3ajavya ee MUHUMU3aUMK) U BBIMYKIO MHOMKECTBO,
Ha KOTOPOM pellaeTcs AKCcTpeMalibHas 3aaava.

Ksadpamuunoe npoepammuposarue: worga neneBas GyHKIUA KBagpa-
THUYHa, a OrpaHudYeHu — JMHeliHble paBeHCTBa U HepaBeHCTBRa.

Muozoskcmpemanrvrbie 3adauu: 30eCh OOBIUHO BBIOEIAIOT ClelUaIu-
3MpOBaHHbIe KJIAcChl 3a7ay, 4acTO BCTpevalomuXcA B MPUJIOKEHUAX, Ha-
npuMep, 3aJadyd 0 MUHUMH3aIUU Ha BLIMTYKJIOM MHOMECTBE BOTHYThIX
(pyHRUUI.

Ba:kubiM pasiesoM MaTeMaTUYeCcKOro MporpaMMHMpPOBaHUA fABJAETCHA
yenroducaeHHoe Npo2pamMMuposarue — Korja Ha nepeMeHHble HaKkaaabIBa-
IOTCA YCJOBUSA 1ET0YNCAEHHOCTH.

1.3.3. Cnenudukra. B yem cocTout cnenudura 3agad MaTemaTnyiec-
KOro IporpaMMUpOBaHusA?

Bo-nepBoiX, K 3agauyamM MaTeMaTUYeCKOro MporpaMMUPOBaHUA HENpU-
MeHHUMbI, KaKk MpaBujo, METOIbl KJACCUUECKOro aHaju3a AJf OTbICKaHUf
YCJIOBHBIX DKCTPEMYMOB, TaKk KaK [Jaie B HauboJjee MPOCThIX 3agavyax —
JAUHENHBIX — 3KCTPEMYM [JOCTUTaeTCA B YIVIOBBIX TOYKAX I'PAHUIILI MHO-
MecTBa yCJOBUM, T. . B TOUKax, I'Je HapymaeTca aAuddepeHnpyeMocTh.
N naubonee cuabHBI MeTOJ pellleHUA dKCTpPeMabHbIX 3aJayd B Kjaccu-
YeCKOM aHajlu3e — MeTod MHozkuTeneil Jlarpansa — paspaboraH s
ciayJas, Korja MHOKeCTBO YC/IOBUI 3aJaeTcsl CUCTEMO ypaBHEeHU, a He
cHUCTeMOl HepaBeHCTB.

Hpyroit cnennduyeckoit 0cO6eHHOCThIO ABAAETCA TO, UTO B MpaKTHU-
YeCKMX 3aJavax UMcI0 MepeMeHHBbIX U OrpaHUuYeHUIl CTOMb BeNNKO, U4TO
eciu MpPOoCTo NepeGupaTh Bce TOUKM, “NOAO3peBaeMble B AKCTpeMalbHOC-
Tu”, HaIpuMep, Bce YIJOBble TOYKU MHOKECTBa YCIOBHUH, TO HUKaKas
coBpeMeHHas BbIYUCAUTENbHafA cucTeMa 6y IeT He B COCTOAHUU CIPaBUTh-
cA ¢ ATOl 3amadeil B Malo-MalbCKU pa3yMHble CPOKH.

B cBfisu co ckazaHHBIM IIedbI0 MaTeMaTHUYeCKOro MporpamMMHpoBa-
HUA fIBAAETCA CO3[JaHue, T'de 9TO BO3MOMKHO, aHAIUTUYECKHUX METOJ0B
onpeneleHUA pelleHNs, a MPU OTCYTCTBUU TaKUX METOIOB — cO3JaHue
5P (HEeKTUBHBIX BBLIYUCIUTENbHLIX CHOCOOOB IMOJYUEHHUA MPUGINKEHHOTO
pelieHus.

Haxoner, 3amMeTuM, 4TO Ha3BaHUe “MaTeMaTUYecKoe MPOrpaMMUpPO-
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BaHMe” CBA3AHO C TeM, YTO LeJbIO PEeIleHUs 3a/1au ABIAETCA BBIOOP MpO-
rpaMMBbl IefiCTBUI.

1.4. IIpumepsl MaTeMaTHUeCKUX Mojeleil

1.4.1. Teopusa MaTeMaTUYEeCKUX MOjejeil ABIAETCA NPeAMETOM CIie-
L[MajbHOr0 Kypca u TpebyeT OoT uuTaTels B IEPBYIO oUuepelb 3HAKOMCTBA
¢ Toii 06JacThblO 3HAHUI, KOTOPOI MpPUHAMJIEHUT MOJeNIUPYEMbIil 0OBEKT.

B nHacTofAmeit KHUre NPUBOAATCA TpPaAULMOHHbIE MPUMephI, WILIIOCT-
pupylolie NpuMeHeHne MeToJa MaTeMaTHuecKoro MOAelpOBaHuf B 3a-
Javyax 3KO0HOMMHYECKOI0 CoAepRaHus.

1.4.2. 3anaua o paruone. [lo 3agaHHOMY acCOPTUMEHTY MPOAYKTOB
IpU M3BECTHOM COJEp:;KaHUU B Kam[IOM U3 HUX MNUTATeIbHbIX
BellleCTB Y U3BECTHON CTOMMOCTH MPOAYKTOB COCTaBUTL palllOH, YIOB-
JeTBOPAIOMIUI HEOOXOAUMBIM MOTPEOHOCTAM C MUHUMAIbHBIMU AEHEH-
HbIMU 3aTpaTaMi.

[Iycts uMeeTcA n pa3aMYHBIX TPOAYKTOB U 1 MUTATENbHBIX BELIECTB
(nanpumep, #UpOB, GEIKOB, YIJI€BOIOB, BUTAMHUHOB U 1p.). O6o3HauuM
yepes a;; cofep:kanue (B e[MHHUIAX MAcCChl) j-Io MUTATEILHOrO BellecTBa
B eIMHHUIIE MacChl i-ro NpoIyKTa; Yepe3 b; 0603HaUNM MHHUMaIbHYIO (B
eIMHUIIAX MacChl) CyTOUHYIO MOTPEGHOCTb B j-M MUTATEIbHOM BeLIeCT-
Be. Haronen, yepes x; 0603HaYNM HCKOMOE CYyTOYHOe NOTpeGieHue i-ro
npoaykrta. OueBugno, uto x; > 0.

n

Benuuuna E ai;x; ecTb obllee cojep:kaHue j-ro MUTATeIbHOrO Be-
i=1

mecTBa B paluoHe, KOTOpOe He OMKHO ObITh MeHbIle MUHMMAaIbHOM
norpe6HocTH b;:

n
E AT 2 bj, ] = 1,m.
i=1

Ecan ¢; — cTouMocTh eguHUIIBI Macchl ¢-TO npoaynTa, TO CTOUMOCTb

n

BCero palMoHa olpejelseT JuHelHasa (opMa Z Cix;.
i=1
Hrax, maTtemMaTudeckasa (HOpMYJIUpPOBKa 3adaii 6v.60pa payluoHa
COCTOUT B ClleAyIoLeM:
HalTu

n
min E CiT;
i=1

IpU YCIOBUAX

n
Zazjwi 2bj, j=1m,
i=1

z; 20, i=1n.
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JTa 3agava ABAAETCA OJHON U3 TUINUYHBIX 3afay4 AUHelH020 npo2pam-
MUPOBAHUSA.

B nocraHoBKe 3agaun BoBce He 06f3aTelbHO ObLIO yKka3blBaTb, UTO
3TO 3ajaya o paiuoHe. [locTaToOYHO AICHO, UTO TaKUM ke 0Opa3oM MOTYT
ObITH cHOPMYNIUPOBAHLI MHOTOUNCIEHHBIE 3aJaul 00 ONTHUMAalbHBIX CMe-
caax (cnoBo “cmech” 3[ech ciefyeT MOHUMATh B 0000UIEHHOM CMBbICIIE: 3TO
1 COGCTBEHHO CMeCh, U CIUIAB, U PALUOH, U T. I.).

1.4.3. TpancnopTHas 3agaya. [[pyruM TUIUYHBIM IIPUMEPOM 3aja-
4y JUHeHOro MporpaMMUpOBaHusA ABAAETCA TpaHCIoOpTHas 3agada. Tpe-
6yeTcA COCTaBUTh IIaH TepeBO30K OJHOPOAHOrO r'py3a TakuM 006pasoM,
4yT06bI 0611aA CTOMMOCTD NMEepPEeBO30K Oblila MUHUMAaTLHOM.

Hcxonnasa nunpopmanus:

a; — KOJIMYEeCTBO eIUHUI I'PY3a B i-M MyHKTe oTnpasienus (i = 1,m);

b; — norpeGHOCTb B j-M IyHKTe HasHaueHud (j = 1,n) B efUHHULAX
rpysa;

¢ij — CTOMMOCTb NEepeBO3KU e[NHUIbI TPy3a U3 i-T0 MyHKTa B j-it.

O6o3HauuM depe3 «;; MIaHUpyeMoe KOJIMUYecTBO eJUHHUIl I'pysa O/
NepeBO3KU U3 4-I'0 MTYHKTa B j-i.

B npunATHIX 0003HAaUEHUAX:

m n
E E CijTij — obuiasa (CyMMapHaﬂ) CTOMMOCTL II€ePEBO30K;
=1 j=1

n
E Z;j — KOIMUYECTBO I'Py3a, BbIBO3UMOIr0 U3 ¢-I'0 MyHKTa;
j=1

m

E Tjj — KOJMYECTBO I'Dy3a, NOCTABIAEMOro B j-i MyHKT.

i=1

B HpOCTeﬁU.[eM Clydae OO HBI BBINIOJHATLCA Ciledylolliie oueBUuIHbIe
YyCJ0BUA:

n
§ Tij = Qq, i=1,m,
j=1

m
E xl]:ij ]:lvnv
i=1

n

m
E a; = bj.
i=1 J

1

Takum o6pasom, MaTeMaTUUeCKOi (HOPMYJIUPOBKON MpPaHCNOPMmHOL
sada4u OymeT:

HaliTu

m n
min E E CijTij

=1 j=1



1.4. Ilpumepvl mamemamuyeckux modesel 13

IpU YCIOBUAX

n
> " zij = a;,
Jj=1
E Tij = bja

i=1
zi; 20, i=1m, j=1,n.

JTa 3ajaya HOCUT Ha3BaHUe 3a/mcHym011 mpaucnopmuozi Mmodeall.

3aMeTI/IM, 4YTO ycJjioBUe
m n
E a; = E bj
i=1 j=1

fIBJIIeTCAA €CTECTBEHHBLIM YCJOBHEM pa3peliuMOCTU 3aMKHYTON TpaHc-
[IOPTHON 3amauu.

Bonee o6mieii TpaHcmopTHOI 3agaveil fABAfAeTCA TaKk Ha3biBaeMas
OMKEPbLIMAS, MPAHCNOPMHASL MOOCAL:

HalTu
m n
min E E CijTij

i=1 j=1

n
E Zij < ag,
Jj=1
m
i=1

IpU yCIOBUAX

flcHo, uTO B 3TO 3amave He MpeqnoiaraeTcA, YTO BeCh I'PY3, HAKOI-
JEeHHBIN B {-M NMYHKTE, HOJMKEH ObITh BbIBE3EH.

B cxemy TpaHcmopTHO 3amauul yKiaJbIBalOTCA U HEROTOPbIE IpPYTHUe
3aJauil TeXHUKO-PKOHOMUUECKOr0 cofep:;kaHuf, HallpuMep, Tak Ha3bIBa-
eMas 3adava o evibope: 3amadya 0 HanGojee 3KOHOMHOM (B CMbICIE CYM-
MapHbIX 3aTpaT BPEMEHHU) paclpefeleHuu 1. paboT Me#iIy 7. UCIONHITe-
JfIMU TIPU U3BECTHOM BpPEMEHH, 3aTPaulBaeMOM KaiJIbIM KHCIOJHUTEIEM
Ha RamgJIoil paboTe. dTa 3a7auya ABIAETCA YaCTHOU MOJENbIO 3aMKHYTOI
TPaHCIOPTHON 3aJauu Ipu m =n u a; = b; = 1.

3aMeTUM, UTO pellleHUA TPaHCIOPTHBIX 3ajayd objagaioT cBoiicTBa-
MU LIeJIOUUCIEHHOCTH NPY LeJ0YiCIeHHbIX 3HaUeHUAX BEIW4MH a;, bj, U
N03TOMY 3TH 3aflauil OTHOCAT K 3aJayaM JAuUHellH020 npozpammuposarus.
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1.4.4. 3agaya o pe;xuMe paGoThbl dHeprocuctemsbl. B KayecTBe
npuMepa 3aJayi BBITYKIOrO NMpOrpaMMHpPOBaHUA pacCMOTPUM INpoOCTeli-
yio cpefu 3ajiay 06 onTHMalbHOM BeJeHUU pe:kiMa padoThl S3Heprocuc-
TeMBI.

PaccmaTpuBaeTca uzonupoBaHHas 3HEprocucTeMa, COCTOAIIAA U3 Tell-
JI03JIEKTPOCTAHNIN, CBA3AHHBIX JUHUAMU Iepefad C y3JI0M, B KOTOPOM
cocpenorovyeHa Harpyska. CTaBUTCA 3agauya pacnpefeleHUs aKTHUBHBIX
MOIITHOCTell Meay 37MeKTPOCTaHUMAMHU B 3aJaHHbIII MOMEHT BpeMeHH.
Pacnpepenenue ocyuecTBiseTrca 1Mo KpUTEpUI0 MUHUMU3ALUU CyMMap-
HBbIX TOIUIMBHBIX 3aTpaT Ha reHepaluio akTUBHOI MOIIHOCTU.

Ob6o3HayuM uepe3 T; aKTHUBHYIO MOIIHOCTb, I'eHEpUPYeMYIO Ha i-il
craniuu. MomHocT ; 3aKIiOUeHbl B mpeaeiax q; U [3;, onpeaenseMbiX
TeXHUYECKUMU yeaoBuaMmu: a; < x; < ;. Kpome Toro, nom#HO coGiio-
JaThcA ycioBue GalaHca MOIIHOCTeH, T. e. TeHepupyeMas oOuias MOII-
HOCTh [JOJ#HA COOTBETCTBOBaTh MOTpebiseMoil MomHocTU P ¢ ydyeToMm
oOIIKUX MOTepb 7 B JUHUAX INlepeaay:

m
in:P—i-ﬂ.
i=1

TomnuBHBIE 3aTpaThl Ha MeHepaluio MOLUIHOCTU ; NPEICTaBIAIOT COGOi
odyuruuio T;(x;), BRIMYKIYIO Ha oTpeske [a;, ;]

Taxum o6pasom, 3amaya NpUHUMaeT BUI:

HalTU

min i Ti(z;)
i=1

IpU YCIOBUAX

m
Z.’Ei =P+m,
i=1

aigxigﬂh 7/:1,777/

[locTpoenHasa Monenb ABAAETCA TUNWYHON 3adavell 6uinyk.i020 npo-
2PAMMUPOBAHUA C AUHETHbLMU 02paHuYeHuamu. Peliene 3Toit 3agadu na-
eT BecbMa rpyboe npubiumeHne K JefiCTBUTENbHO ONTHUMAalbHOMY pe-
KUMY paboThl dHeprocucTeMbl. B peanbHOll cuTyanuu Helb3fl CYUTATh
BCIO HarpysKy COCpPeIOTOYEHHOII B OJHOM y3ie, a cileJyeT paccMaTpu-
BaTh n y3JoB. Kpome Toro, moTepu B cucTeMe, eCTeCTBEHHO, He ABJIAIOTCA
KOHCTaHTOl, a 3aBUCAT OT BEJUYUH NepeJaBaeMbIX MOLIHOCTEel U mapa-
MeTpOB JIMHUI epegady.

B rauecTBe crnenyioinero npubanKeHUs MOKHO paccMaTpuBaTh 3aja-
4y, B KOTOpO! 7 ABAfAeTcA GuanHeliHoi dynkruuet z;; (i =1,m, j =1,n),
rje napaMeTpbl yNpaBleHus Z;; 03HA4YaloT KOJAMYeCTBO aKTMBHOI Moll-
HOCTH, TlepelaBaeMoe U3 ¢-if cTaHUUU B j-i y3ell.
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OueBMIHO, YTO B TOH HOBOW MOJENU YCIOBUfI OYyAyT Cofiep#sarh He-
nuHefiHocTH (7(2;;) B ypaBHeHUH OajaHca).

JTa 3aaya TakKe fABIAETCA 3a0ayel] BbINYKA020 NPOPAMMUPOBAHU,
HO GoJiee CJI0AHOr0 THIA, YeM Mpelblaylas.

TpumepoM MHOrO3KCTpeMaNLHON 3a/1auu ABIfAETCSA NpOoCcTelas 3aa-
4a 0 pasMeleHuH.

1.4.5. 3agaya o pasMemeHHUHU. [laHbl m MYHKTOB MOTpebieHUs

(1,2,...,4,...,m) c 3agaHHBIM 00BeMoM moTpeGieHus b; B Ka#IoM
nyHKTe. HMeoTcA 7 BO3MOMKHBIX IYHK-

ToB mpousBoactBa (1,2,...,i,...,n), OpuyeMm

U1 Kamigoro ¢-ro MyHKTa W3BecTHA 3aBUCHU-

MOCTh CTOMMOCTHU NMPOU3BOJACTBA f; OT o0beMa

npousBoiactBa ;. ([Ipeamonaraercs, 4to B <>
CTOMMOCTb Mpou3BoACTBa f;(r;) BKIIOYEHBI
KamuTanbHble 3aTpaTbl.) Hawoner, 3amaHa
MaTpHulla TPaHCIOPTHLIX PacXomoB a;; (a;; —
CTOUMOCThL MEpPeBO3KU €IUHUIILI MPOAYKIUU
U3 ¢-ro MYHKTa NPOM3BOACTBA B j-fI MYyHKT
norpebnenus). TpeGyercs HaiiTu Takue o0be-
MEI [IEPEeBO30K Tjj U3 4-T0 B j-ii MyHKT U TaKue

Puc. 1.1
00'beMbl MPOU3BOJACTBA T; = E Z;j, KOTOpble MUHUMHU3UPYIOT CyMMap-

J
HbIe pacXodbl; MHayYe roBopf, UIIEeTCA

min [L(xij) = Z aij%ij + Z fz(xl)]
i,j i
P YCIOBUAX
Y wij=bj, ;>0
i

IockonbKy ce6ecToMMOCTL eAMHUIbI NPOAYKLUUU OOGbIYHO YOLIBaeT
npU yBeInueHnr o0beMa IPOU3BOACTBA, TO GpyHKuuY f;(x;), KaKk NpaBuIo,
MOHOTOHHO BO3PacTalOT M BBINYK/Ibl BBepX. MHO#eCTBO 3HaYeHUH Z;j,
VIOBIETBOPAIOUINX OrpaHUYCHUAM 3afaud, o6padyeT BBIIYKJIbIA MHOIO-
rpaHHUK, BepPUIMHLI KOTOPOro ABIAIOTCA TOYKAMM JOKAJbHBIX MMHUMY-
MoB ¢yuruuu L(z;;) (puc. 1.1). OTcioga u HasBaHKe MOJOOHBIX 3a1ad —
MHO209KCTPEMAADHBLE.

1.5. OcHoBHbIe 0003HaUYeHUA

En — N-MepHOoe eBRJINA0BO IIPOCTPAaHCTBO.

T
X = | T2 | — BeKkTOp-cTOIOEL.
In
T _ _
x* = (x1,Z2,...,T,) — BEKTOP-CTPOKA.
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x € R — x npunagie;xut R.

x ¢ R — x He npuHamiemsut R.

R C S — R BriaoveHo B S (TEOPETUKO-MHOECTBEHHOE BRIIOYEHHE).
RN S — TeopeTUKO-MHOMECTBEHHOE NepecedeHne MHo#ecTB R u S.

}\ﬂA R)\ — TeOpeTHKO-MHOMEeCTBEeHHOe IIepecevyeHre MHOKEeCTB R,\ 1o
€

ungexcy A (A € A).
R U S — TeopeTHKO-MHOKeCTBeHHOe 06bequHeHre MHO#ecTB R u S.

UA R)\ — TeOpeTURKO-MHOKEeCTBEHHOe 00belrHEeHe MHOKECTB R)‘ 1o
A€

HUHIEKCY A.

& — IyCTOEe MHOECTBO.

G(R) — rpanuna MHokecTBa R.

{x: Q} — MHO¥eCTBO Bcex 3leMeHTOB X € F,,, o6nagaiomux cBoicT-
BOM (.

{x € Y: Q} — MHOM)ecTBO Bcex slIeMeHTOB X € Y, obiafaromux
cBOHCTBOM ().

R\S — TeopeTHKO-MHOKECTBEHHAs Pa3HOCTb, T. €. MHOMECTBO {z :
r€R,z ¢S}

int R = R\G(R) — BHyTpeHHOCTb MHOecTBa R.
n

(x,y) = Z T;y; — CKalfipHOe TPOU3BeIeHe BEeKTOPOB X U y.
i=1

|Ix|| = (x,x)!/? — eBkaMEOBa HOpMa BekTopa X.

X}, } — MOCIeI0BaTEeNbHOCTh TOUYEK Xy .
{ay} — mocrenoBaTeaLHOCTE YHCET Q.
A = [a;;] — MaTpula pasMepHOCTH M X n.
¢ = 1,n — 4 npoGeraeT Bce liejble 3HaueHusd oT 1 10 n.
AT — marpuna, Tpancnonuposannas k matpuue A: A =[a;, as, ..., a,],

rue

T
aig a;
az; . T
a; = ol i=1n AT =] a
Ami a,TL’

AB — npousBenenue matpull A u B:
C = [Cij] = AB = [Zaikbkj]'
k=1

B~! — marpuna, o6paTHas Kk KBagpaTHoil MaTpule B.

(Ax); — i-1 KOMIIOHeHTa BeKTOopa AX.

det B — ompefenuTteab KBagpaTHOi MaTpuisl B.

X >y — noayynopsanodenve B E,,, o3navaiomee, 4to x; > y; (i=1,n).
x>y —x; >y (i=1,n).

X #y — x; # y; XoTA Gbl AJf OQJHOTO HOMepa i.
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[x,y] — OTpesok ¢ KOHLIAMU X U Yy, T. €. MHOMkeCTBO {z: z = ax +
+(1-a)y, 0<a< 1}

(x,¥y)={z: z=ax+ (1 —a)y, 0 < a< 1} — unrepsai.

(x,¥y]={z: z=ax+ (1 —a)y, 0<a< 1} — noryunrepsnai.

x,y)={z: z=ax+ (1 —a)y, 0<a <1} — nomyunrepsnai.

winto0) = {57 S0 931

néi§ (x) — sanuch 3agaun 0 MUHHMU3AUUK CRAIAPHON GyHKUNN o ()

X

Ha MHokecTBe X.

A — cUMBOI onpefeneHus u obosHavenus. (y 2 f(x) + g(x) osnaua-
eT, uTo uepes y obosHadyeHa cymma f(x) + g(x)).

¢'(x) — rpaauent ¢yHxuuu @(x) B Touke x: ¢'(x) = gradp(z) =
= Vp(x).

diamX 2 sup [|x' —x"|.

x' x"eX
. . 1, eciu « >0,

sigh o = -1, ecmn «a<0.

P{Q@Q} — BepoATHOCThL TOr0, YTO BHINOJHAETCA CBOHCTBO ().

P{Q|R} — BepoATHOCTb TOr0, YTO BBLINOJHAETCA CBOWCTBO () mpH
ycaoBuu R.

/A — CcHUMBOII, 03HAYAIOMINI KOHEIl 10Ka3aTelbCTBa.

x* = argmin{p(x): x € X} — TouKka, B KOTOpPOI HOCTUraeTCA MUHU-
MyM QyHKUUM ¢(X) Ha MHOkecTBe X .

X* = Arg min{p(x): x € X} — COBOKYIHOCTb BCEX TOYEK, B KOTO-
pBIX JOCTHraeTci MUHHUMYM GYHKUNK ¢(X) Ha MHOMecTBe X.

E}r ={x€ E,, x>0} — MHOMeCTBO BceX HEOTPHIATEIbHbIX TOUEK
npocTpaHcTBa F,.

:= — cuMBoOJ npucBauBaHuA. (a:= (3 03HaYAET, YTO (v IPUCBAUBAIOT
3HaueHue f3).



'ITABA 2
QJIEMEHTDBI BBIIIYRJIOI'O AHAJIN3A

2.1. EBKIN0BO NIpPOCTPaHCTBO. BhIMyKi/ble MHOKeCTBa

2.1.1. M1 6yaem umeThb feio ¢ GYHKIUAME, Opee]eHHbBIMU Ha MHO-
#ecTBaX KOHEYHOMEPHOr0 eBKIN0Ba npocTpaHcTBa F,.

COBOKYMHOCTL BceX Ha6opoB X! = (1,Z2,...,2T,) N BelleCTBEHHbIX
4yucel &1, T2, ..., T, Ha3bIBAIOT €8KAUJOBbLM NPOCMPAHCINBOM PA3MEPHOCTU
N, €ClI BBIMOJHAIOTCA cieayioniue yeaoBus. llyctb x € B, y € E u a —
BellecTBeHHOe unciao. Toraa

x+y = (21 +y1, 72 + Y2, .., Tn + yn) (c0kenUE),

ax = (axy, axa, ..., aL,) (YMHOMEHNUE HA YUCIO),

n

(x,y) = Z x;y; (cKaIApHOE NpPOU3BEMEHNE).
i=1
Habope: x© = (21, 3, ..., 2,,) HA3LIBAIOT moukamu (6eKmopamiL), a urc-
1a x1, 2, ..., Ty, — UX KOOpOuHamamu.
B eBKINZOBOM NpOCTpPAaHCTBE BBEJEHO MOHATHE eGKAUI0BOU HOPMbL
(nMHBI BEKTOpA)

[Ix|| = (x,%)'/2,
pre¢: s ROTOpOVI ClIpaBeJJIMBELI Cciedyrolirie COOTHOIIEeHNA:
lIx][ >0,

npuyueM ||x|| = 0 Torga u Toabko Torga, Korga x = 0;
llax|| = Jaf[[x]];
lx +yll < 1[I+ Iy ll-
EBKingoBa HopMa U cKalfipHOe MPOM3Be/IeHNe CBA3aHbI MeIY CO60M
HepaBeHcTBoM Komn-ByHsaKoBCKOro
< y) < [ - [yl
EBrangosa Hopma noposkaaer B E, cxomuMocTb. BymeM roBOpuUTb,

4TOo nocaedosamenvHocmy {X,,} Todek us E, crodumcsa k mouke X npu

m — 0o, T. e. lim X, = X, eci1n
m— o0

lim ||x,, —x| =0.
m—0o0
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Toura x HazbIBaeTCA npedesbHoll Mo4Kol MoCieN0BaTeIbHOCTH.
[IpuBengeM ellle HECKOJILKO ONpeaeaeHu.
2.1.2. MHoskecTBO

U:() = {y: lly = xll < ¢}

Oy/leM Ha3bIBaTh £-0KPECMHOCMbI0 TOUKHU X.

2.1.3. MuoskectBo X C F,, Ha3bIBalOT 3AMKHYmMbLM, €CIU OHO COMEp-
MUT BCe CBOU IpefefbHble TOUKU, T. €. TAKUe TOUKU, UTO JMI000I OKpecT-
HOCTU Kayk[IOU U3 HUX MPUHAIJIEKUT 6€CKOHEUHO MHOTO TO4YeR u3 X.

2.1.4. Toura x € X HazbIiBaeTcA 8HympeHHell moukoll MHOMxecTBa X,
eclid CyLlecTByeT Takas ee OKPECTHOCTb, BCe TOUKU KOTOpOIl MpuHaiie-
aT MHOMecTBY X .

2.1.5. Toura x € X Ha3bIBaeTCA 2paHu4Hol moukoil MHOkecTBa X,
eciy B M000I ee OKPECTHOCTU COZEp:;KaTcs KaKk TOUKU, IPUHALJeauie
MHOecTBY X, TaK U TOUKHU, He IPUHAJIeKal[1e 3STOMY MHOMxecTBY. MHO-
sectBo G(X), cocTosiliee U3 Bcex IPaHUYHBIX TOYeK MHOkecTBa X, Ha-
3bIBaeTCcA eparuyel! MHOMecTBa X .

2.1.6. MHuosectBo X n-MepHOro eBKJINAOBA NMpocTpaHcTBa F, Ha3bl-
BaeTcA 6biNYKAbLM, €CIU BMECTE C JIOObIMU IByMA ToURaMU X € X uy € X
eMy [pPUHAIEKUT U COeAUHSAIOMWNIA UX 0TPE3oK [X,y].

BrimmyrnocTs MHoMecTBa X o3HavaeT, uTo U3 X, y € X cuenyer z =
=ax+ (l—a)y € X nas Beex 0 < a < 1. B Ey, nanpumep, BbIMTYKJIbI
OTPE30K, oJaynpAMas, npfaMas, Kpyr, TpeyTrojdbHUK, MOIYIIOCKOCTb U BCA
MJ0CKOCTD.

Jlerko BugeTh, 4TO eciau MHOecTBO X 3ajaeTcs CUCTEMOIl JMHERHbIX
PaBeHCTB U HEPaBEHCTB:

X ={x: Ax > a, Bx=Db},

rae A, B — MaTpulbl, TO OHO BBIIYKIO U 3aMKHYTO (HOCIEAHee B CUTY
JAMHEHHOCTH U, C1e[0BaTeNbHO, HeMpPepbhIBHOCTH NpeobpasoBanuii A u B).

YuTaTesio npefocTaBifgeTcA BO3MOMHOCTL CAMOCTOATENbHO YO IUTDb-
cfl B TOM, UTO IlepeceveHue JIo60ro Yucia BbITYKJAbIX MHOMKECTB BBITYKJIO.

2.1.7. Toura z Ha3bIBaeTCA 6uNYKAOL KoMOUHAyUel TOYER Xi,X2, ...
ey X, €CIH Z = Q1X] + Q9Xo + oo + AXpm, @; = 0 (i =1T,m) u oy +
+as+ ...+ a, =1.

2.1.8. Buinykaoe muoxcecmeo X codepacum sce svlnyravle KOMOUHAUUU
CBOUT MOYEK.

NorkaszaTenbcTBO (mMouHAYKIUH). B cooTBeTCTBUY C ONIpeeneHu-
eM 2.1.6 MHO#ecTBO X COOepPsKUT BBINYKJIYIO KOMOMHALIUIO JIOGLIX ABYX
cBoux Touek. IlpeanomosuM, uTo X cOOep:;KUT BBINYK/ble KOMOUHALUU
a106b1x m — 1 (m > 1) cBoux To4yek. PaccMOTpPUM BBINYKIYIO KOMOGMHA-
MU0 Z = q1X] + QX + ... + X, JI00bIX m Touek u3 X. OueBUAHO,
YTO CcyllecTBYyeT XOTA Obl OIUH HOMep ¢ Takoif, uto o; < 1. He ymanasa
OOIIHOCTHU, MOKHO Tojarathb, 4to o < 1. Torma y = BoX2 + ... + BinXm
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(67} o .
npu f3; = ﬁ ABJIAETCA BBIMYKJIOM KOMOMHALUEH TOUER X2, ..., Xy, U 11O

uHAYKTUBHOMY npeanonoxennio y € X. llockonbky z = agx; + (1 — a)y
1 a; € [0,1], To mo n. 2.1.6 u3 Beimykaoctu X caegyer, uto x € X. A

2.2. IIpoeknuna. TeopemMbl OTAEIUMOCTH

2.2.1. llpoeryueti TOUKU V HAa MHO}#€eCTBO X Ha3bIBAIOT TAKYIO TOUKY
Px(v)2pe€ X, uto

Ip = vl = inf |lx = vl 2p(v,X) = p. (2.1)

IIpu stom p = p(v,X) HA3BIBAIOT paccmosHuem OT TOYKH V [0 MHO-
secTBa X.

2.2.2. Jlasa awo6020 3amkHymozo muoxcecmea X u 4060l modKU V CY-
wecmeyem mouka p € X, asaawnuwanaca npoexyuell v Ha X . FEcau, kpome
mozo, mHoxecmeo X 8binykaoe, Mo moika p eJuHCmBeHHAas.

HorazatenabcTBO. Ecau v € X, To oueBUaHO, uTo p=v 1 p = 0.
[IycTh Touka v BHelnHsAs oTHOcUTedbHO X : v ¢ X . CorslacHO onpeeieHnio
HUKHEl TpaHy CyLIeCTBYeT M0CIeNoBaTelbHOCTh {X\}, X € X, Takasd,
4yTOo

lim ||x; —v|| = p.
k— oo

Tak Kak {Xy } orpaHnyena, To cymecTByeT NOANOCIEJ0BATENBHOCTD { X, }
TaKas, 4To

lim x, = p.

1— 00
ITockonbry MHOsecTBO X 3aMKHYTOe, TO p € X. U okoHuaTelbHO NOTY-
uaeM [[p — v|[ = p.

Ilna nokasaTeNbCTBa €AMHCTBEHHOCTH MPEANON0MKUM, YTO CyIIeCTBY-

1or Tousu p’, p”’ € X, p’ # p”, rakue, uro

IIp" = vl =llp" = vl =p.

1 !/ 1 "
[MocronbKky MHO#ecTBO X BBINYKJIOE, TO TOUKA Z = 7P + P" npunane-

#utT X. Tousu v, p’, p'’ 1 z JemaT B 0JHOM IIOCKOCTHU, U U3 PaBHOGEIpeH-
HOCTU TPeyrolbHUKa ¢ BepIIMHOI B Touke Vv, ocHoBaHueM [p’,p”] u BbI-
cotoit [v,z] crenyer ||z — v|| < p, YTO NIPOTHBOPEUUT ONpeLeTeHUIO p. A

2.2.3. Teopema. Jaa mozo umo6v. mouka p € X Ovlaa npoexyueil
Mo4KU V Ha 8binyKA0e 3aMKEHYmMoOe MHoxcecmeo X, HeoO0xodumo u docma-
moyHo, 4mobvl 0as 6cexr X € X BblNOAHANOCH HEPABEHCMBO

(x-p,v—p) <0 (2.2)
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HoraszaTteabcTBo. IlycTh p — nmpoeknusa Touku v Ha X . BosbMmem
POU3BOIbHYIO TOUKY X € X U paceMoTpuM z = aX + (1 — a)p. B cuay
BhIMykaocTH X s mo6oro « € [0,1] Touka z npunagmeskut X. Tak Kak

llz — v|* = &®||x — p||* + 2a(x — p,p — v) + [|p — V|I%,
lz —v|*> > |lp — v,

TO
o?(|x — p|* + 2a(x —p,p — v) > 0.

HOCROJII:Ry 3TO HEepaBeHCTBO clpaBeJINBO OJIfI BCeX & € [0, ].], TO
<X—p,p—V) 207

oTkyza cienyet (2.2).
[Iycts Teneps crnpaBenauBo (2.2). Torma mas mo6oro x € X Gyner

[x = vI? =llx-p)+ @ -V =
=[x —pl* +2(x—p,p— V) +lp—v[* > [Ip - vIP,

T. e. p fBIfieTcA npoekuueit v Ha X. A
2.2.4. 1) Jas mo6oro x € X BBINOJHAIOTCA COOTHOLIEHHUSA

(x—v,x—p)=(x-p,x—p)+(P-v,x—p) > x—pl|?

IIx —pll < [[x—v|;
2) nas mobbIX y,z € E, clupaBeliMBo HepaBeHCTBO
IPx(y) + Px(z)|| < |ly — 2.
JleficTBUTENbHO, 1) BbITEKAET U3 TOTO, YTO
Ix=v|*=l(x—p)+@-V)|*=
=|x-plP+2x—p,p—-v)+|p-V|*>|x-pl*

Nanee, us (2.2) cneayer (Px(y) —y,Px(z) — Px(y)) > 0 u (Px(z) — z,
Px(y) — Px(z)) > 0. Cymmupys aTu HepaBeHCTBa, noiy4daeMm (Px (y) —
—y — Px(z) + z, Px(z) — Px(y)) >0, oTky1a, moib3ysicb HEPaBEHCTBOM
Romn-byHsakoBcKoro, monyyaem ycioBue 2):
I1Px(y) — Px(2)|* < (Px(z) — Px(y),z —y) <

< |IPx(2) = Px(y)llllz -yl &

2.2.5. l'unepnaockocmoio B E,, Ha3bIBaIOT MHOKECTBO BHUa

I = {x: (c,x) = A},
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rae ¢ # 0. B npoctpatcTBe E, runepriiocKocTh ONpeeiseT [Ba MOdy-
npocTpaHCTBa:

{x: {c,x) <A}, {x: (c,x) > A}.

2.2.6. Teopema orneanuMocTu. Jasa 4106020 8binyKA020 U 3AMK-
Hymoeo mHoycecmea X u 4000l MOYKU V, He npuHadaexcauieli MHOMeCm-
sy X, cyuiecmsyem maxasa 2unepnaockocms 11, umo

(c,v) = A (2.3)

u oas ecex x € X
(c,x) < A. (2.4)
HoraszaTteabcTBo. [IycTh p — npoeknus Touku v Ha X . PacemoT-
PUM TUNEPIIOCKOCTD
MI={x:{c,x) =X, c=v—p, A= {c,v)},
1451 KoTopo#i Beinoausercs (2.3). U3 HepaBenctsa (2.2) cienyer
<X7v_p><<p7v_p><<v7v_p>7 x e X.
[IpaBoe HepaBeHCTBO cienyeT u3 (2.1) u us toro, uto p > 0. 1, okonyva-
TeJbHO,
<C7X> = <V —p7X> < (V —p,V) = (C,V) = )‘7
T. e. umMeeT Mecto (2.4). A

3ameuanue. OueBuaeH reoMeTPUUYECKUI CMBICI TEOPEMbI: CYIIECT-
BYeT IPOXOAfAIias yepe3 TOURY v rumnepriaockocTs II Takas, uto X nemur
B OJHOM M3 HOJYIIPOCTPaHCTB, onpeneiseMsix II (puc. 2.1).

2.2.7. Teopema 06 omnopHO#l rumnepmnjockocTu. B awboil
epanuyHoti mouke X° suinyKra020 mHowcecmea X Cyulecmeyem onopHas 2u-
nepnaockocmo, m. e. cyuecmayom ¢ #0 u X maxue, wmo I1 = {x: (c,x) =

=2}, A=(c,x°) udanecerxe X
(e,x) < A
JokazaTeabCTBO. Pac-
CMOTPUM  TOCJIEI0BaTEIbHOCTD
Touek {Vp}, BHEIIHHUX OTHOCHU-
tensHo X (3ambikanusa X) U Ta-
il KX, YTO

lim v = x°.

k— o0
Ilo Teopeme 2.2.6 miaa Kammoil vy
CYyIIeCTBYeT

Puc. 2.1 I, = {XZ <Ck,X> = )\k},

rae A = {ck, Vg) 1 (cg,X) < A 045 Bcex x € X. He ymanss obuiHoctny,
MosikHO monarath ||cg|| = 1. He Menss o6o3nauenuit, 6yaeM cuuTarh, 4To
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lim ¢; = c.
k— o0

Hepexo;m K npegeily B COOTHOIIGHUAX, ONpeaeJAInX Hk, IoJIy4Ynum

(e, x") = lim (cx,vi) 2 A

u {c,x) < A\ nas Bcex x € X.
Nrak, runepiockocthb

IT={x: {c,x) = \}

omopuas. A

3ameuanue. Jlerko y6enuThed, 4TO ecild B TOuke X° CyHeCTBYeT

KacaTelbHas TUIEPINIOCKOCTb, TO OHA COBMAAaeT C OmopHOoit (puc. 2.2),

U B 3TOM clIy4ae OlopHasdg T'MIEPINIOCKOCThL equHCTBeHHa. OJHAKO MOHA-

THe ONMOPHOI TUNEepIIOCKOCTH 3HAUUTENbHO IMpe MOHATUA KacaTelbHOi
0

He

runepmiockoctu. Ha puc. 2.3 usobpaseH ciayuaii, Korga B TOYKe X

20

--.._.~
N
N

———
Puc. 2.2 Puc. 2.3

cyllecTByeT KacaTelbHOU U B TO ke BpeMs B Heil CYIIeCTBYIOT ONOPHbIE
npsMbIe, IPUYEM B KaueCTBe BEKTOPA € 3[eCh MOKeT ObITh BhIOpaH J1000it

BEKTOp, JeKaluil “memay” ¢y U cs.

2.2.8. Teopema o paszpgeadiomeit runepniockoctu. Fcau
MHOHecmBo X BHYMPEHHUT MOYEK 8blNYKA020 MHOHecmea X Henycmo u
He nepecexaemcs ¢ evinykavim mHoxcecmeon Y (XoNY = &), mo dan
muodcecms X u'Y cywecmsyem paszdeasiowan 2unepnaockocms 11, m. e.

cywecmsyem gexmop ¢ # 0 makoti, wmo
(c,y) < {c,x)

dasecery €Y uxe X.
JorkaszaTeabcTBO. MHOMECTBO

Z={z:z=y-%x, yevY, xe Xy}
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BBINYKJIO, U zZ = 0 He ABIAEeTCA ero BHyTpeHHell Touroii. Torga us Teo-
peMm 2.2.6 u 2.2.7 cienyeT cyliecTBoBaHue ¢ # 0 Takoro, 4to

<C,Z> = <C,y—X) < <C,0> =0

o Beex Yy € Y u x € Xjy. To HepaBEHCTBO OCTAaeTCA CIPaBEIIUBLIM U
oif Beex y € Y u x € X, IoCKoNbRy NpelelbHbIN epexol He HapyliaeT
HECTpPOrux HepaBeHCTB. A

3amevanue. ObpaTuM BHUMaHUe Ha TO, YTO TpeboBaHUEe HEMYCTO-
Thl MHOKeCTBa X CYIeCTBEHHO, MTOCKOJIbKY B (GOPMYJIUPOBKE TEOPEMbI
nMeeTc B BUAY BHYTPEHHOCTh MHOECTBa OTHOCUTENbHO MPOCTPAHCT-
Ba FE,. Tar, Hanmpumep, OUeBHAHO, YTO B TPEXMEPHOM IPOCTPAHCTBE
0Chb 2z U IJIOCKOCTh z = () Hepas3aelrnMbl B YKa3aHHOM BbIlIe CMbICiIe, XOTH
U He UMeIOT O0IMX BHYTPEHHUX TOYEeK.

2.2.9.0npenenenue. Toura x MHOecTBa X Ha3bIBaeTCA Y240801l
(unu mpatinetf) Touroil, ecnu B X He CymecTByeT TakuX Todyer X' u x|
x' £ x" uro

x =ax' + (1 —a)x"
npu HekoTopoM « € (0,1).

Hanpumep, mnna kpyra mo6Gafd ToYKka OrpaHUMYUBAIOIIEll ero OKpY:HK-
HOCTU fIBIAETCA YTJIOBOH. YIVIOBLIMHM TOYKaMU ABIAIOTCA BCe BEPIINHLI
BBIIIYKJIOI0 MHOIOrpaHHUKA.

2.2.10. Teopema (o npencrasienun). Jdwbas mouka X° evinyKaoeo,
3AMKHYMO020, 02PAHUYEHH020 MHOoxcecmea X Mmoxcem OGbimb npedcmas.e-
Ha 8 sude 8bINYKAOL KOMOUHAUUL KOHEUHO20 YUCAQ Y2A08bLT MOYer 9Mo20
MHOJCECTBA.

lNorkaszaTenbcTBO (N0 MHAYKUWM HaUMeHbLIeil Pa3MEPHOCTH 7
npoctpancTBa E,, comepskaliero MHO;#ecTBO X).

Ecau n = 1, To X ABafercA OTPe3KOM, U YTBep:;iAeHUE TeOpPeMbl
OYEeBHUTHO.

[Ipeanonosxum, uto aaa n = k— 1 Teopema cmpaBemauBa. IlycTb
Tenepb X C Ej. Pacemorpum gBa ciyuas.

1) x® — rpannunas touka X. IlocTpouM B 3Toii TOYKe TUNEpPILIOC-
KOCTb, OMOPHYIO K X:

0

= {x: (c,x) = (c,x")}.

MHuoskectBo X9 = X N7 Kak nepeceveHue BBINYKJIOro, 3aMKHYTOIO,
OrpaHUYEeHHOr0 MHOMeCTBa X C BBITYKJIBIM, 3aMKHY ThIM MHOKECTBOM T
caMo BBINMYKJIO0, 3aMKHYTO U OrpaHUYeHO U, KpoMe Toro, cyltectByer (k —
—1)-mepHoe moampocTpaHcTBO, comepskamee X (mockombky Xog C
C ). Ilo npeanonosennto MHAYKUUN AaA x° € X HafiayTcA Xi,Xs,...
...,XN — YTIOBble TOUKU MHOzkecTBa X, Takue, 4TO

1I,N

9 9

N
X0 = E a;X;, O 2 0, 1=
i=1
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N
Eai =1.
=1

IokasseM, 4TO X1, X3, ..., Xy ABIAIOTCA yIJIOBLIMU TOUYKaMu U A X .
[Ipenno/os;uM NpoTUBHOE, T. €. YTO IJIA HEeKOTOpOil TOYKM X; HalayTca
x',x" e X, x' #x", u a € (0,1) rarue, uro

x; = ax + (1 — a)x”
Tar war x; € Xg C 7, TO
(e, x:) = (c,x°),
1 NOCKOJILKY TUIEPINIOCKOCTh 7 ofmopHasd K X, To
(c,x") < (e, x”), (c,x") < {c,x").

N3 toro, uto 0 < a < 1, cenyer

(e,x') = ~ [(e,x;) = (1 - a)(e,x")] >
> 2 > [(e,x") = (1 - a)(e,x)] = (e,x").

[locnennue ycioBus mokasbiBaioT, 4T0 X' € 7 (Tak kak (c,x') =
= (c,x%)); o x’ € X, caenosarenbho, x' € Xo = X N 7. AHanoruyno no-
KasbIBaeTcs, uTo X" € Xy. A Torja Halle mpeanonoKeHrne IPOTUBOPEUNT
TOMY, UTO X; — yrJyioBas Touka Xg.

2) Ilycth Teneps x° — BHyTpeHHAA Touka MHOecTBa X . [IpoBenem
uepes x° npamyio [. [lepecedenne [ N X ABIAETCHA OTPE3KOM C KOHIAMH
X ¥ X, IpUHa[Ie:KallUMU IpaHulle MHosecTBa X, U HOCKOIbKY X° —
BHYTpEeHHAA Touka aas X, To cymectByeT a € (0, 1) Takoe, UuTo

x’=ax+ (1 -a)X

[Tockonbry 01 rpaHUYHBIX TOUYEK X M X TeopeMa BepHa, TO OHA BepHa
u naa x°. JleficTBUTeNbHO, 1A TPAHMYHBLIX TOUEK HUMEIOT MeCcTO COOT-
HOIIEHUA

Ny Ny
i:ZﬁZYH Zﬁzzlv 51207 Zzllev
=1 =1
2

rge Bce y; U z; — YIJOBble TOYKHU MHOMECTBa X. Torua

N

x° Za,@zyz-i-Z(l—a )iz,

i=1 i=1

OTKY[a U cileayeT yTBep#iaeHue TeopeMbl. /A
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2.3. Konyc. Teopema dapraia

B Teopun maTemaTnueckoro nmporpaMMHpPOBaHUA BaHYIO POJIb UTPa-
eT Teopema @apkaiia, koTopas GyeT JoKazaHa B KOHIle 3TOro naparpada.
[IpeaBapuTeabHO Mbl YCTAHOBUM HEKOTOpbIE BCHOMOraTeldbHble MOHATUSA
u (paKThl, UMeIOIINe, BOIPOYEM, U CAMOCTOATEILHOE 3HAUYEHUE.

2.3.1. MuoskectBo K Ha3bIBaeTCA KOHYCOM, ecliu U3 X € K cuemy-
eT Ax € K pas Bcex A > (0. Hanpuwmep, Bce npoctpaHcTBo F,, Kak u
BCAKOE TOANPOCTPAHCTBO, AABNAETCA KOHycoM. HeoTpuuateabHbIi opTaHT
{x: x > 0} — Take Konyc. OUeBUIHO, UTO KOHYCAMU fIBIAFIOTCA MHO-
#ecTBa

{x: Ax <0}, {y:y=4x, x>0}

Cnenyromuii ¢pakT 6yaeT UCIOAb30BaH MPU I0KA3aTeILCTBE TEOPEMbI
®dapraria.

2.3.2. Teopema. MHoxcecmso

Y={y:y=4x, x>0}

3AMKHYMO.

lTorasatenbctro. Ilycth A = [a1,as,...,a,]. Joramem yTBep:-
JeHue uHAyKHueit mo uducay m. llpy m = 1 mHomecTBO Y ABafAercA
NOJTYNPAMOI, U, cllefoBaTelbHO, OHO 3aMKHYyTo. IIpeanonosum, yro aias
m = k — 1 KoHyC Y, IOPO#AE€HHBIl BEKTOPAMHU a1, a9, ..., k1, 3AMKHYT.

1) Ecau wonycy Y npuHaniessaT BEKTOpbl —aj, —as, ..., —ay, TO OH
AIBIAETCA MOANPOCTPAHCTBOM pa3MepHOCTH, He MpeBblmalomeit k, u, cie-
JOBaTeIbHO, 3aMKHYTLIM MHOKECTBOM.

2) Ipeanonoxum, 910 X0TA Gbl OAUH U3 BEeKTOPOB —ay ¢ Y. Besruii
y € Y npeacraBim B Buie y =y +aay, a > 0, raie y € Y. Paccmor-
pUM M0CIeI0BaTelbHOCTh {yy, }, cxoaamyioca K y. B cuny npeabigymero
Yn =Y, +anag, o, > 0, 118 Bcex HoMepoB n. Ecau nociegoBarenb-
HOCTB {a,} orpaHuveHa, To, He yMalfifi OGIUIHOCTH, MO#HO CUUTATh, YTO

lim «, = a u, ciegoBaTelbHo, Y — aay = hm (yn —apa)= lim y,, &
n— oo n— oo

Ay, € Y B ciily 3aMEHYTOCTH Y . 3Ha‘{I/IT, Yy =Y + aay € Y. Urar, eciu
0C/e0BaTENbHOCTh { @, } OrpaHuyeHa, TO MHOKECTBO Y 3aMKHYTO.

1
[Ipennonomum Tenepsb, 4To @y, — 400 mpu n — oo. Torga —y, =
[6%7)

= iyn + ay. Tar rar lim Lyn =0,T0y,2 lim iyn = —ay. Ho
(a7} n—oo Qn n—oo Qn

¥, €Y B cuIy 3aMKHYTOCTU TOCTeIHEro, U, cleloBaTelbHo, —ay € Y.
[IpoTtuBopeune. A

2.3.3. Ilyctb 3amanbl matpunia B pa3MepHOCTU M X 1 U BERTOP
veE,.

Teopema ®@aprama. Hepasencmeo (v,x) < 0 swnoansemcs 0asn
scex x € {x: Bx < 0} 8 mom u moavko mom cayiae, ecau cyujecmsyem
maxoti eexmop u > 0, wmo v = BTu
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llorazaTenbcTBO. locTaTouHocTh. IlycTh BeImomHAIOTCA CcO-
otHomenus u > 0 u v = BTu. Torna naa mo6oro x € {x: Bx < 0} 6yaer
(v,x) = (BTu,x) = (u, Bx) < 0.

Heo6xonumocTsn. Ilycts aas Beex x € {x: Bx < 0} cnpaBeaauso
(v,x) 0.

Paccmotpum konyc

Y ={y: y=B"u,u>0}.

Ecnu v € Y, To Teopema noxasana. [lpeanomnosum, uto v € Y. MHosKecT-
BO Y BeImyka0 (cM. 2.1.6) u 3aMKHYTO (cM. 2.3.2), MO3TOMY IO Teope-
Me 2.2.6 cymecTByeT BeKTop ¢ # 0 Takroii, 4To

(c,y) < {c,V) (2.5)

IJIf1 BceXx 'y € Y.
Tak rak Ay € Y npu Bcex A > 0, To u3 (2.5) monyuaem, uro A(c,y) <
< (c,v) mpu Beex A > 0. A snauur, (c,y) < 0. Ho

(c,y) = (¢, BTu) = (u, Be) < 0.
U Tax Kax 3To UMeeT MecTo A Beex u = 0, To
Be 0. (2.6)
Hoy =0 €Y, nosromy us (2.5) ciegyer
(c,v) > 0. (2.7)

BsaB x = ¢, u3 (2.6) u (2.7) moayyaem mpoTHBOpeUle YCIOBUAM Teope-
MbL. A

[Mosnesno GymeT mNpUBECTU b P
reoMeTpUyecKkoe HCTOIKOBaHUe —=v=P
TeopeMbl Papraia. Ilyctb

b
B=| bl T
BT x
K
u K = {x: Bx < 0}.

Konyc K ecThb COBOKYNHOCTDL
BCeX BEKTOPOB X, KOTOpbie 006-
pas3yioT ¢ KamIdbiM U3 BEKTO-
poB by, b, bs HeocTpble yribl Puc. 2.4
(na puc. 2.4 wouyc K 3amtpuxo-

BaH BepTUKANbLHBIMU JuHuAMU, Konye Y = {y: y = BTu, u > 0} —
rOPU30HTAILHBIMU JUHUAMH).
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Tenepb oueBHOeH reoMeTPUUYECKUN CMBICI TeOpeMbl: YTOObI AJIf JTIO-
6oro x € K yroa Mekay v u X 6bLT HEOCTPbIM, HE0OGXOIUMO U OCTAaTOYHO,
yTOGLI V MpUHAMIekKal KOHyCy Y.

2.3.4. CnengctBue. Jaa awboii mampuusvt B u at6oz20 sexmopa v
umeem Mecmo caedyiouas aAbMEePHAmUGa: AUlO0 uMeem peuleHue Cuc-
mema

Bx>0, (v,x)<0, (2.8)
AUBO UMeem peuleHle cucmema
v=BTu, uxo. (2.9)

lTorasaTenbcrtBo. Ecin cnpaBeannso (2.9), To us Teopemsr ®ap-
Kallla BbITE€KaeT, 4To Aad moboro x € {x: Bx > 0} oyzmer (v,x) > 0,
U, clefoBaTelbHo, cucTema (2.8) HepaspemnMa. [Ipedmnonoskum Temnepsb,
yTo cucteMa (2.9) Hepaspemuma. Toraa no Teopeme Papkaiiia o Beex
X € {x: Bx > 0} He GyzmeT BbIMOAHAThCA ycaoBue (v,x) > 0, a clemoBa-
TenbHo, (v,X) < 0 aaa Hekoroporo x € {x: Bx > 0}. A

2.3.5. JokasanHoe clieACTBHE JONYCKaeT NPOCTYIO MOAN(UKALINIO, 10
Je3HYIO IJIfl pAfa NPUIOHKEHU.

CnencrtBue. Jaa awbot mampuyst B u awbozo sekmopa v umeem
MECMO CAeJYIOULAR AALIMEPHAMUBA: AUCO UMeEeNm PeuleHue CUCTeMa

Bx>0, x>0, (v,x)<0, (2.10)
AUBO UMeem pewleHue cucmema
v>BTu, uxo. (2.11)
lTorasaTenbcTBo. 3anumem cucteMy (2.10) B Buze (2.8):
Bx >0, (v,x)<0.

— B
3neck B = [ E ], FE — epunuuHag MaTpuia. Y TBep:kaeHue caeqcTBUSA

C OYEBHAHOCTLIO BbITeKaeT U3 NpUMeHeHUA ciaeAcTBUA 2.3.4 K maTpu-
ue B. A

2.3.6. Teopema o mpeactaBieHUH. PaccmoTrpum konye S = {x:
Bx =0, x > 0}. Bektop x KoHyca S HasoBeM pefpos, eciu B S He Cy-
mecTByeT Takux X', X", X' # x') uro mpu HekoTopbix Ay > 0, Ay > 0
OyZIeT BBIMOJHATLCA PABEHCTBO X = A1X' + Aox”'.

Tenepb paccMOTPUM T'HIEPIIOCKOCTb

n
L:{X: inzl, z; >0, z:L—n}
=1

OueBuOHO, YTO MHOMECTBO () = S N L BLINYKIO U OrpaHUYEHO.
Ecm x7,X3,...,Xj — yrioBble TOYKH MHO#eCTBa (), TO BEKTODBLI

X7, Xy, ..., X5, a; = 0 (i = 1,k), AaBasiorea pebpaMu KoHyca S.
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HeficrBurenbo, ecin z = a;X; He ABAAETCA peGpom, TO HaHAyTCA
takue x' € S, x"" € S, uto z = A1 X’ + Aox” mpu HeroTOpeIX A, As > 0.
U3 onpenenenusa MHOMecTBa () cieqyeT, 4To HaiinyTea Takue (31, [F2 > 0,
npu KoTopelx y' = B1x' € Q, y"” = 3x" € . Ho

.1 N Y Y
X; _ZZ_%Y Y2y", Pyl—ﬂa 72—%7
k k
Z—zl—l Zyl_l Zyg':
=1 i=1
MO3TOMY Y1 + Y2 = 1, UTO IPOTUBOPEUUT MPEANONOMEHUIO O TOM, UTO
TOYKa X yrioBas s MHOkeCTBa ().

HorazaHHoe yTBep:aeHue U Teopema 2.2.10 Mo3BoAAIOT cHOpMYIUPO-
BaTh TEOPEMY O NpeICTaBIeHUU.

Teopewma. Jiw6oii sekmop x, npuHnadsexcawjuli Kowycy S, moxcem

6bimb npedcmasaer 6 sude NOAOHUMEAbHOU KOMOUHAUUL e20 pebep, m. e.
k

Hatidymcea makue wucaa Ay > 0, 2 2 0,..., A > 0, ymo x = Z AiX; .
i=1

2.4. Bpinykiable yHKIUU

2.4.1. Onpenenenue. DyHRUUIO Y(X), ONPENEIEHHYIO HA BBIMYK-
JOM MHO:ecTBe X, HA3bIBAIOT GbINYKAOU, ecnu OjaA Mo0bIX X,y € X u
Bcex a € [0, 1] BbImonHsAeTCA HEPABEHCTBO

plax + (1 - a)y) < ap(x) + (1 - a)e(y). (2.12)

Ha puc. 2.5 uzobpaskena BoinyRiaasa ¢yHruuA. OueBHIHO, UTO Kazkaas

o(z)

Puc. 2.5

TO4YKa 10001 XopAbl rpadrura QyHKUAU © JA00 JexUT Hal rpaguroM,
aubo IpUHALIEHUT eMY.
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2.4.2. Boenymoti gyHryuell Ha3bIBAIOT TaKylo OYHRIUIO ¢(X), M1
KOTOpOil GpyHKUUA —@(x) Bhinykiaa. Takum oGpasoM, ecian

plax+ (1 - a)y) = ap(x) + (1 — a)p(y) (2.13)

aaa mobbiX X,y € X u Bcex a € [0,1], To ¢(x) — Boruyras QyHKUuA.

2.4.3. Ecau pns mo6oro « € (0,1) HepaBeHcTBO (2.12) cTporoe, To
GYHRIUIO (p(X) HA3LIBAIOT CIMPO20 GbINYKAOL.

2.4.4. [IpumepoM BBINYKIOH (GYHKIUU CIYUT KBajpaTuuHad QyHK-
LU C NONOKUTENBLHO ONpeeNeHHoi MaTpuleil.

[MockoabKy 3THM CBOHCTBOM KBaapaTUYHBIX GYHKIUNA MbI Gyaem
MOJMb30BaThCA B JalbHENIINX pPacCMOTPEHUSAX, NOKa#eM ero Kak camo-
CTOATEbHBIN pe3yabTaT.

Teopema. Jasa mozo umobul KeadpamuiHas GYHKYUS

p(x) = (x, Bx) + (p,x)

Obiaa 8blnyKA0L, HEeo6XoouMo U 00CMAmoO4HO, 4Mobbl CUMMemPUUECKAs
mampuya B 6viaa noaoxcumenvro onpedenenHoll.
HorazaTeabCcTBO.

p(ax + (1 - a)y) = a®(x, Bx) + 2a(1 — a)(x, By) +
+ (1= a)*(y, By) + a(p,x) + (1 — a)(p,y) =
=ap(x) + (1= a)p(y) —a(l —a){x—y,B(x —y))

unpu a € (0,1) 6yzer
a(l-—a)(x-y,B(x—y)) >0

B TOM U TOJLKO TOM ciy4ae, Korja B nojouTelbHo onpeneiena. Orciona
U U3 ONpe/eseHNs BbIMYKJIOCTH ClelyeT yTBep:;#aeHue TeopeMbl. A

3amevanue. OUeBUAHO, UTO AJA CTPOrOil BLIMYKIOCTU KBagpaTuy-
HOl GyHKUUK ¢(X) HeoGXoAMMa M JOCTAaTOUHA CTpPOras MOJOKUTEeNbHAs
olnpeaeneHHOCTb MaTpulsl B.

PaccmoTpuM pAl CBOMCTB BBINYKIBIX (QYHRIUN.

2.4.5. Teopema. Jas ao6oti svinykaoll gynryuu p(x), onpedeaennot
Ha 8binykaom mHoxcecmee X, u 4100020 wucaa X mHoxcecmso Z = {x € X:
p(x) < A} sovinykao.

HoraszaTeabcTBO. B cooTBercTBUM c ompeneneHueM 2.1.6 mocta-
TOYHO MOKas3aTh, YTO U3 X,y € Z ciuengyeT z = aX + (1 - a)y € Z nas
Bcex a € [0, 1]. U3 Beinykaoctu MHosecTBa X craengyert, 4to z € X. Boc-
T0J1b30BaBIIKCH HepaBeHCTBOM (2.12), momyydaem

o(z) =plax+ (1 - a)y) <ap(x) + (1 —a)p(y) Sad+ (1 —a)A =X A

3ameuanne. OueBngHO, 4TO ecan ¢(X) — Boruyrtas QyHKIUA, TO
mHOMecTBO Z = {x € X: ¢(x) > A} BhIIyRIIO.
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2.4.6. HepaBenctBo Hencena. Ecau p(X) gvinykaa Ha evinyk-
aom mHoxcecmee X u

m m
z = E X, E a; =1,
i1 i=1

a; 20, x,€X, 1=1m,

@(i%‘&‘) < iaiw(xi)- (2.14)

NorkaszaTtenbcTBOo (nounaykuuun). llpu m =1 HepaBenctso (2.14)
oueBuaHo. [lpeanonosum, uro (2.14) cnpaBemnuso aas m — 1, m > 1. U3
2.1.8 caenyet, uto z € X. Ecin a, = 1, TO 3 = a2 = ... = ayp—1 =0,

B (2.14) 6yner paBenctBo. Eciu 0 < oy < 1, TO M3 BBINYKIOCTU U
UHOYKTUBHOTO MPEATONOMEHNA ClieyeT

m m—1
= @(Zaixi) = so((l —am) Y - a; X; +amxm) <
i=1 i=1 oom
1o ) st <
m—1
a;
< (1 - am) Z 1—an ‘P(Xz) + am‘P Xm Zaﬂp Xz

i=1

2.4.7. lIpuBenem (Ge3 moKasaTelbCTBa) CleAyIOlee BayHOe CBOICTBO
BBINYKJABIX (PYyHKIMIA.

Buinykaaa gynruyus o(x), onpedesennas Ha euinyriom muoxcecmee X,
HenpepvleHA 6 HllJfC(?OL.l BHympeHHelj mouyre 3mo20 MHoM@cecmea u umeem
6 H’ll.?f(del:l BHympeHHel:l moure npouaeo@uylo no ./llOﬁO.My HanpasaeHuw s
(I[sll = 1):

Op(x) _ lim p(x+ As) — w(X)_

Os A—+0 A

2.4.8. B metone mTpadHbIX GYyHKIUI HAXOAAT NMPUMEHEHUE ClleyIo-
e IBa CBOMCTBA BBINYKJbIX (PYHKIUIA.

Ecau »(x) evinyraa na evinyksom muoxcecmse X, mo svinykaa Ha X
u Ppynkyusa

p(x) = max {>(x),0}.

B camom nene, nasa mobeix X,y € X

plox + (1 - a)y) = max {x(ax + (1 - a)y),0} <
< max {az(x) + (1 - a)=(y),0} <
< amax {x(x),0} + (1 — a) max {x(y), 0} = ap(x) + (1 — a)p(y). A
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FEcau p(x) suinyraa u HeompuyameavHa Ha ebinykiom mHoxcecmee X,
mo 6ydem evinyraa na X u Gynryus ©*(x).

JleficTBUTENbHO, B CUIY BBIMYKIOCTU ¢(X) U €€ HeOTPUIATENbHOCTH
nMeeM

N

a?9*(x) +2a(1 — a)p(x)p(y) + (1 - a)’¢*(y) =
= ap?(x) + (1 = )¢’ (y) — a(l — a)(p(x) - ¢(y))* <
<ap’(x) + (1 - a)e?(y). &

2.4.9. BaxHoe cBOMCTBO BBINYKJIbIX AU depeHnnpyeMbiX GYHRIUIM,
KOTOpPBIM MbI GyJeM 4YacTo MOJb30BaThCA, yCTAaHABIMBAET ClAeAyiolee
yTBep:IeHue.

Dynryua p(x), duddepenyupyeman na svinyraom muoxcecmee X, 6ol
NYKAQ 6 MOM U MOALKO MOM Cayae, ecau 04 awobix X € X uy € X
6ydem

(¢ (%), y —x) < p(y) — p(x). (2.15)
Jas soenymotl gynryuu

(@' (@), y —x) = o(y) — (x).

NoxaszaTenbcTBo. IlycTh ¢(Xx) Boimykia. Torga mis Jio6bIX X,y €
€ X, x #y, 1 Bcex a Takux, 4To 0 < o < 1, crpaBeInBO HepaBEHCTBO

p(x+aly —x)) < o) + ale(y) — e(x)],

OTKyZda
X+ fAs) — p(x
Iy - x| EEEE =20 ¢ o(y) — (),
rie s = ﬁ, af=ally—x|
[lepexoas & mpemeny B mocieqHeM HepaBeHcTBe mpu 3 — 0, moaydum
Op(x
2801y — x) < oly) - (),
S
T. €

(@' (x),8)ly = x|l = (¢'(x),y —x) < oly) — o(x).
Mycrs Teneph BhINodHsAeTcs yenoBue (2.15). PaccMoTpuM TouRy z =
=ax+ (1 —a)y npu 0 < a < 1. Tax kak z € X, To
(¢'(2),x —z) < p(x) — ¢(2),
(¢ (2),y —2) < p(y) = ¢(2).

YMHOKUB TepBoe HepaBeHCTBO Ha «, BTopoe — Ha (1 —a) U ciao#uB
HoJy4YeHHble HepaBeHCTBa, NMeeM

0=(¢"(2),0) < ap(x) + (1 —a)p(y) —p(z). A
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2.4.10. dkecTpemaibHble cBolicTBa. PaccMoTpuM 3aiady oThIcKa-
HUA TOYKM X* BBINYKJIOr0 MHOskecTBa X, B KOTOpOIl BbINTyRJIafA (QyHK-
uus (x), onpeneienHas Ha X, JOCTUraeT MUHUMAIbHOIO 3HAYEHUSA,—
3a71a4y OTbICKAHMA ONTHManbHON TOUKM X* = argmin{p(x): x € X}.

2.4.11. Teopema. Ecau swvinyravt gynkyua o(x) u mHoxecmso X,
mo awbaa mouka xX* € X, Aeaaouanca mourol A0KAAbHO20 MUHUMYMA,
Oydem onmumaavroli 0an 3adavu munumuszayuu Gynryuu (X) Ha MHO-
acecmee X .

HoraszaTeabcTBo. IIpeanonoskuM, uto x* He ABAAETCA ONTUMAb-
HOI TOUKOli, T. e. HalimeTca Touka X' € X Takas, 4TO

p(x') <p(x").
PaccmMOTpUM TOUKM Buaa
x=ax'+(1-a)x*, a€l0,1].

Tar rak MHOM#ecTBO X BbINYKIO, To X € X . Jlajee, U3 BbITYKIOCTH ¢(X)
U U3 IpernooxseHus o6 x' cienyer

p(x) = plax’ + (1 - a)x") < ap(x') + (1 - a)p(x) <
<ap(x’) + (1 - a)p(x’) = p(x7),

p(x) < p(x7).

Ho 3To mpoTUBOpeUUT yCJI0BUIO, UTO X* — TOYKA JOKAIbHOTO MUHUMY-
Ma, MOCKOJIbKY MPH MajlblX (@ TOYKA X HAXOAUTCA B JOCTATOYHO MaJjoit
OKPEeCTHOCTH TOYKM X*. A

2.4.12. Teopema. Ecau evinykavt gynkyua p(x) u mnomcecmso X,
MO MHOM#eCme0 ONMuUMAAbHLLT MoYek

X* = {x* € X: p(x*)=p :)r(réigtp(x)} = Arg min{p(x): x € X}

8bLNYK.AO.
ToxaszateabctBo. Ilyers X', x" € X*. llockombry X* C X u X —
BBIITYKJI0€ MHOKeCTBO, To i dto6oro A € [0, 1] 6yzet

z=Xx+(1-Nx" € X,
a B CUIY BBIIYKIOCTHU p(X) UMeeM

p(z) = (XX + (1 = N)x") < Ap(x) + (1 = Nop(x") =
=M+ (1= Np = p.

Kpowme toro, p(z) > p, nostomy p(z) = p, T.e. z € X*. A
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2.4.13. Ecau ¢(x) cmpoeo evinykaa Ha euinykaom muoycecmee X u
moura x* € X onmumaavHa, m. e.

p = o(a”) = min p(x),
mo dan ecex X € X u X # xX* 6ydem

p(x) > p(x),

U, 3HA4UM, MmoiKa X* eduHCmEeHHa.
NorkaszatenbcTBo. Ilpennonosum, urto Haiigercs Toura x' € X,
x' # x*, Takas, 4TO
AN *\ __
p(x') = p(x) = p.
Toraa nas mo6oro a € (0,1] Toura x = ax’ + (1 — a)x* npuHaLIEKUT
MHO€ecTBY X, U B CHIY CTPOrOii BBIMTYKJIOCTU QyHKUUU p(X) GymeT

p(x) = plax + (1 —a)x*) < ap(x) + (1 — a)p(x*) =
=ap+(1-a)p=p,

YTO NPOTUBOPEYUT ONTUMAILHOCTU TOUKHM X*. A
2.4.14. OgHO CcBOMCTBO BOTHYThIX dyHKUuUil. Fcau p(x) — soe-

nymas Pynkyusa u o(x) > @(y), mo daa aw6oil mouku z € [X,y| makot,
ymo p(x) > ¢(z) > ¢(y), cnpasediuso Hepasencmeso

p(z) —oy) S ¢(x) —¢(z)
lz—yll = llx—zl
lToxkasaTenbctBo. [pennonosum, uto Haitmercs a € (0,1) Takoe,
gyTo 141 z = ax + (1 — a)y Gyzner
p(z) = p(y) _ p(x) = ¢(z)
llz -yl Il — z|

(67
Tak kak ||z —y|| = EHX — zl|, To

7

w(z) —oly) _ o) —9ky) (1 - a) < p(x) — p(2)

lz—yll— llx—azl a lIx — =l

orkyna (1 — a)[p(z) — o(y)] < alp(x) — ¢(z)]. Takum obpazom, mpuxo-
JIUM K HEepaBeHCTBY

v(z) < ap(x) + (1 —a)p(y),

IpOTUBOpeYailieMy BOTHYTOCTH QyHRIUHN p(x). A

2.4.15. Teopema. Fcau muomcecmeo X 8vinykao, 3aMKEHYMO u
HeoepaHuYeHo, mo cyuwecmsyem maroe Hanpasaenue s, ||s|| = 1, wmo
X+ As€ X das scer A >0 uscerx € X.
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lokaszaTtenbcTBo. Tak Kak MHOeCTBO X HeorpaHMYEHO, TO Haii-
nerca mociaefoBatenbHocTh {Xi} C X, [|x]| = o0, k = oco. Pacemorpum

1
X
Tree — =] <

—x). OueBuAHO cyllecTBOBaHME Takoil MoAnociegoBatenbHocTu {s,},
yto lim si, = s. [lna moboro ¢urcupoBanHoro A > 0 HaiigeTcsa Takoi

¢durcupoBannyio Touky x € X \{xy} u HanpaBnenue sj =

1— 00
HoMep ko, 4To s Beex k; > kg 6ymet 0 < ﬁ <1.
by —
Tar rakr '
X + Asg; = ;kaL (1— ;)XEX
lIxk, — x| lIxk, — x|

nas Beex k; > ko, To lim (X + Asy;) = x + As npunHamieskut X B cuiy
11— 00
3aMKHYTOCTH MHOecTBa X .
Jlanee, mycTb y — NPOM3BOJbHLIN (UKCHPOBaHHBIA 31eMeHT U3 X.
Tar rak v = X + AgAs € X gaa Bcex A > 1, A, > 1, 10

1 1
Ev,ﬁ(l—)\—)y—/\k( x—y)+y+As€X,

U Opu A\ — 00, B CHIIy 3aMKHYTOCTU MHOzkecTBa X ToaydaeM y + As €
eX. A

2.4.16. Teopema. Ecau gynryua f(X) evinykaa u HenpepvieHa Ha
8bINYKAOM 3AMEHYMOM MHOMcecmee X, MO 04 02PAHUYEHHOCMU MHO-

X(B) ={xeX: f(x) < B}

npu ao6om 3 Heo6xodumo u JoCMAMOUHO CYULECMBOBAHUNL HUCAA (), NPU
komopom muoxecmeo X () = {x € X: f(x) < a} Henycmo u oepanueno.
loraszaTeabcrBo. HeobxomumocTh oueBUIHA.

TocratounocTh. IlycTh mis HekoToporo « MHomecTBo X («)
orpanunueno. Eciu 8 < «, To X(8) C X(«); caenoBarenvno, X (8) —
orpaHuYeHHOe MHOHECTBO.

[Ipeanonosum, 4to Haiigercs Takoe (3 > «, uTo MmHOskecTBO X ()
neorpannueno. Torga B ¢urcupoBanHoit Touke x € X (a) C X(8) cy-
lecTBYyeT Takoe HampaBieHue s, ||s|| = 1, uto x + As € X () mpu Beex
A > 0. Hockoabry MHOmecTBO X () orpaHHYeHo, TO HaWJETCS TaKoe
Ao > diam X (), yto x + As ¢ X (a) mpu Beex A > Ag. Utaxr, nias z =
=x+ Aos Oyzner f(x) < a < f(z) < 6, a naa v =v(\) = x + A)\gs npu

Bcex A > 0 6ymer f(v) < . Tak rak z = X+ \gs = %v—i— (1 - %)x,
To pu A > 1 u3 Beinykjaoctu ¢pyHsuuu f(x) Ha BBINTYKJIOM 3aMKHYTOM

mHosxkecTBe X (3) cienyeT HepaBeHCTBO f(z) < X fv)+ (1 - %)f(x), oT-

kyia f(v) > A(f(2) — £(x)) + f(x). Ho f(z)  f(x) — durcuposanoe
NONOAUTENLHOE YKCHIO0, BeldencTBre Yero f(v) — 400 mpu A — 400, 4TO
nporuBopeuut ycaoBuio f(v) < [ npu Bcex A > 0. A
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2.5. CuabHadA BhINYKJIOCTb GYyHKIMIA

2.5.1. Me1 Bujenu, 4To ecau As BeIMYKIONH GyHKIUU p(X) cyliecT-
ByeT TOYKa JOKaJbHOIO MHUHMMYyMa Ha BBITYKIOM M 3aMKHYTOM MHO-
secTBe X, TO OHA ABIAETCA ONTUMAIBHOMN, a AJIA CTPOro BBIMYKJIOH QYHK-
LIUU 3Ta TOUKa BO0OABOK U equHCTBeHHa. [lomuepKkHeM, UTO 3TU yTBEp#kK-
JeHUs clpaBeJMBbI JUIIb B IPEANoJ0KeHNN CYIleCTBOBAHUA TOYKH JO-
KalbHOIO MUHUMYyMa.

PaccmoTpuM Tenepb Kiace ¢yHKIUi, 418 KOTOPbIX Ha jJ1060M Hemyc-
TOM 3aMKHYTOM MHOKECTBE BCEra CyIeCTBYyeT TOUKa MUHUMYMa, U ec-
1 BHOGABOK 3TO MHORECTBO BBINYKIIO, TO 3Ta TOUKA eINHCTBEHHA.

2.5.2. Onpepenenune. OyHrumio p(X), ONpeaeneHHYIO HA HEKOTO-
poM MHoskecTBe X, GyieM Ha3bIBaTh CUAbHO BbINYKAOL, €CIU CYLIECTBYET
KoHcTaHTa p > 0 Taras, 4To Aif M06kIX X,y € X Tarux, 4to [X,y] C X,
u fas aro6oro a € [0, 1] 6yaeT BLIMOMHATHCA HEPABEHCTBO

plax + (1 —a)y) < ap(x) + (1 — a)p(y) — a(l — a)pllx — yl>.

Benuuuny p B madbHeiimem GyaeM Ha3bIBaTh naApamempom CUILHOMN
BBIMYKJIOCTH.

2.5.3. IIpuMep cuIbHO BBINMYKJ0H ¢pyHKIUU. PaccMoTpuM KBaj-
paTUuHyIO GYHKIUIO

¢(x) = (x, Bx) + (p,x),

rage B — CTpOro IoJioKMTeJbHO oOllpeaej]ieHHasa MaTpuua. CunbHasi BbI-
NMYRJIOCTb ciaegyeT M3 COOTHOMEHUA

plax + (1 - a)y) = ap(x) + (1 — a)p(y) — a(l —a){(x -y, B(x —y)),

MOCKOJbKY
(x -y, B(x—y)) > Ax -y
rie A — HauMeHblllee cOGCTBEHHOE UUCJIO MaTpullbl B.
YrameM Ha HEKOTOpbIe CBOMCTBA CUJIbHO BBIMYKJILIX (QYHKIUMN.
2.5.4. Teopema. Ecau dynkyusn o(X) CuLbHO 8bINYKAA U HENPEPHIBHA
HQ BbINYKAOM U 3AMKEHYMOM MHOHcecmee X, mo 0aa awb60ti mouyku'y € X
MHO#eCmeo

Xo={x€X: p(x) <o)}
aepaHuueHo u cyuwcmeyem ez?ur-tcmBeHHaﬂ mouyra

x* = argmin{p(x): x € X}.

lokazaTeabcTBO. 3ahUKCUpyeM MPOU3BOILHYIO TOURY y € X. B
cuily HempepbIBHOCTH (GyHRUNM @(x) aasa p > 0 Haiinerca takoe € > 0,
uTo |p(x) —p(y)| < pupuBcex x € U = {x € X: ||x —y|| < ¢}. Tarum
o6pasoM, p(x) > ¢(y) — p npu Beex x € U.
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IMyers x € X\U. Torga a = ¢||x —y||~! < 1. U3 2.5.2 noxyuaem
ap(x) > p(y +a(x —y)) — (1 —a)p(y) +a(l —a)plx —y[]>. Ho z =
=y+a(x—y) € U, nockonbky ||z — y|| < &, u, crenoBarensHo, p(y +
+a(x—y)) —¢(y) 2 —p. lHostomy

ap(x) = —p+ ap(y) + (1 — a)pllx — y|I%,
nin

(%) > py) +(L—a)plx—y|? - £ =

a
1
= o(y) = p(e+ ) Ix =yl + plix — v

Taxum o6pasom, eciau MHO;kecTBO X HeorpaHudeHo, To mpu ||x|| — oo
oyner ¢(x) — +o0o. Temnepb HETPYOHO YOEAUThCH, YTO MHOECTBO X
orpanuueHo. B caMoM feie, eciy 3To He Tak, TO Hal[eTcA IOCIeloBa-
TeabHOCTh {X;} C X Takas, 4to ||xi|| = oo npu k& — oo. Ho torga
Haiiferca Homep ko = ko(y), HaunHas ¢ Kotoporo oymeT ¢(xx) > p(y),
k > ko, u, cnenoBateibHo, X & Xo npu k > ko.

CymecTBoBaHHe X* OUEBUIHO, TaK KaK M3 HelpephIBHOCTU ((X) Ha
OrpaHMuYeHHOM U 3aMKHYTOM MHOecTBe X U U3 ompeneneHna Xo cie-
OyeT, 4To

x* = argmin {p(x): x € X} = argmin {p(x): x € X }.

EfUHCTBEHHOCTD € TOYKY X* ClIeAyeT U3 TOr0, UTO CUIbHO BbIMYKIas
(YHRKIUA ABIAETCA B TO #5e BpeMs CTPOro BBIMYKJIOH. A

2.5.5. Teopema. Ecau ¢(X) CuibHO GbINYKAQ HA GINYKAOM U 3AMK-
Hymom mHoxcecmee X, mo:

a) daa ecex x € X cnpasedauso HepageHCcmMBo

* (12 2 *
e = X717 < S o) — (7).

Ecau npu smom p(x) € C1(X), mo:
6) dan ecex x,y € X oydem (p(x) — ¢'(y),x —y) 2 pllx = ylI*
* Ly
B) [lx = x| < Zlie'll;
« 1
r) 0 < e(x) —(x") < /—)||90'(X)||2-
llokazateabcTBo. a) W3 ompeereHusi CUIbHON BBIMYKIOCTU
cienyer
1 1 . 1 1 . 1 *112
- - <= 2 _Z _
p(5x+3%7) <500 + 50— 7plx—xP,

U B CUJIY HepaBeHCTBa

* 1 1 .
o(x )<<P(§X+§X)
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COOTHOIIIEHUE TI. 8) CTAHOBUTCSA CIIPABEIIUBbIM.
6) Tak kak QyHRUUA p(X) BBIOYKIA, TO

p(x) = o(y) < (¢'(x),x —y).
Otciona u u3 onpepeneHus 2.5.2 moayydaem
1 _vz<l —oflx+l 1 _oflxsl
1Pk —yIF <3 [w(X) 90(2X+ 2}’)] +3 [w(y) w(2X+ 2y)] <
1 1 1
< (@), x—y) + (@' (¥),y =x) = 2{¢'(x) = ¢ (¥),x —y):

B) B Touke x* Munumyma ¢(x) Ha X BbimonHfeTcs s Bcex X € X
HepaBeHCTBO (cM. 1. 3.4.7)

(¢'(x"),x =x") > 0,
[03TOMY U3 M. 6) monydaem

plix = x| < (¢’ (x) — ¢'(x7),x —x") <
< (' (), x —x7) <l (®)| I — %]l

T. €. HEPAaBEHCTBO II. B).
r) U3 BoinykiaocT ¢(X) U U3 . B) UMeeM

0<p(x) — o(x") < (¢'(x),x —x") <[l ()| Ix — x"[| < %II@’(X)IIQ- A
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OCHOBBI MATEMATHUYECHKOTI'O
ITPOTPAMMMUPOBAHUA

B stoit rnaBe 6ynyT paccMOTpeHBI YCJIOBUA CYI[ECTBOBAHUA JORAIb-
HBIX HKCTPEMYMOB AudGdepeHqupyeMbIXx GYHKINN Ha JOMYyCTUMBIX
MHO;KecTBaX BecbMa o0lLlero BHOa, a TaKke YCJIOBHUA CYILIeCTBOBaHUA
r06a’ibHBIX HKCTPEMYyMOB (MUHMMYMOB) B 3aJadyaX BbIMYKJIOrO MpOr-
paMMUpOBaHUA.

3.1. 3agauu MaTeMaTHUYeCKOro NMporpaMMUpOBaHUA

3.1.1. OcHoBHaA 3ajaya MaTeMaTHYeCKOT0o MporpamMMHpoOBa-
HuA. PaceMoTpuM MHO#ECTBO

X = {x: fi(x) >0, i = Tm}, (3.1)

rae f;(x) (i = 1,m) — sananuble ckaaapuble Gynruun. llycTs ckaaapHas
byHrnua (x) onpejeneHa Ha MHO#ecTBe X .

3agauy MUHUMM3aUUU GYHKIMU (X) Ha MHOecTBe X Oy/eM Hasbl-
BaTh OCHOBHOU 3adayeri Mamemamuieckozo npoepamMmuposaHua.

3.1.2. @opma 3amnucu. YciIoBUMCSA, YTO 3alUCh

p(x) > min, x € X, (3.2)
Wiu, efi SKBUBaJEHTHbIE,

min{p(x): x € X}, min p(x),

O6yoyT o3HauaTh, UTO CTABUTCA 3ajava:
1) nmuGo HaiiTu ONTUMANBHYIO TOYRY X* € X:

oo
X ) = min p(x);
p(x") = min o(x);

2) nubo, eciu He CYIIeCTBYeT TaKkoi TOUKU X*, HAlTH

= ;relﬁ( P(x);
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3) nubo yGemuThbes, 4TO ¢(X) — HeorpaHMUYeHHAas CHU3Y Ha MHO-
secTBe X QyHKINSA,;

4) 6o y6enuthes B ToM, 4yto X = .

3.1.3. Ecin MHOsecTBO X BBINYKIO ¥ BBIMYKJIa QYyHKUUA ©(X), TO
3amauy (3.2) Ha3bIBAIOT 3adayell 8bINYKAOZ0 NPOZPAMMUPOBAHUA.

3.1.4. OcHoBHaA 3agaya BBINYKJIOro MporpaMMupoBanuda. U3
nn. 2.4.5 u 2.1.6 BbITeKaeT, YTO AJ1A BhINYKI0CTH MHOMecTBa X (cMm. (3.1))
nocTaTouHo, uyTo6bl GyHEIMU f;(x) (i = 1,m) 6bun BoruyTeivu. Ecau B
3a[ave BBIMYKJIOro nporpammupoBanus (3.2) Bce dyHruuu f;(x) Boruy-
ThI, a (p(X) BBIMYKJO, TO Oy/IeM Ha3bIBaTh €€ 0CHOBHOL 3adayel] 8binyK.L020
npo2pamMmMUpPOBaHUA.

3.1.5. TepmunHosorua. MuomecrBo X B 3amave (3.2) HasbIBalOT
dOnycmumMbl;M MHOHCECMBOM, TOUYKA HTOTO MHOMKECTBA — OONYCMUMbBLMU
moykamu, a HepaBeHcTBa f;(x) > 0, ompegensiomue IOIYCTUMOE MHO-
#RecTBO,— ogpanuieruamu. Toury x* = argmin{p(x): x € X} HasviBa-
10T peuleruem UIU ONMUMAAbHOL moukoll, a UHOTJa moukoll 2406a4bH020
murumyma. HaroHel, ToUKy X, B KOTOPOi BBINOJHAIOTCA HEOOXOAMMbIE
YCIIOBUS JORAILHOr0 MUHUMYMa GYHKIUYU ¢(X) HAa MHO:ecTBe X, Oy aeM
Ha3bIBaTh CMAYUOHAPHOLL.

3.2. Bo3MoskHbIe HallpaBJIeHUA

3.2.1. Bo3moskHble HamnpaB/ieHUA. [loHATHe BO3MOKHOIO HaNpas-
JeHUf 3aHMMaeT BaykHOe MECTO B MaTeMaTH4YeCKOM MpOrpaMMUPOBaHUN.
B sToli riiaBe Bo3MoskHbIe HAMPaBIEHUS UTPAIOT BCIOMOraTelbHYIO POib,
O[HAKO B JajbHeHIIeM OHU MPUOGPETYT CaMOCTOATENbHOe 3HAaYeHNe.

Onpenenenne. HanpaBnenne —s # 0 B Touke x € X HasblBaeTcs
B03MOJCHbLM, €CIU CylllecTBYyeT Tarkoe 4yuciao 3 > 0, uto x — fBs € X nana
Becex (3 € [0, 3]

Hanpuwmep, ecin X = {x: x > 0}, To B Touke x = 0 11060i1 BeKTOp
—s > 0, s # 0, 3agaeT BO3MOKHOE HalpaBieHue, a B TOUKe

.’1,'1:0
xo >0

Tn, >0
BO3BMOMHBIM AIBJIfIeTCA JI000€ HalpaBleHne —s:

81<0
S2

Sn

rfie So, 83, ..., S, — MPOU3BOJbLHEIE Yucaa, s 7 0.
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OueBUIHO, eciM X — BHYTpPeHHfAfA TOUYKa MHO:ecTBa X, To Ji06oe
HamnpaBlleHle —sS B 3TON TOUKe AIBAAETCA BO3MOKHBIM.

B caenytomux paspenax OyoyT BbIICHEHBI YCJIOBHUf CYIIeCTBOBaHUS
BO3MOKHBIX HalpaBJeHUI.

3.2.2. AkTuBHbIe orpaHuueHUA. OUeBUIHO, UTO Ha BKCTpeMalb-
Hble CBOMCTBa leneBOi (GYyHKUUU cp(x) B HEKOTOPOH [JOCTaTOYHO MaJjoit
OKPEeCTHOCTU (PUKCHUPOBAHHON TOYKU X € X BIUAIOT JUIIb Te OTpPaHU-
yenusa f;(x) > 0, [ KOTOPBIX B 3TOH TOUKe BBINOIHAIOTCA PABEHCTBA
fi(x) = 0. B cBfi3u ¢ 3TUM BBOOUTCS ClEAYIOLEe OlpeeieHuUe.

Orpanuuenue f;(x) > 0 Ha3blBaeTCA AKMUBHbIM B (HDUKCUPOBAHHOM
Touke X € X, ecin f;(x) = 0.

3.2.3. B nanbHeiineM HaM NOHagOOUTCA COBOKYITHOCTH MHIEKCOB aK-
TUBHBIX OT'paHUYeHUil B TOUKe X € X

I(x) ={i: fi(x) =0}.

3.2.4. IIpeamnoosxeHuda. Beciony B 3Toii riaBe OyaeM INpeamnojarath
dynruun o(x) u f;(x) (i = 1,m) HenpepbIBHO AU(dHEpEHIUPYEMbIMHU.

3.2.5. [lycTh s — HEKOTOpPBII N-MepHLII BEKTOp, a 0 — HeKoTopas
cKanfipHasg BelluUHa.

Hna ¢urcupoBanHoro x € X paccMOTpUM CleIYIOUIYIO CUCTEeMY He-
pPaBeHCTB OTHOCUTENbLHO NepEeMEHHbIX S U T

(fl(x),s) +0 <0, i€l(x). (3.3)

IIpu onpe/eneHHbIX YCIOBUAX PELIEHUA 3TOI CHCTEMBI ONpenendioT BO3-
MO3KHbIe HalpaBlIeHUs B TOUKE X.

3.2.6. Ecau s (||s|| # 0) ydosaemsopsem cucmenme (3.3) npu neromo-
pom o > 0, mo HanpasaeHue —s ABAAEMCA BOIMONCHBIM 6 Mmoyke X € X .

lorasaTennbcTBo. EcrecTBenHo npeanonarars, uyro I(x) # &, no-
CKONIbKY B IPOTHBHOM cCilydae TOYKa X fABJAETCA BHYTPEHHeil TOUYKOI
MHOecTBa X, U MO3TOMY Jt060e HampaBieHHe —s fBIAETCA BO3MOM-
ubiM. Ecin i ¢ 1(x), 1o fi(x) > 0, u Malnoe nepemeliieHye U3 TOYKH X 110
1060My HampaBleHHUIO, B YaCTHOCTH, IO HalpaBIeHHIO —s, He HapyIIUT
aToro HepaBeHctBa. llycts ¢ € I(x). [Ipegmonosmum, uto f;(x — 3s) < 0
115 mo6oro ckofb yrogHo majnoro 3 > 0, T. e. HanpaB/leHHe —s He fBJfA-
erca BoaMoHbIM. Tak Kar f;(x) = 0, To nusa mo6oro § > 0 Gyger

510 = fulx = Bs)] > 0,
a 3Ha4uT (cM. (2.4.7)),
.1 gt
tim L1560~ filx — B9)] = (100)9) >,

YTO NPOTUBOpPEYUT ycioBuio (3.3) mpu o > 0. A
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3.2.7. Ecau nanpasaeHue —s 8 moyuke s € X A64AemMCA 803MOHCHBIM,
mo cyuwecmsyem makoe o > 0, wmo napa s, ¢ ydosaemeopsem cucme-
ne (3.3).

HoraszaTeabcTBo. [Ipeanonoskum, uTo HaiigeTca XoTA Obl OOUH
Takoil HoMmep ¢ € I(x), aaa rotoporo (f/(x),s) > 0. Tark kak — f;(x — fs) =
= fi(%) — fix — fs) = B{f!(x),8) + o(B), 10 f(x — fs) < O mpu xocTa-
TOUHO ManbIx 3HaueHuax 3 > 0, T. e. x — s € X, UTO NPOTUBOPEUUT
IPEeNONOKEHUIO O TOM, UTO HalpaBieHue —s Bo3MozkHoe. A

3.2.8. Ecau muomcecmeo X 3adaemcsa cucmemoti AUHEUHbLLT Hepa-
seHcme:

X:{X: fi(x):<aiax>_bi>03 'L:L—m}a

mo ycaosus
(a;,s) <0, i€l(x),

ABAAOMCA HEOOLO0UMBIMU U JOCTAMOYHbLMU 0451 MO20, YMOo0bl HANpasae-
Hue —s 6bli0 803MOXCHLIM 8 moike X € X.

HorxaszaTeabcTBO. Hy/HO BbIACHUTH YCJIOBHSA, MPU KOTOPBIX TOY-
Ka y = X — (3s xoTda Obl QA gocTaTouyHo Manbix § > 0 6ygeT mpuHaiie-
#aTh MHOMeCTBY X:

(ai,y) — b = (a;,x) — b; — B(ay,s).

Ecau i € I(x), To (a;,x) — b; > 0, 1 mpu JoCTAaTO4YHO MaibiX [ GymeT
(ai,y) —b; > 0.

Ecau i € I(x), To (a;,y) — b; = —3(a;, s), U [UIfl BbINOIHEHNA HEPABEH-
ctBa (a;,y) —b; > 0 npu S > 0 HEOGXOAUMO U JOCTATOUHO, YTOOLI GBLIO
(a;,s) < 0. A

3.3. dxcTpeManbHbIe CBOiicTBa

B nocienyiomux naparpadax 3Toil IiiaBbl pacCMaTPUBAIOTCA OCHOBBI
TEOPUU MaTeMaTUYeCKOro MpOrpaMMUPOBaHKA: 10Ka3bIBAIOTCA TEOPEMbI
CYLIECTBOBAHUA JOKAIbHBIX 3KCTPEMYMOB U TeOpPEMbl CYIIeCTBOBAHUSA
pellleHuii 3agady MaTeMaTU4YecKoro IporpaMMUpOBaHu.

B 3TOoM maparpade paccMaTpUBaIOTCA YCIOBHA CYIIECTBOBaHUA CTa-
LIMOHAPHLIX TOYEK OCHOBHON 3aJa4ld MaTeMaTHUYecKOro IMporpaMMUpOBa-
HUsAA, T. e. (B COOTBETCTBUU C NMPUHATON TEPMUHOJOTHE}) HEOOXOIUMbIE
YCIIOBUS CYIECTBOBAHUA JOKAIbHBIX MUHUMYMOB.

Eme pas moguepkHeM, UTO OCTAIOTCA B Ccuje mpednodoxsenus 3.2.4 o
HenpepbIBHOI Anddepenuupyemoctu gynkuuii o(x) u fi(x) (i = 1,m).

3.3.1. Caenyromian cucTeMa JUHEHHbIX HePaBEHCTB OTHOCUTENBHO Tie-
PEMEHHBIX § U ¢ UrpaeT BaHYIO POJb B JalbHEHIIMX pacCMOTPEHUAX:

(fi(x),s) +0 <0, ie€l(x), (3.4)
—(¢'(x),8) + 0 <0. (3.5)
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3.3.2. Teopema. Jaa mozo wmobv. mouka X € X A84A4GCL MOY-
KOl A0KAAbHO20 Munumyma Pynkyuu @(x) Ha mHoxcecmee X, Heo6rodu-
Mo, wmoGbl 8 Kadcdoll nape s, o, ydosaemeopsioweti cucmene (3.4), (3.5),
6bL.10

o <0. (3.6)

NorazateabcTBo. IlycTh X — TOYKa JOKaIbHOIO MUHHUMYMa.
[IpeanonosuM, uTo HaiiieTcA Takas napa s, o, YIOBIETBOPAIONIAs CUCTe-
Me (3.4), (3.5), uto o > 0. Coraacto 3.2.6 HanpaBieHie —s ABIAETCA BO3-
MO;KHBIM B TOYKe X. B cuity HenpepbiBHOCTH ' (X) U MPeNONosKeHus, YTO
(¢'(x),8) = 0 >0, nas gocratouno maioro 3 > 0 6yzert (¢’ (x — fs),s) >0
u x — s € X. Ho mo Teopeme o cpeguem

p(x) — p(x — Bs) = B¢’ (x — 00s),8) >0, 0<OH< L

TaxuMm o6pasoM, B JIoKalbHOH OKPECTHOCTH TOYKHU JOKAILHONO MUHU-
MyMa X Hauulach Touyka y = X — (s takas, uto ¢(y) < ¢(x). IlporuBo-
peune. A

3.3.3. Caeays npunsaToit tepmunonorun (cMm. 3.1.5), teopemy 3.3.2
MOKHO MepedopMyInpoBaTh CIEAYIOMNM 06pa3oM: eclii B KajiIol mape
s, 0, yooBiaerBopsoweii cucteme (3.4), (3.5), Boinoausercs ycaosue (3.6),
TO X AIBJAIETCSA CTAlMOHAapPHO TOUKOI OCHOBHOI 3a1a4il MaTeMaTU4eCKoro
IporpaMMHUpPOBaHUSA.

3.3.4.CanenctBue. Ecau mouka x € X a0KarvH020 munumyma Gyrx-
yuu p(x) na muoucecmee X makosa, wmo I(x) = &, mo

¢'(x) =0.

NorkaszatenbctBo. [Ipegnonosmum, uto ¢'(x) # 0. 3ameTuM, 4TO
X — BHYTpeHHssl Touka MHoxecTBa X. Tar rak I(x) = &, To B cucre-
Me (3.4), (3.5) ocTaerca aumb ogHo HepaBeHcTBO (3.5). Ilapa s = ¢'(x),
o = (s,s) > 0 ynoBiaerBopser ycioBuio (3.5), HO NpU HTOM HapyUIaeTCA
yeinoBue (3.6) Teopemsr 3.3.2. IlpotuBopeune. A

3.3.5. Teopema. Ecau 8 mouke x € X A0KAAbHO20 MUHUMYMA PYHK-
uuu p(x) Ha mHoxcecmse X cucmema sexmopos fl(x), i € I(x), aunetino
He3asucuma, mo Haildymea makue wucaa u; > 0, i € I(x), umo

ex) = > uif{(x). (3.7)
1el(x)

HorazatenbcTBoO. CoriacHo TeopeMe 3.3.2 BBLINOJHAIOTCA YCIO-
BuA (3.4), (3.5), (3.6). Ycaosue (3.6) hopmanbHO 3amuIleM Tak:

(0,s)+1-0 <0, (3.8)

¥ mpuMeHUM K cucteMe (3.4), (3.5), (3.8) Teopemy Dapkara: HaiigyTcA
takue v; > 0,4 € I(x), u vy > 0, uro

0= vifi(x)—voy(x), (3.9)

i€l (x)
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Z v; + vg. (3.10)

iel(x)

MockonbKy npexnonoxenue vo = 0 IPOTUBOPEUUT JHHEHHON He3aBU-
CHMOCTH BeKTOpoB f/(x), ¢ € I(x) (B cuay (3.9) u (3.10)), To vy > 0,

W, cleoBaTelbHO, NOpU u; = —v;, © € I(x), us ycaoBusa (3.9) noayua-
o

M (3.7). A
3.3.6. 3ameuanue. Unorga teopemy 3.3.5 GopMyaupyIoT cregyio-
1M 00pas3oM: eciu HaliiyTea Takue dncaa u; > 0 (i = 1,m), 4To

Zuzf (%), Zuzfz(x =0,

TO X AIBJAIETCSA CTAlMOHapPHO TOUKOI OCHOBHOI 3aa4il MaTeMaTU4eCcKoro
IporpaMMHUpPOBaHUS.

CripaBelIMBOCTD 3TUX YCJIOBUI OUEBUIHA: JOCTATOUHO MOJOMKUTH U; =
=0 npu i ¢ I(x).

3.3.7. F'eomeTpuueckasa UHTepHpeTanud. YciaoBusaM (3.7) MOMHO
IaTh clefylolee reOMeTpUUeCKoe UCTONKOBaHNe. 3aMeTUB, YTO BEKTOPbI
—fli(x), i € I(x), ABAAIOTCA BHELIHUMK HOPMAIAMH B TOUKE X K [PaHUY-
HBIM MoBepXHocTAM f;(x) = 0, u nepenucas yciaoBue (3.7) B Buie

') = Y wl-fix), w0, iel(x),

i€l (x)

MOsieM CcKas3aTh: yciaoBue (3.7) o3HavaeT, YTO aHTUTPAJUEeHT MOHO Mpe[-
CTaBUTh B BHU[E JUHEHHOW KOMOMHAIUM C HEOTPUIATEIbHBIMU KO3(du-
I[MeHTaMU BHEIIHMX HopMajeifl K orpaHUYeHUAM B Touke X. JIpyrumu
cJloBaMU, aHTUT'pagueHT MNPUHALICKUT KOHYCY, HATAHYTOMY Ha BHeI-
HUe HOpMAaJ/u K orpaHMdYeHUAM B TOUKE X.

3.4. BHCTpeMaHbHLIe cBoiicTBa Ha BBINIYRKJBIX MHO:KeCTBax

3.4.1. YcioBue peryjiafapHOCTH. B ciyyae BBIMYKIOCTU MHOECT-
Ba X = {x: fi(x) > 0,i = 1,m} ycaoBua auneiiHoii He3aBUCUMOCTHU
BEKRTOPOB f](X), COOTBETCTBYIOUNX aKTUBHBIM OrPAHUYEHUSIM, B TIPE/Ibl-
Oylell TeopeMe MOMHO 3aMEeHUTDb Gojiee MPOCTO MPOBepAeMbIM, a UMeH-
HO TaKk HasbIBaeMbIM ycaosuem pezyiapHocmu. CyleCTBYIOT pasindHble
YCIOBUS PEryJApHOCTU OrpaHUYyeHuii; 3gech OYyAYyT PacCMOTPEHbI Cle-
AyIolie YCIOBUA.

3.4.2. YcaoBue peryaapHocTu. Ecau gasa wammgoro 1 <4 < m cy-
ecTByeT TaKkas Touka X; € X, 4To

fi(xi) >0, (3.11)



8.4. dxcmpemarvHble c0UCMBA HA BLINYKALLL MHOWCECTNBAL 45

TO TOBOPAT, UTO MHOM#eCTBO X YIOBIETBOPAET YCA08UID PecyiapHOCTLL.
3.4.3. YcioBue peryiaapHocTu CiaeiiTepa. CynecTByeT Takafd TOU-
Ka x € X, 4yto 1nd Bcex ¢ = 1, m O6yaeT

fi(x;) > 0. (3.12)

Jlerxo mokasbiBaeTcs SKBUBaleHTHOCTH ycaoBuit (3.11) u (3.12). Oue-
BUHO, 4TO U3 (3.12) cnenyer (3.11).
Oycrs Teneps Beimonuseres (3.11). BeiGepem

m m
X = E ;X E a;=1, a; =20, 1=1m.
i=1 =1

Toraa (3.12) BbiTekaeT u3 HepaBeHcTBa WeHcena 2.4.6 1A BOTHYTBIX
byHruui f;(x).

3.4.4. Teopema. Ecau gynryuu f;(x) eoenymol, muoxcecmeo X =
= {x: fi(x) >0, i = 1,m} peeyaspno no Caetimepy, a mouka x € X
ABASLEMC MOYKOU N0KAAbHO20 MUuHUmyma PyHryuu @(X) Ha MHONCECM-
se X, mo Hatidymca makue wucaa u; > 0, 1 € I(x), wmo

Plx) = Y uifi(x).
1el(x)

HorazaTteancTBo. IlloBTOpAA OOKazaTeabCTBO TeopeMbl 3.3.5,
IPUXOIUM K COOTHOIIEHUAM

v;i 20, i€l(x), wo =0,

0= vifl(x)—voy(x), (3.13)
i€l(x)
1= > vi+wo. (3.14)
1el(x)

Nl151 3aBepiIeHUA T0Ka3aTeNbCTBa 0CTAI0Ch YOEAUTHCA B TOM, UTO vy > 0.
Opennonossum, uto vo = 0. U3 (3.14) B 3TOM ciiyyae ciefyeT, UTO XOTH
661 ogHo v; > 0, | € I(x). U3 peryaspHocTu MHO:ecTBa X BbITEKaeT
cylecTBoBaHue Takoil Touku z € X, uto fi(z) > 0 (i = 1,m). Toraa
HanpasieHne —s = z — X Oyner Bo3MokHbIM. Tak kak fj(x) — BoruyTas
¢yHRIUA, To U3 2.4.9 nomyyaeM

—(f{(x),8) > fi(z) — fi(x) > 0.

YMHO#UM paBeHcTBO (3.13) ckanfpHO Ha —s:

0= wilfl(x),s). (3.15)

i€l(x)
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MockoabKy —s — BO3MOKHOE HalpaBieHUe B TOUKe X, TO M3 Teope-
MbI 3.2.7 caenyet, uto (f/(x),s) < 0, ¢ € I(x). Uraxk, Bce ciaraeMble B
npaBoii yactu paBeHcTBa (3.15) 0HOTO 3HaKa, a OJHO U3 HUX, A MMEH-
HO [-e, 3aBeoMO OTJIMUHO OT Hyaf:: —ui{f](x),s) > 0, 4TO IPOTHUBOPEUUT
paBeHCTBY HYJIO Beeil cyMMbI. A

3aMeuanue. B cryvae Boinykaoctu dynsuuit fi(x) (i = 1,m) Tpe-
60BaHKe PEryJIAPHOCTY CTAHOBUTCA U3JIULIHUM.

HeiicTBuTEenbHO, ecau gynkyuu f;(X) 8binykabl, MO PABEHCMEBO

¢'(x) = Z uifi(x), ui >0,

i€l (x)

A645eMCA Heo0XOOUMBIM YCAOBUEM MO20, YIMO X ABAAEMCA MOUKOU A0-
KaabHo20 Mmunumyma Gynryuu p(x) Ha mroxcecmese X .

CrnpaBeqIUBOCTb 3TOr0 yTBepskIeHUuA OyOeT CjIeJoBaTh U3 TEOPEMbI
@apramra, eciau MbI IOKaxeM, 4To 1A moboro u € E, Takoro, 4To

(fi(x),u) >0, i€l(x),
nMeeT MeCTO HepaBEeHCTBO

(¢'(x),u) > 0.

IMockonbKy IJIMHA BEKTOpa U He BAMAET Ha BbIMOJHEHME YKazaHHO-
ro HepaBeHCTBa, TO A0CTATOYHO YCTAHOBUTH CIIPABELINBOCTD MOCIEIHEr0
HepaBeHCTBa A BEKTOPOB A0CTaTOYHO Majoi nauHel [IyecTb u =2 — x u
Z JeKUT B TAKOI 10CTATOYHO Majoil OKPeCTHOCTH TOUKHU X, uTo f;(z) > 0,
Jj€{1l,...n}\I(x). Toura z npuHagIeKxuT X, IOCKOIbKY

fi(z) = fi(2) = fi(x) 2 (fi(x),2 —x) 20, i€l(x)

Ecau (p'(x),z — x) < 0, To mo ¢popmyie Teiinopa noiaydum

p(z) — p(x) = (¢'(x),z — x) + o(||lz — x||) <0,
Tak Kak [0 INPEANoJOKeHNI0 BeluuuHa ||z — x|| mocratouHo Mada.
HocaenHee IPOTUBOPEUUT YCIOBUIO, YTO X ABJSETCA TOUKOM JOKAIbLHOTO
MUHUMYMa.

3.4.5. Teopema. Ecau dynryuu f;(X) 6oenymol, 3amrHymoe MHO-
aecmeo X = {x: ¢;(x) >0, i = 1,m} peeyaapro no Caeiimepy, a mouka
x € X aeasnemcs moukoi A0KAAbHO20 MUHUMYMA PyHEYUU ©(X) HA MHO-
acecmee X, mo

x =p(x — ¢'(x)).
3nech p(v) o3HavaeT MPOEKLHUIO TOYKU V HA MHOMeCTBO X .
HoraszateabcTBo. IllycTh y — mnpousBonbHasg TOYKA MHOMKECT-
Ba X. HanpaBienne —s = y — X ABIAAeTCA BO3MOKHBLIM B Touke X. I3
TeopeMbl 3.4.4 monyyaeM, 4TO

(x=¢'(x) =%,y = %) = (¢'(x),8) = Y wilfi(x),s) <O.

i€l (x)
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Ilo Teopeme 2.2.3 oTcioga cilefyeT, UTo X fBAfAETCA NpoeKlMell TOUKU
x — ¢'(x) na muoskectBo X. A
3.4.6. Cayuail JuHeliHbIX orpaHuyeHuii. Ecnu orpannuenus, sa-
Jaiolye I0MyCTUMOe MHOKEeCTBO, JUHENHHbI, TO MpeAbIAylias Teopema
crpaBe/yiuBa 6e3 Mpe/NoIoAeHIA PeryIapHOCTH MHOMecTBa X .
Teopema. Ecau dynryuu f;(x) (i = 1,m) aureiinsl, a moura

x€X ={x: fi(x)=(a;,x) —b; >0, i=1,m}

ABAACTCA MOYKOU A0KAAbH020 MUHUMYMA PyHEUUL p(X) HA MHONECT-
se X, mo natidymcea maxue wucaa u; = 0, i € I(x), umo

o'(x) = Z u;a;.
i€l(x)

,H OKa3aTedbCTBO. HyCTb € > 0 — cToib Majioe MOJOKUTEIbHOE
YHCJI0, YTO OJA BCeX TOYEK, NMpuHaajexalliX OKPpEeCTHOCTU

U:(x) ={y € X: [ly —x|[ <&}
TOYKU X, 6yOeT
e(y) > p(x).

PaccMOTpHUM NPOM3BOIBHYIO TOURY Z # X MHOkecTBa X. B cuity BbIMyk-
aoctu MHOMecTBa X Gyner x — B(x — z) € U.(x) nas Becex § € (0, 5] npu

B = min {1, L}
llz — x|
[loaTomy

lim p(x) — p(x = B(x — 7))
B—-+0 B

= (¢'(x),x —z) < 0.

Ecau nonosmuth s = x — Z, TO HallpaB/leHue —s 6y)1eT BO3MOMHBIM B
TOYKe X, U IIocjiefHee HepaBeHCTBO IIPpUMET BU[

(¢'(x),s) < 0. (3.16)

[Tockonbry —s — m0Goe BO3MOMHOE HalpaBleHHe B TOUKe X, TO U3
TeopeMbl 3.2.8 ciemyer, 4To HepaBeHCTBO (3.16) HOMHKHO BBINOIHATHLCSA
IJIAl BCeX S, YIOBJETBOPAIOIINX HepaBEeHCTBaM

(a;,s) <0, i€l(x). (3.17)

[Ipumenss & ycaoBusaMm (3.16) u (3.17) reopemy 2.3.3, cpasy e moaydaem
yTBep:aeHne TeopeMbl. /A

3.4.7. llockonbKy npu BeiBofe ycioBus (3.16) MbI H01b30BalUCh JULIb
CBOICTBOM BBINMYKJIOCTH MHOecTBa X, TO MO#HO cOPMYINPOBATh Clle-
OylIolllee yCJIOBUE CTAllIOHAPHOCTM TOYKU X B 3aJaye BBIMYKIOrO ITPO-
rpaMMUPOBAHUA: 04 M020 4MoObl MOYKA X 6blNyk.L020 MHoMcecmea X
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ABAAAACH MOUKOL AOKAALHO20 MUHUMYMA PyHKUUL O(X) HA MHOYMCeCT-
ee X, Heo6xodumo, wmobbl 68 3moil moike NPouU3BOOHble NO BCEM B03MOMHC-
HblLM HANPABACHUAM OblAlL HeOmpUUAmeAabHblMU:

Op(x)
5 > 0

3.5. ,HOCT&TO‘{HBIE YCJI0BHA OIITUMAJIBHOCTH

3.5.1. Teopema. Jaa mozo ymobv. mouka X € X 6vlia mouroll 2a0-
6aAbHO20 MUHUMYMA OCHOBHOILL 3a0a4U 8binYK.A020 NPo2paAMMUposanusn 3.1.4,
docmamouno cyuecmsosanus marux ducea u; = 0, i € 1(x), umo

P = Y wiflx).

1€l(x)

IokaszaTenbcTBO. BeleacTBue BBLIMYKJIOCTU MHO#ecTBa X Hall-
paBileHNe —S =y — X ABJAETCA BO3MOAHLIM B TOUKe X IIpH Ji06oMy € X .
U3 teopemsbr 3.2.7 caenyer, uto (f!(x),s) < 0, i € I(X), 1 NOCKOIbKY
¢byuruua p(x) BbIIyKaIa, TO, MOAb3yAch (2.15), momydaem COOTHOLIEHHE

o(x) —o(y) < (P'(x),x —y) = (¢ (x),8) =
:< > “"fz"(x)7s> = > uilfi(x),s) <0,

iel(x) 1€1(x)

crnpaBeIuBoOe 1A dio6oroy € X. A

3.5.2. Teopemnl 3.4.4 u 3.5.1 MOKHO 00bEIUHUTDL B OJHY TE€OpPEMY O
KPUTEPUU ONTUMANbHOCTHU.

Teopema Kyna-Taxrepa (aubdepenuupyemsrii ciyyait). Ecau
dynryuu f;(x) soenymel, Pynryua p(x) swvnykaa, muoxmecmeo X = {x:
fi(x) >0, i =1,m} peeyaspro no Caeiimepy, mo das onmumarsrocmu
mouku X € X Heo6rodumo u docmamoiHo CYw,ecmso8aHus MAKUT Hucel
u; >0 (i =1,m), umo

¢'(x) = Zuifil(x)7 Zuifi(x) =0

Hna Toro 4To6bl yOEAUTHLCA B CIIpaBeIMBOCTU 3TOH TeopeMbl, JoCTa-
TOYHO BCIOMHHUTDL, YTO TOYKA JOKaJbHOMO MUHHUMYMa BBIMYKJION (QyHK-
LMK ABAfETCA onTUMalbHON (Teopema 2.4.11). A

3.5.3. YacTto B gomycTuMoM MHO;iecTBe X BBIAENAIOT OrpaHUYeHUs
HEOTPUIIATENbHOCTU IOMYCTUMBIX TOUYEK:

X ={x: fi(x) 20, i=1,m, x > 0}.
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B atom cayuae Teopemy Kyna—Takkepa GopMyaupyioT cieayiomum o6-
pasom: ecau gynryuu f;(X) soznymuol, Pynkyua p(X) 6vinykAa, MHONCECT-
680 X pezyaapHo no Caetimepy, mo daa onmumasbHocmu mouku X € X He-
06x00umo u docmamouno cyujecmeosanus makux wuces u; > 0 (i = 1,m)
wv; >0 (j = T,n), umo

O'(x) =Y uif'(x)+ > vjej,
i=1 j=1

Zuifi(x) = 0, Z’Ujd?j =0.
i=1

3necs e (j =1,n) — j-it KOOpAUHATHBIHA BEKTOP: eJT =(0,...,1,...,0),
eUHUIa CTOUT Ha j-M MecTe.

3.5.4. Cayuail JGuHeHHBIX oOrpaHuvyeHuil (KpUTepHil ONTH-
ManbHocTH). Teopembr 3.4.6 u 3.5.1 MOKHO Tak;e 06BEAUHUTHL B O1-
Hy TeOpeMY O KPUTEpPHUM ONTUMAJbHOCTU: 041 Mo20 ¥molbl
mouka X 0blad MOYKOL 2400aAbHO20 MUHUMYMA 8binYKA0L PyHKUUL P(X)
na muomcecmee X = {x: (a;,x) — b; >0, i =1,m}, neo6rodumo u docma-
moyHo, ¥moGbl cyuwecmesosaiu makue vucaa u; > 0 (i = 1,m), wmo

¢'(x) = Zuiaia Zui(<ai,x> —b;) =0.

3.5.5. Teopema. Jaa mozo umobv. mouka X € X Ovlaa moukol 240-
0aAbHO20 MUHUMYMA OCHOBHOU 3a0a4l BbINYK.L020 NPOSPAMMUPOBA-
Hua 3.1.4, docmamoyHo, 4mobvl 0as 6cex S, Yy0o8ACMBOPAIOULUX CUCTIEME

(fi(x),s) <0, i€l(x), (3.18)
6bIMOAHALOCH YCAOBUE
(¢'(x),s) <0. (3.19)

lTorasaTteanbctBo. llpumensas k ycaoBuam (3.18) u (3.19) Teope-
My 2.3.3 (Papkaiua), cpasy ke NPUXOOUM K YCIOBUAM TeopeMsl 3.5.1. A

3.6. dynruua JlarpaH:;xa. YcJ0BUA ONTHMAalAbHOCTH

3.6.1. CennoBasa Touka. PaccMoTpuM n-MepHbBIil BEKTOp X, IPUHAI-
Jdezkalrii HEKOTOPOMY BBIMYKJIOMY MHOkecTBY I', u1 m-MepHbIil HeOTpu-
narenbHpiii Bektop y > 0. Ilyers ¢yHruua L(x,y) BbIMyKiIa 0O X Ha
MHOecTBe I' 1 BorHyTa 1o y Ha HeOTpHIaTeJIbHOM OpPTaHTe.

Onpenenenue. [lapa x*, y* HasbiBaeTca ceda060ti moukoil GyHKIUN
L(x,y) na muosectBe Bcex Xx € [ u'y > 0, ecin

x*el, y" >0,
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L(x*,y) < Lx",y") < L(x,y") (3.20)
qmaBecexx €lny > 0.
Coornomenvie (3.20) MOKHO 3amucaTh TaKk#e CIEAYIOMMUM 06pasoMm:

* *\ . _ .
L(x",y") = min max L(x,y) = r;lggcr}gleurlL(x, y)-

3.6.2. YcaoBuda cyliecTBOBaHUA celoBoil TO4yKU. [l naib-
HeHImUX Henefl HaM JO0CTATOYHO paccMoTpeTh ciaydau, korna I = Ef =
={x:x>20}ul'=E,.

[Iycrs pynruua L(x,y) BelnyKaa 0o X mis Bcex X > 0, BoruyTa 1oy
nid Beex y > 0 u HenpepsIBHO nuddepeHnupyema mo X u 1o y.

Teopema. Jaa moeo wmobv napa x*, y* (x* > 0,y* > 0) Gblia
cedaogoti mouroti Pynkyuu L(x,y) 6 o6aacmu x* > 0, y* > 0, neo6rodumo
u docmamo4Ho 8blNOAHEHUS YCA0BUILL

P >0, (3.21)
. OL*\ _
< ’a_x> =0, (3.22)
x* >0, (3.23)
OL*
< .
L <o, (324
. OL*\
(v", o ) =0, (3.25)
y" 20, (3.26)
2de
oL* A OL(x,y) oL* A OL(x,y)
ox — ox X=x_ oy — oy x:x:
y=y y=y

lTorasaTeabcTBo. 3anuueM yciaoBus (3.21)—(3.26) B sxBUBaIeHT-
HOU (opMe:

O 50, i=Tm, 3.21/

ox;
o ‘{;i' —0, i=Tn, (3.22)
2 >0, i=Tn, (3.23)
%’;j <0, j=Tm, (3.24)
g =0 i=Tm (3.25')
v >0, j=Tm (3.26)
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Heo6xomumocts. [lycTs Boimoausatoresa yeaoBus (3.20) mpu I' =
= {x: x > 0}. B uactHoctu, orciona caenyer L(z;,y*) & L(z7,...,x}_, i,
Tiiy, Ty, y*) 2 L(x*,y*) nas Beex x; > 0, T. e. Touka x] ABIAeTCA
TOYKON MUHUMYMa BBINYKJION GYyHKIMU OqHOrO nepeMenHoro L(z;, y*) Ha
nonynpamoit x; > 0. Yeaosus (3.21')—(3.23") u aBasroTCA HEOGXOAUMBIMU
YCIOBUAMY MUHUMYMa (B YaCTHOCTH, JOKAILHOrO MUHUMYMa) TIpH x; > 0

*
1A QYHKIMKY OJHOTO [IePEeMEeHHOr0 (nocp:onbp:y 6o x} — BHYTpeHHAA

* *

* oL
o1, = 0, mubo z; = 0, u Torza e >

> 0). AHaJIOrn4HO, N0Ab3YACh BOTHYTOCTHIO hyHKUNN L(X,y) 10y, Jerko

TOYKa mojyocu x; > 0, u Torga

I0Ka3aTh CIpaBelInBOCTh ycioBuit (3.24')—(3.26").

lToctatouHocTs. llycTh BoimonusaAoTeA yeaous (3.21)—(3.26). Io-
crombRY L(xX,y) BblIyKia 1o X npu X > 0, To, Nonb3yACh HEPABEHCTBOM
u3 2.4.9, nomryyaem

Lix,y") > Lx',y") + (x = x", 52,
Otciopa n us (3.21)—(3.23) nonyuaem
L(x*y") < L(x,y%), x>0.

AHanornuHo gokasbiBaeTcs U JleBoe HepaBeHCTBO B (3.20). A
3.6.3. Eciu I' = E,,, To aHalOrUYHBIMU pacCy#AeHUAMU HEeTpYIHO
y6eauThbeA, 4TO celsioBas Touka OyaeT oNpedelfAThbCA yCIOBHEM

oL*

ox 0

1 cooTHomeHuamu (3.24)—(3.26).

3.6.4. ®yurinua Jlarpanmka. [Iycrs f(x) — m-MepHbIil BeKTOp
f7(x) = (f1(x), f2(X), ..., fm(x)). PaccMoTpum ciefyiouryio 3agauy Bbl-
MY KJIOT0 MPOrpaMMUpPOBaHUA:

min{p(x): x € X}, X ={xeT: f(x)>0}. (3.27)

3nech I' — BbIMyKI0e 1 3aMKHYTO€ MHO#ECTBO, ¢(X) — BbINMyKaasa QYyHK-
uus, a Bce pyHrunu f;(x) Boruyrtele. 3amernm™, yto npu I' = E,, 3agaua
(3.27) aBnsetcs (coriacHO MPUHATON TEPMUHOIOTUK) OCHOBHOI 3agaueit
BBIILYKJIOT0 POrpaMMUpPOBaHUA.

Onpeneaenue. PyHRIUIO

L(X, y) = SD(X) - <Y7 f(X)), (328)

olnpeaeneHHYIO Npu BeexX X € K, u'y > 0, HasviBatoT dynkyueti Jazpanica
IUIS1 3a/1a4M BBIMYKJIOro IporpaMmMupoBanus (3.27).
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3.6.5. B 3agauax wrmaccuyeckoro aHaiuza 00 YCJIOBHOM 3KCTPeMYy-
Me (3amadax, B KOTODBIX AOMYyCTUMOE MHOMECTBO 3a[0aeTCfl CHCTEMOi
ypaBHEHUI) BajkKHYIO POJb UrpaeT MeTol MHo;uTeneil JlarpaH;a: pe-
IleHHe MCXOQHOH 3alauM UIleTcA Cpell CTalllOHApHBIX Touek QYHKUUU
L(x,y) — ToYeK, y[OBIETBOPSAIOMNX CHCTEME ypaBHEHU

oL . 0L _
a_x_o’ 8y_0

B 3ajauax BhIMYKJIOro (M, B YaCTHOCTH, JUHEHHOr0) NPOrpaMMUpOBa-
Husa QyHruuu JarpaHzka Takme OTBOOUTCA BaxHOe MECTO: MpU BechbMma
06X MPEANOIOHEeHUAX 3aja4a BhIIYRKIOr0 IPOrpaMMUPOBaHUA CBOJUT-
cfl K OTHICKAHUIO CE[IOBhIX Tovek dyHruuu Jlarpam:sa.

3.6.6. JocTaTouHble yCcI0BUA ONTUMAaIbHOCTH.

Teopewma. Ecau napa x*, y* sasanaemca cedaosoii moukotl GyHryuu
Jazpanaca (3.28) na muomecmse x € I', y > 0, mo x* — onmumasvras
mouKa 3a0a4u 8binyKA020 npozpammuposanus (3.27).

loxazaTteancTBo. U3 (3.28) u onpenenenus cennoBoit Touxu (3.20)
nosy4yaeM HepaBeHCTBa

o(x*) = (y, f(x")) < o(x*) = (¥, f(x")) < p(x) — (y", f(x)), (3.29)
cnpaBefauBble 1A Beex X € I') y > 0. U3 neBoro HepaBeHCTBa ciefyeT

(v, £(x")) > (v, £(x")), (3.30)
a MOCKOMBRY y* > 0 U 3TO HepaBeHCTBO CNPaBEIIUBO A jaioboroy > 0,
To f(x*) > 0.
B wactuocty, (3.30) umeer Mecto u mia 'y = 0, mosTomy
(y" £(x")) <0,
a ciefoBatenbHo (Tak Kak y* > 0 u f(x) > 0),

(y* £(x%)) =0. (3.31)

Eciu x € X, 1o u3 (3.27) caenyer, uro f(x) > 0, u noatomy gasa x € X
Ooynet
(v*, £(x)) > 0. (3.32)

Tar karx HepaBeHcTBO (3.29) BoinoaHseTca s Beex X € [ u, B yacTHOC-
TH, Aaa X € X, To u3 mpaBoro HepaBeHcTBa (3.29) u us (3.31) u (3.32)
nosyydaeM Jifl BceX X € X HepaBeHCTBa

p(x") < p(x) = (¥, £(x)) < p(x).

Ho x* € X (rax wak x* € I' u f(x*) > 0), u, ciefpoBaTenbHo, X* — ONTHU-
ManbHaf Touka. A
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3ameuanue. [lpu qokazatenbcTBe TeOpeMbl HUTIE He HCIOIb30Ba-
JUCh HU CBOMCTBa BBIMYKJIOCTH QYHKIUU (X) U MHOsecTBa [', HU Bo-
ruyTocTh GyHKuuit f;(x) (i = 1,m), Hu KakKe-T1u60 CBOHCTBA IMalKOCTH.
Taxkum ob6pasom, Haluuue celaoBoil Touku X*, y* ¢yHruuu Jlarpau:ka
onpeaensieT ONTUMAaAbHOCTh TOUKM X* 1JfA obliell 3agayu MaTeMaTuuec-
Koro mporpaMmupoBaHud. Cpasy e mogyepkHeM: 00paTHOE yTBep:ie-
HUe, UTO U3 ONTUMAaIbHOCTHU TOYKHM X* clleyeT CcyllecTBOBaHUE CEeIJI0BOI
Touku X*, y* ¢ynruuu Jlarpan:ka, cupaBeIIMBO JULIb AJdf 3afadyyl BbI-
IyKJOro NporpaMMUpoBaHuA U BA06aBOK IPU YCIOBUM PeryafapHOCTU [10-
MyCTUMOI'0 MHO}KeCcTBa. ITO U ecTh u3BecTHasa TeopeMa KyHna—Takrkepa.
Husse aTa Teopema Gynet mokasaHa B IPEINOJ0KEHUN HEIPEPLIBHOM Aud-
depenuupyemoctu GyHrumil p(x) u f;(x) (i = 1,m) Kak oyeBUaHOE ClIe-
cTBUE TeopeM 3.5.2 u 3.6.2.

3.6.7. Teopema Kyna— Takkepa. [IycTh gomycTuMoe MHOKECTBO
3aJa4yd BBIMYKJOT0O MPOrpaMMUPOBaHUA UMeeT BUJ

X ={x: filx) >0, i=T,m, x>0}

Bynem npexnonarats, 4To BbInyKAas GyHKUUA ¢(X) U BOCHYThIe BYHK-
uuu f;(x) (i = 1, m) HenpepbiBHO AuddepeHInpyembl.

Teopema Kyna-Taxkepa. Ecau 6 3ada4e 6vinykn020 npozpam-
MUPOBAHUSA

min {p(x): x € X}, X ={x: fi(x) >0, i=1,m, x> 0},
MmHoxmcecmeo X obaadaem ceoticmeom peeyaaprocmu 3.4.2, mo Heobrodu-
MblM U 0OCMAMOYHbLM YCAOBUEM OnmuUMaibHOCmU moyku X* € X aeanem-

ca cyuecmeosanue marozo y* > 0, umoGel napa X*, y* aeaarace ced1080il
mouroll gynryuu Jazparica

L(x,y) = ¢(x) = (y,f(x))
Ha mHoxucecmee x > 0,y > 0.
HoraszaTeabcTBo. JocTaTouHOCTD cileqyeT U3 TeopeMsl 3.6.6 mpu
I'={x: x>0}
Heo6xomumocTh. [lokameMm 3SKBUBaJEHTHOCTh YCIOBUIl Teope-
MbI 3.5.3:

O(x) =D yiflxT) + ) vley, (3.33)
i=1 j=1
> i filx®) =0, (3.34)
=1
yr >0, i=T1,m, (3.35)
> vl =0, (3.36)
j=1

v >0, j=Tm (337)
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U ycloBuil TeopeMmbl 3.6.2, ompenelndioOmUX CEIJIOBYIO TOUKY (QYHKINU
L(x,y):

= =0 (3.38)

. 0L\ _
x* >0, (3.40)

oL*

= <0, (3.41)

. OL*\
(v %) =0 (3.42)
v* > 0. (3.43)

JKBUBaJTEHTHOCTD 6y}1€M 0003HayaTh CUMBOJOM ~.

IIycts vl = (Uik)v;) “‘?U:L) n fT(X) = (fl(x)an(x)a '-'afm(x))' 3ame-
TUM, 4TO

36[/* Z y*f’ é

OueBugHO,

3.38) ~
3.39) ~

3.37),
3.36

(3.38) ~ (3.37)
(3.39) ~ (3.36),
(3.42) ~ (3.34),
(3.43) ~ (3.35).
Yenosus (3.40) u (3.41) osunavaiot, uto x* € X. A

3.6.8. [lna ocHOBHOIT 3agayu BBIMYKJIOr0 HporpaMmupoBanus 3.1.4
TeopeMa HKyna-Takkepa ¢opMmyaupyercsa cilemyromuM o0pa3oM: ecau
8 OCHOBHOUl 3a0aie BbINYKA020 NPOZPAMMUPOBAHUA MHOMecmeo X = {X:
fi(x) > 0, i = 1,m} o6aadaem ceoiicmeom peeyaaprocmu 3.4.2, mo
Heo0xo0uUMbIM U 0OCAMOYHbLM YCAOBUEM ONMUMAAbHOCMU MOYKU X* € X
asasemca cyuecmeosarue makozo y* > 0, umobel napa x*, y* asaaaaco
cedaosoti moukol Pyuryuu Jaepamsca na mHomecmsee X € B, uy* > 0.

CnpaBeaiuBOCTh 3TOH TeopeMbl cienyeT u3 nim. 3.5.2 u 3.6.3.

3.6.9. Ciyuait 1uHeHHbIX orpaHudyeHuil. Ecau @gynkyusa p(X) 6bi-
nykaa, a donycmumoe MHONIeCcmao 3a0aemcs AUHeUHbLMU 02PAHULeHUAMU,

_{X <al7 >_bl>oa i:]-ama X>0}7
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mo daa onmumaarvHocmu mouku X* € X Heo6rodumo u docmamouHo cy-
uecmeosanue maxozo y* > 0, umobvl napa xX*, y* asasaaacv cedaosotl
mouroll gynryuu Jazpanyica Ha mHoxmecmee x > 0,y > 0.

CnpaBeIMBOCTh 3TOi TeopeMbl ciaeayet u3 mm. 3.5.4 u 3.6.2. A

3.6.10. CymiecTBYyIOT pasanuHble BapuanThl TeopeMbl RyHna—Takkepa,
pasnuuHble ee 0600IIEHNUA U MPUMEHEHUA B TEOPUU DKCTPEMalbHBIX 3a-
Jad. Jta TeopeMa JeUT B OCHOBE TEOPUU ABOMCTBEHHOCTH MaTeMaTU-
YeCKOro NporpaMMHUpOBaHUA.

Teopema Kyna-Taxkkepa HaxoguT Take NMPUMEHEHUE B UHCIEHHBIX
MeToJax pelleHus 3aJay MaTeMaTu4eckoro nporpaMmmupoBanusa. OHa mos-
BOJIAET MUCXOJHYIO 3ajauy 3aMeHUTh 3afadeil OTbICKAaHUA CeIJ0BON TOUKU
(yuruuu JlarpaH:;ka, T. e. 3agadeil Buaa

‘ L .
min max (x,¥)

“IIpocThie” orpaHUYeHUA ATON 3agayd MO3BOJAIOT MPUMEHATH IJIA €e pe-
IeHUA MeTOAbI, BO MHOTOM CXOKU€ C YHCIEHHbIMU MeToJaMU Ge3yCloB-
HO OMTUMUB3AINK, JOCTATOYHO XOPOIIO M3YYeHHble U alpoOUpOBaHHLIE.
3ameuanue. Teopema KyHna—Tarkepa mepecraeT ObITh comepka-
TeJbHOI B clIy4ae BbIPOKIEHHOCTH, HAllpUMep, Koraa
Pk — 1o*\ — S e
P(x*)=0, fi(x*)=0, i=1m.
B To ke BpemsA cymecTByeT WIMPOKUI Kiaacc 3aJad Takoro poaa. B mo-
GaBnenuu (cM. 1.3) mpuBoasaTcA HEOOXOOUMbIE U JOCTATOUHbBIE YCJIOBHUA
ONTUMAaIbHOCTY B BbIPOK/IEHHBIX 3agavyax.

3.6.11. IBoiicTBeHHOCTHL. BBenem dyuruuio g(x) = sup L(x,y).
y20
OuyeBMIHO, UTO OCHOBHAA 3a7laya MaTeMaTHYeCKOro MporpaMMUpPOBaHUSA

Mo:4eT ObITh 3alucaHa B BUJe
g(x) = min, x € X = {x: f(x) > 0},

nockoIbKy g(Xx) = ¢(x), ecain x € X. Ty 3agady NPUHATO Ha3bIBAaTh
npamotl.
O6oznaunM h(y) = ing L(x,y). 3agauy
xckby,

h(y) » max, y € E} ={y:y >0},

Ha3bIBaIOT 0801iCMBEHHOU, 8 TIEPEMEHHBIE Y1, Y2, --., Ym — 0B0LCMBEHHBLMU
nepemMeHHblIMU.

3.6.12. Teopema. 1) p(x) > h(y) dasn 6cex x € X,y € E;}.

2) Ecau svinoansiomes ycaosus meopemovt Kyna—Tarkepa (n. 3.6.7), a
napa xX*, y* asasemca cedarosoti mouroil gynryuu Jaeparca, mo

y* =argmax{h(y): y € EL} u ¢o(x*)=h(y*).



56 I'n. 3. OcHosv, mamemamuyecko20 npoepammuposaniia

3) Ecau ¢(x*) = h(y*) dan awbuz x* € X, y* € E}, mo
x* = argmin {p(x): x € X}, y*=argmax{h(y): y € E}}.
NoxaszateanbcTBo. 1) Tark rak f(x) >0,y >0, 0
p(x) > p(x) = (y.f(x)) = L(x,y) > inf L(x,y) = h(y).
2) Ilasi Beex y > 0 crpaBe[JJIMBO COOTHOIIEHME

*) — 3 *) * * * > —
h(y™) xlenén L(x,y") = L(x",y") > L(x",y) > xlenEfnL(x,y) h(y),

nosToMy y* — pemenue aBoidicTBeHHoil 3agaun. Ho L(x*,y*) = ¢(x*),
Tak Kak (y*, f(x*)) =0 (em. n. 3.31), moatomy ¢(x*) = h(y™*).

3) B cuny 1)
p(x) = h(y") = p(x*) > h(y)

nas mobbix X € X, y € E; | crenoBarensHo, X* — pelneHne npsamoii 3a-
nadu, a y* — ABOHCTBEHHOI.
Onpenenenue. Toury v* = (x*,y*), yI0BIETBOPAIONIYIO yCIOBUAM

m
VQO(X*)_Zy;Vfi(X*) =0, y: 20, y:fZ(X*) =0, 1=1m,
i=1

6yneM HasbiBaTb moukol Kyna—Takkepa.



I'IABA 4
TEOPUSA JIUHEMNHOI'0O NIPOTPAMMUPOBAHUSA

4.1. OcHOBHbIEe MOHATHUA

4.1.1. OcHoBHa#sa 3agaua. Cieqyiomnyio akcTpeMadbHYIO 3agady Oy-
JIeM Has3bIBaTh OCHOBHOU 3adauell AUHELH020 NPOPAMMUPOBAHUSL:

min (c, x),
xXERy (41)
Ry ={x: Ax > Db, x > 0}.

Hecronbko mosse 6yeT MmokasaHo, 4To Ji0bas 3ajaya JMHEHHOTo po-
rpaMMUpPOBaHUsl MOeT GbITh npuBegeHa Kk Bupy (4.1). HosTomy ocHOB-
Hble TeOopeMbl JUHEHHOro MporpaMMHpOBaHUA OyOyT paccMOTpPEHbI
NpUMEHUTENbHO K 3agade (4.1), 4To HUKAK He CHUKAeT OOLIHOCTH pac-
CMOTpEeHUM.

4.1.2. JIBoiicTBeHHOCTh. 3aaayveii, IBOMCTBEHHON K OCHOBHOI1 3aa-
Yye JUHEHHOro nmporpaMMHUpoBaHus, OyaeM Ha3blBaTh 3aaavyy

max (b, y),
YEQ1 (4.2)
Q1 ={yATy <c,y > 0}.

4.1.3. dKBUBaJEHTHOCTb. [[Be sKcTpeMaibHble 3agauu GyaeM Ha-
3bIBaTh 2KBUBAAEHMHbIMU, €CIU TU00 MHOMeCTBa UX pelleHuil coBmaga-
10T, 1160 06e 3aJaull He UMEIOT pelleHui.

Jerko yGemutbes, uyto 3amava (4.1) GymeT ABOMCTBEHHON K 3aia-

e (4.2). Has sToro OOCTAaTOYHO pacCMOTpeTh 3afavyy, SKBUBAIEHTHYIO
3agaue (4.2):
min (—b,y)
YEQ1 e
— I T
Qi={y: A"y > —c, y 20},

1 NMOCTPOUTL, B COOTBETCTBUU C OlIpedel/ieHrueM, K Hel HBOﬁCTBeHHyIOI

a —
)Igéé( c,X),

Ry ={x: —Ax < —b, x > 0}.
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A 310 u ecTb 3amaua (4.1).

Taxum obpasom, 3amaun (4.1) u (4.2) B3auMHO IBONCTBEHHbI.

4.1.4. TepMmuHogaoruda. Bciony B HacToAlleil KHUre GyaeM Mpuaep-
JKUBATLCA Yike BBeeHHOH TepMmuHomoruu (ueieBas (GyHKINA, HOMYCTH-
MOe MHOECTBO, JONyCTUMasl TOYKa, ONTUMAalbHasA TOYKa U T. I.).

OnpHako cieqyeT cKasaTb, YTO TEPMUHOJOTHSA JUHEHHOrO MpOrpam-
MUDPOBaHUSl HEOJAHO3HAYHA. B 3HAUUTENBHOI CTENeHU 3TO CBAI3AHO C
SKOHOMMYECKUMH MPUIOKEHUAMHU, TEPMUHBI KOTOPBIX YacTO COXPAHAIOT
¥ 1JA 3aa4 JTUHEIHOro NporpaMMUpPOBaHuUA.

Matpuuny A = [aj,as,...,a,] HasblBAlOT mampuuyel ycaosull 3ana-
qu (4.1).

Ee croabusr a; (i = 1,n) HasbiBalOT 6exmopanu ycaosuti 3agaun (4.1).

Bextop b HasbIBalOT sexmopom ozpanuienuil 3agaun (4.1).

JlonmycTUMYIO TOUKY X € R; HasbIBalOT Takie naaHom. MHoraa yrio-
BYIO TOUKY MHO;eCTBa R; Ha3LIBAlOT ONOpHuLM NAGHOM, @ DElleHHe 3a-
Jauyyl JuHeHHOro MporpaMMHUpPOBaHUA (ONTHMAaIbHYIO TOUKY) Ha3bIBaIOT
ONMUMAALHBIM NAAHOM.

4.1.5. I'eomeTpuyeckaa uHTepnperaunud. B mpoctpanctBe FE,
MHO€CTBO R; MOMHO paccMaTpUBaTh KaKk [epecedeHHe MOJIYIPOCT-
paHcTB (Ipu n = 2 — NOMYIIOCKOCTE ):

(AX)Z 2 bi, 1= 1,m,
Pacemotpum
(e,x) = A

— CceMeHCTBO MapaiielbHbIX TUIEPINIOCKOCTel (mpu n = 2 — mapai-
JeNbHBIX NPAMbIX). BEKTOp —c HampaBieH B CTOPOHY YObIBaHUA LENeBOH
¢yuruuu. Ha puc. 4.1 uso6pasken

x4y cil1yyvaii, Korja MHOeCcTBO orpa-
HUYEHO, T.e. MHOI'OYTOJIbHUK.
ﬁ‘ <c’x>:<crx0>
— = PaccMoTpuM HeKOTOpYIO TOY-
| A= 1— Ry X9 € R;. Eii coorBercTByeT
\J—c_/ 3HaueHue 1eleBoil PyHRIUU
Ao = (¢, Xp).
ot (c,x)=(c,x*) Tenepn Gymem mnepememniaTh Mps-
MYIO
0 = (e,x) = A
B HallpaBleHUU —c, T. e. B Ha-
Puc. 4.1

npaBieHuu yObIBaHUA BeIUYU-
Hbl A, 1O TeX INOp, MOKa He NpuAeM B TaKyl0 TOURy X* € Ry, nud
KOTOpOI 3HaueHue A MUHUMAalbHO. ['eoMeTpuyuecKkuil cMbIC 3afauu 3/1€Ch
OYeBUIEH.
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Jlerko n3o6pa3uTh Ha yepTesie, Korga R; HeorpaHWuyeHo, HO pellleHue
CylIeCTBYeT; Kor[a pelleHUe CYLIeCTBYeT, HO He eIUHCTBEHHO; U, HaKO-
Hel, Korga Ry HeorpaHuveHo u (c,X) HeorpaHunveHa Ha R .

4.2. OcHOBHbIE T€OpeMbI

4.2.1. ChopMmyaupyem, Bo-IEPBLIX, TEOPEMY, KOTOpas ABIAETCA YacT-
HBIM cillyuaeM Teopembl 3.6.9 (Korma ¢(X) JuHelHa) 1 MO3TOMY B OTIeJb-
HOM [J0Ka3aTelbCTBe He HY:#IaeTcs.

Bynem obosnauaTh ¢yHkuMio Jlarpanska aia sagaun (4.1) tak:

Li(x,y) = {¢,x) + (y,b — Ax). (4.3)

Teopema. Jaa mozo umoOb. moyka X* € Ry Gblaa onmumaibHoll
051 0CHOBHOLL 3a0aul AUHEIH020 NPOo2PAMMUPOBAHUS, Heo6Lo0umo u doc-
mamouHo cyuecmeosarusn y* > 0 makozo, umobs. napa X*, y* Oviaa ced-
ao6otl mourot gynryuu Jazpanica Ly (x,y) 6 o6aacmux >0,y > 0, m.e.

Li(x*,y) < Li(x*,y") < L1 (x,¥%). (4.4)

4.2.2. U3 coornomenus (3.33) cienyer, 4To HEOOXOOUMbBIM U JOCTa-
TOYHBIM YCJIOBUEM ONTUMalbHOCTU X* nus 3amauu (4.1) saBasgerca cie-
Iyloliee MpejcTaBieHre BeKTopa C:

Z yia; — Z viej, y; =20, vj>0, (4.5)
1€ (x*) JEJ(x*)

raue
I(x*) = {i: (Ax"); = b;}, J(x*)={j: zj =0}.
N3 Teopem 3.6.2 u 4.2.1 caenyer, uTo Aad X* U y* BBINOJHAIOTCA
cleayiolMe paBeHCcTBa:

xZ:(c — ATZ*)i =0, .i =1,n, (4.6)
yi(b— Ax*); =0, j=1,m.

4.2.3. Teopembl 1BOIICTBEHHOCTH.
IlepBasa Teopema aBolicTBeHHOCTU. Ilpamasa u dsoiicmeeH-
Hasa 3adauu Au6o obe umelm onmumaibHble MoKy X* u y*, npuiem

(c,x™) = (b,y"), (4.7)

aubo obe ux He umerom.
HorazaTteabcTBO. Pacemorpum ¢yHKiuio Jlarpansma aisa 3amga-
u (4.2). las »Toro samuimeMm 3Ty 3aJady B BHe OCHOBHON 3anauu Ju-
HeHHOro mporpaMMUpoBaHus, T. e. B Buze (4.1).
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flcHo, yTO 3amaua

b
yrgfgi( YD)

={y: ATy <c, y > 0},
OKBHUBaJjJIeHTHA 3agave

b
ynelgﬂ YD),

Qr={y: -4ATy > —¢c, y > 0}.

A nna sToil 3agavuu, MOCKOJMLKY OHA 3amucaHa B BHIEe OCHOBHOI 3agayu,
¢yuruueit Jlarpanska 6yger

L2(Y>x) = _<_b7 y) + <Xa —c+ ATY) (48)

CennoBoit Toukoit nasi Ly(y,x) B obnactu y > 0, x > 0 6yzer napa y', x'
TaKas, uTo

LQ(Y',X) < L2(ylaxl) < L2(yaxl)‘ (49)
CpaBuuBas (4.8) u (4.3), noayuum
Ly(y,x) = —=[(¢,x) + (y,b — Ax)] = —L1(x,y). (4.10)

3 (4.10), (4.9) u (4.4) caemyer, uTo eciu X*, y* — censoBas TOYKa
st Li(x,y), To y*, x* — cemnoBas touka nasi Lo(y,x), a 3HA4uT, a0-
60 X* 1 y* onTuManbHbI COOTBETCTBEHHO Aias 3aga4 (4.1) u (4.2), aubo,
KOT/la ce/UIoBas TOYKa He CyIlecTBYeT, U 3amada (4.1), u 3agaua (4.2) ue
UMEIOT pelleHui.

Haxonen, paBerctBo (4.7) caegyet uz popmya (4.6). A
Onpenenenus. HasoBem ycioBus B 3amauax (4.1) u (4.2)

(AX) b]7 y] 2 07 .] = 17m7

napoti 0801iCMBEHHbLL YCAOBUL.
Ananoruydso ycioBus

2,20, (Aly)i<e, i=Tn,

TaKke ABJIAIOTCA Mapoil IBONCTBEHHbIX YCJIOBUIL.

Jlto6oe U3 ycnoBuil Ha3bIBaeTCA CB0600HLIM, €CIU OHO BBITIONHAETCA
KaKk CTpOroe HepaBEHCTBO XOTA Obl AJA OJHOI'O ONTHMAalbHOr'0 BEKTOpa.

YcnoBue Ha3blBaeTCA 3aKpenaeHHblM, eClli OHO BBINOJHAETCA Kak pa-
BEHCTBO [/l BCeX ONTUMAaTbHLIX BEKTOPOB.

Bropas teopema aBoiictBenuocTu. Ecau npamas (a 3na-
yum, u 0solicmeeHHasn) sadawa paspewuma, mo 6 Kaxcdoi nape dgoticm-
BEHHBLY Yca08Ull 00HO ABaAemca cB0000HbLM, Opyeoe 3aKPenaeHHblLM.

HorazaTeabcTBO. ¥YTBep:#aAeHNEe, YTO CBOOOJHOMY YCIOBUIO COOT-
BETCTBYeT JBONCTBEHHOE 3aKpeIlieHHoe, cieqyeT cpady us gopmyi (4.6).
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[MokaseM, 4TO 3aKpeneHHOMY YCJIOBHUIO COOTBETCTBYET ABONCTBEHHOE
cBoGoanoe. IlycTe, Hanpumep, yciaosue z; > 0 3akpemiaennoe: z; = 0 gas
Bcex x* € X*, rme X* — MHosecTBO pemennii 3agaun (4.1). octpo-
1M perenne y zagaun (4.2), naa kotoporo (ATY); < ¢. Bocnonbayemes
UHAYKILUEN 10 Yuciy n.
IlIpu n = 1 B npaAmoii 3agaye
min {(¢1,21), ¢ #0,
Ary 2b, 2120
(A — ogHocTonGIIOBass MaTpuia),
ecau 7 = 0, To ¢; > 0; B ABOliCTBEHHO} 3amaue
max (b, y),
ATy < C1,
y=20
¥ = 0 aBasercs pemenuem u (ATy); = ATy =0 < ¢;.
[pennoaosxum, yto s n — 1 Teopema BepHa. [loctpoum y s pas-
MepHOCTHU n.. PaccMOTpuM BeromMoraTelbHYIO 3agady
min (c,x
x€Rl(5)< ’ >7 (A)
Ri(e)={x: Ax>2b, x>0, ; >¢>0}.
1. Eciu R (¢) = & mpu Beex € > 0, To x; = 0 npu Beex x € Ry, ciaefio-
BaTelnbHO, 3anava (4.1) uMmeer pasMepHocTh 1 — 1, 1A KOTOPOil TeopeMa
BepHa M0 MPEeATNOI0KeHNI0 UHIYKIIUU.

2. llyets R;(e) # @ npu Beex goctatouHo maibix € > 0. [lockoabky
yeaoBue x; > 0 3akpemientoe, a Ry(¢) C Ry = {x: Ax > b, x > 0}, 10
min (c,x) = ¢! > ¢* = min(c,x
xeRI(E)( ,X) =z > ¢" = min {c,x)

(ecn MPeANONOMUTL, UTO pF = @*, To HalimeTcs &) > € > 0, YTO MpOTHU-
BOPEUUT YCIOBUIO 3aKPEILNIEHHOCTH).
[MocTpoum 3amauy, gBoiicTBeHHYIO K (A):

max((b, y> + Eym+1)7
yeQ (B)
Q={y: ATy +eymi1 <c, y20, ymp1 >0}
IIycTh Touka [ _y(g) ] asasieTca pemenveM sanayu (B). Ioka-
ym+1 (E)
skeM, 4To Touka y(e) Gymer pemenuem 3zagauu (4.2). He orpanuuuBas
OOIIHOCTH, CUNTAEM, UTO AKTUBHLIMU GyIyT OrpaHUYeHUs

(ATy(e)i=¢, i=TFk i#l, k<n,
(ATF ()i + T g1 (e) = @,
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Ilo Teopeme Kyna—Tarkepa (3.5.1) B peleHun [ _y(g) ] Oynet
ym—i—l(g)
b | a; ay ej
MR KR E I
i=1,k J=1p
il

/\1207 Z:L_ka Z#la )‘l>07 u]>07 ]:m

IIpu ¢ — +0 6ymer \; — +0. [losToMy no Teopeme 0 3aMKHYTOCTU KO-
Hyca (2.3.2) cyllecTBYIOT Takue HeoTpuuaTtelbHble uyucia Af > 0, (i =

=Tk i# D), N, u; >0 =Tpj#m+1), uto

[8]:Z_)\f[%i]+/\7["il]_2uj[%j], (C)

=1,k j=Tp
i#l

npudem AF = 0. B cBoio ouepeab B Touwax y(g) 6ymer (ATy(e)) +
+ Yma1(€) = @, @ MOCKOIBRY ¥4 1 () > 0, 10 (AT¥(€)); < ¢ MoaTomy
nasa 3agaun (4.2) B Toukax y(€) akTUBHBIMY OyAyT TOIbKO OrpaHUUYEHHA

AT¥@E)i=ci, i=1k i#l, Fe)=0, j=Tp
[lepenucas (C) B Bune

b= Z Aja; — Z uje;
=Lk i=1p
i#l
U yuWTbIBas Mpelblaylllee 3aMedaHde, Mbl cpa3y MomnagaeM B YCIOBUA
TeopeMmbl (3.5.1), oTKyga cienyet, 4To y(e) — pemenue 3anaun (4.2) npu
e > 0 mocraTouyHo mManabiXx. A
4.2.4. Teopema. Jaa awbvix donycmumsir X € Ry uy € Q1 8binoa-
HACMCA HePABEHCMEO
(c,x) > (b,y). (4.11)

NorazateabcTBo. U3 HepaBeHcTB, ompefensiomux Ry u @,
crenyer

(e,x) > (ATy,x) = (y,4x) > (v,b) = (b,y). A
4.2.5. Teopema. Feaux* € Ry uy* € @1, a
<C7X*> = <b’y*)>

mo xX* uy* onmumanvHbl coomeemcmeenno das 3adayw (4.1) u (4.2), u
obpamHo.
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NorkaszatenbcTBo. [las maoboro x € Ry B cuny (4.11) u ycnoBus
TeopeMbl 6yeT
(c,x) = (b,y") = (c,x7),
T. e. X* onTuMajdeH. AHaAJOTMYHO JOKa3bIBaeTCA ONTUMaIbHOCTL y*. 06-
paTHoe yTBep:kjeHUe TeopeMbl COAEpMKUTCA B TeopeMme IBOUCTBEHHOC-
™ 4.2.3. A

4.2.6. Teopema. FEcau in}£ (c,x) = M > —o0, mo cywecmsyem
x€
mouka '

x* = argmin {(c,x): x € R }.
lokasaTteabcrBo. Ilpegmonomnm, 4To Takoil Touku Her. Toraa

cucTeMa HepaBeHCTB
Ax > b,

(e,x) < M, (4.12)

He uMeeT pemtenus. llycTs

=[] a=[37 ]
Cucrtemy (4.12) mepemnuiiieM B Bume
Bx <d,
x > 0.
IockoabKy 3Ta cucTemMa He MMeeT pelleHHs, TO COTJIacHO MOAUBUKALNN
TeopeMbl Dapraina (cM. 2.3.5) GymeT paspemnMoii cieayomas cucTeMa:

BTu >0, (4.13)
(d,u) <0, (4.14)
u>0. (4.15)

Ecau B HepaBencTBe (4.14):

m
— Z biu; + Mup4+1 <0,
i=1

VYBeJIUYUTL YHCJI0 M nHa mocTaTO4YHO Mallylo BeJINYUHY € > 0, TO cucTeMa

BTu>o0,
m
- Z biu; + (M + €)upmy1 <0,
=1
' u>0

6ynet paspemumoii. B cuny mogudurauuu teopemnl @aprama He GyaeT
UMeTb pelleHUsA cucTeMa

Bx <d.,
x>0,
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—-b
roe d. = [ Mte ] B npemuux o603HaueHUAX 3Ta cCUCTeMa UMeeT BUI
Ax > b,
(c,x) < M +e,
x > 0.

OnHako yTBep#iJeHMe, UTO 3Ta CHCTeMa HepaspellnMa, NPOTUBOPEYUT
onpepenenuio yucna M Kak TOYHON HUsKHeH rpanu QyHruuu (c,X) Ha
MHosecTBe Ri. A
4.2.7. CienyeT o6paTUTh BHUMaHUe Ha TO, YTO TeOpeMa ClpaBe/InBa,
BOOGILE TOBOPA, JUIIL IJA 3a4a4 JUHEHHOro NporpaMMUPOBaHNUSA.
PacemoTpuM, Hampumep,

Zq cileaymomyro 3agadyy: MHUHHU-
\\\ MHU3HUpPOBaTh r2 Ha MHOMECT-
x Be
zz)q& X:{(i;):l’l-.’EQ}l,
P2= e \ 1 Z 0, D) 2 0}
Tg=A3< Ay \\\\\\ \\\\
i\

OuyeBugHO, YTO X BBINYKJIO U
0 z;  3aMKHYTO,

inf ro = 0
Puc. 4.2 esEX ’

Ho B X HeT ToukH, rae gocruraercs inf zo (puc. 4.2).
X

4.2.8. Teopema. /Jaa cyuecmeosanHus peuleHus o0Hol u3 dsoticm-
sennblr 3aday (u, caedosamenvHo, 00euxr) HeoOLoOuMo U OOCMAMOUHO,

4mo0bl
Ri#o u Q1 #92.

HorasaTeabcTBo. Heo6xomuMocTh oueBUAHA.
HoctatouHocTs. [Iyers y € Q1. Torga nas aroboro x € Ry umeet
Mmecto (4.11):

(c,x) = (b,y),
a torga no teopeme 4.2.6 3anaua (4.1) umeer pelleHue U, 3HaUUT, UIMEET
peurenre u 3afava (4.2) (B cuay TeopeMsl 4.2.3). A
4.2.9. CaeactBue. Ecau™) (c,x) ((b,y)) Heoepanuvena cnusy na
Ry (ceepzy na Q1), mo
Q=92 (R =09).

*) B crko6Grax mpuBOAUTCA NBONWCTBEHHOE yTBep:KIeHUE.
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4.2.10. CaencrBue. Fcau Q1 =2 (R =9),a R #9 (Q1 #
# @), mo Ry (Q1) Heozpanuuero u (c,x) Heoepanuiena chusy Ha Ry ((b,y)
HeoepaHuyena ceepxy Ha ()1).

4.2.11. Teopema. Ecau

{c,x™) = min(c,x),
Ry
U ecau Cyuecmeym Xi,Xs, ..., Xy makue, 4mo:
a)x; € Ry, i=1M;
M M
6) x* = Zaixi, 20e Zai =1 (a;>0,i=1,M);
i=1 i=1
mo
<C3X*> = (C,X1> == <07XM>‘
NokasaTeabcTBo. IIpeanono:;um, 4To
(e, %) < (e, x1) < o < (€ %01). (4.16)

Torpga

S

M M
x*) = <C,Zaixi> = Zai(c,xi) > Zai(c,xl) = (c,x1).

i=1
Yunteisas (4.16), noryyaem
(e, x™) = (¢, x1).
CrmenaeM MHIYKTUBHOE MPENOJOKEHNUE:
(e, x*) = {c,x1) = ... = (e, xx), k<M,

U JORarKeM, 4TOo
<C7X*> = <Caxk+l>‘

HeiicTBUTENBHO,
M k M
= Z ai(c,x;) = Z%‘(C,Xﬂ + Z aifc,x;) >
i=1 i=1 i=k+1
k M
> (c,x") Zai + (¢, X41) Z ;.
i=1 i=k+1
Otcrona

k M k
(1 — Zaz) (e, x*) > (Z ai) (c,Xpy1) = ( Zal) (cyXpt1)-

i=1

<
I
=
©
|
o
+
=
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k
N tar kar Zai < 1 (mockoabry k < M), To

=1
(e, x*) > (¢, Xpr1)-
A torpa (cMm. (4.16))
(C,X*> = <Caxk+1>' A

4.2.12. Teopema. Ecau sadaua (4.1) umeem pewenue x*, mo cy-
wecmeyem Yy2a06asa Mouka X makrds, 4mo

c,X) = min (c,Xx).
(e, %) = min (c.x)
NorkaszatenbcTtBo. 1) Eciu Ry orpanuyeno, To u3 teopemsr 2.2.10

cleqyeT, YTO CYIECTBYIOT TaKHUe YTIJOBble TOYKH Xi,X2,...,Xy MHO-
skectBa Ry, uTo gas moboro x € Ry u, B 4acTHOCTH, A1A X* GygeT

N N
x* = E ;X E a;=1, «; >0, i=1,N.
i=1 i=1

BrhiuepkHeM U3 CHUCTEMBI TOYEK X1, X2, ..., XN T€, KOTOPbIM COOTBETCTBY-
10T a; = 0. He orpannyuBas o6IIHOCTH, MOKeM ToJaratb, 4To 3TO TOY-
KU Xp\f+1, XM+2, ---, XN . Toraa

M M
x* = E X5, E aj=1, «a; >0, i=1,M,
i=1 i=1

T. €. BBINOJIHAIOTCA ycaoBUA TeopeMbl 4.2.11, oTKyIa U cilelyeT yTBep: -
JIeHue TeopeMbl.

2) Mycts R; HeorpanuueHo, a x* ontumaieH. OUeBMIHO, YTO IS
JIOCTaTOYHO GOJbIIOro unucia u > 0 MHOMECTBO

TaKoBO, YTO
n
x*€RiNL u x*;‘él:{x: in:u, x; =0, zzl,_n}
i=1

Tar rkar mepeceyenHue “opTanTa” x > 0 ¢ MHOmeCTBOM L orpaHUYeHO,
To u Ry N L orpanudeno, u, ciegoBateabHo (cMm. mm. 2.2.10 u 4.2.11),
CYIIECTBYIOT YTJOBbIE TOUKH X1, X2, ..., Xy MHOKecTBa Ry N L Takue, 4To

(c,x™) = (¢, x1) = ... = (¢, xXn1).
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Ecimu xoTs 6bl ogHa Touyka X; He NMpUHAMIEKUT [, TO TeopeMa [JoKas3aHa,
NOCROJBKY Torjaa X; 6yIeT yrioBoil Toukoil MHOmecTBa R;. Ecau Bee x;
npunanieskat | (i = 1, M), To U3 npeacTaBieHus

M M
X" =Y aixi, » ai=1, a; >0, i=1DM,
i=1 i=1

creayer X* € [, 4To MPOTUBOPEUUT BhIGOPY yucia p > 0 Ipu MoCTPOeHUH
MHoOMecTBa L. A

4.3. Anrebpanyeckasa XapaKkTepuCcTHUKa yTIJI0BOH TOUKHU

4.3.1. Panee Gbu10 BBeI€HO reoMeTpUYECKOe ONpejelieHre YTI0BOi
Touku. OfHAKO /A TOro YToGbl YMETb HAXOAUTh (BBIYUCAATL) YTIOBYIO
TOUKY, HeoOXoauMa ee anrebpanyeckas xapakTepucTuka. IlycTh, Kak u
npe e,

I(x) = {i: (Ax); = b}, J(x) ={j: z; =0},
J={j=12,..,n}
Paccmotpum cucteMy ypaBHeHUi
(Az); =b;, i€ I(x), z; =0, je€ J(x). (4.17)
He ymanss o6mHOCTH, MOKHO MolaraTh
I(x)={i:i=1,2,...,r},

Jx)={j:j=k+1,k+2,...,n},
u torja npu r = k cucrema (4.17) GyeT KBagpaTHOI.

4.3.2. Teopema. /Jlaa moeo umobs. moura X # 0 asasrace yeaoeoi
moykoill mHoxwecmsa Ry, Heobxrodumo u docmamouHo, 4mobv. seKkmop X
ydosaemeopsa Heocobennoll Keadpamnot cucmeme ypasHeruil (4.17).

HorazaTeabcTBO. locTaTouyHOoCTb. lIycTs X € Ry u cylecT-
ByeT MaTpulia

aix a2 a1k
p=| " " B detB A0, (4.18)

a1 G2 (42973

Takas, 4To _
Bx =b. (4.19)

3nech
T by
x=| |, b= b2 y Tkl = Tpyo = ... =T =0,

Tk bk
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X
x=| %1 (4.20)
0
IlpeanonosuM, 4To X He yrioBas Touka, T. €. CYIecTBYIOT X' € Ry,
x" € Ry, x' # x" # x, Takue, uTo
x=ax'+(1-a)x", ae€(0,1).
s j > k
zj = axi + (1 —a)zi = 0.

I rax war @ >0, (1 —a) > 0,25 >0, 2} >0, o
;=1 = 0, j= m
Hanee, _ _ _

Bx'>b, BxX'>b, aBxX +(1-a)Bx"=b,

)
HO3TOMY _
Bx' = BX' = b,

1 nocrkonbky det B # 0, To X' = X''; cregoBarensHo, x' = x| 4To npotu-

BOPEUUT IMPEIION0MEHHIO.
Heo6xoaumocTs. IllycTh x — yrioBaf Touka MHOkecTBa Rj.
1) Mokaskem, 4TO XOTA GbI A OJHOrO ¢ GyIeT

(AX), = bl

[Ipennonoxum, 4To Takoro Homepa 4 He cymiecTByeT. Tak Kak x # 0,
TO HaiifleTca Takoe j, uTo x; > 0. PaccmoTpum

T = (zy, xo, ey o1, X F E, T, ) = 0
u
(X”)T = (.731,.732, ey Lj—1,T5 — 8,$j+1, ,.CUn) 2 0.
U3 npennonossenus, 4To Ax > b, Aia Q0CTaTOYHO MaJoro € cieayer
Ax'>b, Ax">b
T.e.x € R, x" € Ry. Ho

)

1 ! 1 "
X = 3 X + 3 X,
YTO TMPOTUBOPEUUT MPENNONOMEeHNI0 (TOUKa X 110 MPEANONOAKEHHIO
yrioBas).
2) Myers (Ax); =b; naai=1,r u z; =0 naa j = k + 1,n. O6o3Ha-
YuM
aip b1
a,=| "], b= bf . A=[a,a,.. &l

Qrp b,
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B sTux o6osnauenusx AX =b' ux > 0.

Norasem, 4TO @y,as,...,a); JIUHEHHO HE3aBUCHMBI (B 3TOM Ciydae
kE<r).

IIpeamnoouM MPOTUBHOE, T. €. UTO CyllecTByeT X # 0 TaKoii, 4To
AX' = 0. BosbMem

X+ eX X — X
0 0
X1 = 3 X2 =
0 0

Jlerxo BumeTh, uTo X1 € Ry, X2 € Ry npu Maiabix €. Ho

1 1
X==X]+ =X
2 277
YTO NMPOTUBOPEUUT Npenojoxenuio. Utar, k < r.
BoruepkHyB r — k cTpok u3 A, monyduMm maTpuily B, [is KOTOpoii
Boinoausiorea (4.18)—(4.20). A
4.3.3. CnenctBue. Yucao yeroevix mouer muoxcecmea Ry KoHeuHo.
JTOo yTBep:AeHUe OYeBUIHO, MOCKOJIbKY YHCJIO HEOCOOEHHBbIX KBal-
paTHBIX KJIeToK (MOAMATPUIl) MATPHUIbI YCIOBUHA KOHEYHO. A
4.3.4. Basuc. Ecin touka x! = (ET,O,...,O), X > 0, yriaoBas, To
CUCTEMY JIMHEeIHO He3aBUCUMbIX BEKTOPOB a1, as, ..., a; B IIPEeICTaBIEHUN

k
b= Z.’Biﬁi, x; >0, izl,_k,
i=1

Ha3bLIBAIOT 6A3UCOM YTJIOBOM TOUYKM, @ MATPULY
B = [51752""5516]

— mampuyetl 6asuca yrioBoil TOUKU.

4.4. JIBoiicTBeHHbIe 3aJa4yyd CO CMeIllaHHbIMHU OorpaHudyeHuAMU

4.4.1. 3agauyu JuHeHOro NporpaMMupoBaHuA Haubosaee obiiero BU-
Ja — 3TO 3a/lauM CO CMellaHHbIMU OrpaHUYeHUAMU, KOraa JOMyCTUMOe
MHOKECTBO 3a7aeTCAd CUCTEMOIl paBEeHCTB U HEpPaBeHCTB, a 4YacTh Ilepe-
MeHHbBIX (WM Bce MepeMeHHbIe) MOKeT ObITh CBOGOIHA OT OrPaHUYEHUI.
BBenem o6o3HaueHus:

I={i:i=1,2,..m}, J=1{j:j=1,2,...n}

IIycte I; o3HavyaeT 4yacTh COBOKYMHOCTH WHAekcoB I, T.e. [; C I, a
I, = I'\ I,. Ananoruuno, J; C J, Jo = J\J;.
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Ilapy 3amau
min (¢, x),
(Ax); > b;, i€ 1,
(Ax); = b;, i€ Iy, (4.21)
xj 2 03 J € Jla
u
max(b,y),
T . . .
(A y)] < Cj, ] € J17 (422)

(ATy)] = Gy, .] € J27
Yi 2 07 1€ II7
Ha3bIBAIOT 060LCMBEHHBIMU 300A4AMU CO CMEULGHHBIMU 02PAHUYCHUAMLL.
Taxum ke o6pazoM, Kak 1 B ciyydae 3agad (4.1) u (4.2), nerxo y6eantscs
BO B3aUMHOM [IBoiicTBeHHOCTH 3anad (4.21) u (4.22).
4.4.2. TlpuBegeHue K 3KBUBaJCHTHBLIM 3aJadyaM OCHOBHOIO
Buja. 3anumeM 3agaun (4.21) u (4.22) B caegyromeii Gpopme:

min [{c1,%1) + (ca2, X2)],
Aj1x1 + AjoXo > by,

4.23
A21X1 + A22X2 = b2’ ( )
X1 2 07
max [(b1,y1) + (b2, y2)],
Aliyi + ALy, < e, (4.24)

ATg)ﬁ + A%éyg = Co,
y1 = 0.

OGo3HayeHusa Xi, Xz, €1, €2, by, bo, Aj; U T. [. ecTeCTBEHHbI; HaMpU-
Mep, X — BEKTOp, COCTaB/EHHbIIl U3 TeX KOMIIOHEHT ; BeKTopa X, M/
KOTODBIX j € Jp; 3TOMY X; COOTBETCTBYET €1, U T. .

[MonAaTHEI 1 0603HAUEHUSA KIETOK MaTpPULbI

_ | An A
A_[Azl A22]’

llns npuBenenus GyeM Kaxjoe paBeHCTBO (Hampumep, ¢ = 0) 3ame-
HATL OBYMSA HepaBeHceTBamu (¢ > 0u —p > 0wm ¢ <0 u —p < 0), a
BMECTO lepeMeHHOH , Ha KOTOPYIO He HAIOAEeHbI yCIOBHA HEOTPUIaTe b=
HOCTH, Oy/1eM BBOAUTH HEOTpHULATeNbHbIE [IepeMeHHble U U U ClIe[yIOUnM
obpas3oM: u = U — u, rae

u=max{u,0} >0 u ==max{—u,0}>0.
Urar, coenaeM crenyiomiyie 3aMeHbl IlepeMeHHbIX:
Xy =Xy — X2, Y2=Y9— Yo
Tjp = max{z;2,0}, j€J2, ¥y =max{yp,0}, i€l,
Tjp = max{-x;2,0}, j€J2, Yy =max{-y;,0}, i€ L.



4.4. Jleoticmeennble 3a0a4l O CMEULAHHBIMU 02PAHUYEHUAMU 71

BBoas 5Tu mepeMeHHbIe U 3aMeHAfl PABEHCTBA COOTBETCTBYIOUIUMU
cucTeMaMyl HepaBeHCTB, puBeeM 3agauu (4.23) u (4.24) k caenyiomemy
BUIY:

min [(c1,X1) + (c2,Xa) — (c2,X2)],
Anxy + A1pXz — A1pXs > by,

Ao1x1 + AxXo — A2aXo

\

=2
g

(4.25)
—Ao1x; — A2eXo + A2

x120, X220, X

VWV WV
L

2

v

max[<b1’Y1) + <b2,?2) - <b2>§2)]’
Aliyr + A5\ 7, — A3,Y,
ATy + ALY, — ALY,
—AJiy1 — ALY, + ALY,
yi20, ¥,20, ¥,

(4.26)

o O
[

VoA NN
¢
g

e

flcuo, urto (4.25) u (4.26) 06pas3yIOT OBONCTBEHHYIO mapy 3agad JuHei-
HOTO NPOrpaMMUPOBaHNA OCHOBHOTO BUJA.

4.4.3. HetpyaHo y6eanthes, uto 3agaun (4.23) u (4.24) skBuBaneHT-
ubl 3agavyaMm (4.25) u (4.26), a umeHHo:

1) ecau

X
1 u Y1

X2 | Y2

ontuManbHel mas (4.23) u (4.24), to

X1 Y1
X2 u Y2
Xo B2

ontuManbHbl aas (4.25) u (4.26), u o6paTHo;

2) ecau OOMYyCTUMOE MHOeCTBO mia (4.23) mycTo, TO MyCTO AOMYycC-
THMOe MHOkecTBO A7 (4.25), u o6paTHO;

3) ecau neneBasa pyHKuuA 3amaun (4.23) HeorpaHuyeHa CHU3Y Ha [0-
MYyCTUMOM MHOKECTBe, TO HeorpaHuueHa CHU3Y U leleBas (QYyHKIUA 3a-
naun (4.25), n o6paTtHo.

YrBepsaenus 1)-3) 060CHOBBIBAIOTCA 3IEMEHTAPHBIME PacCy#ie-
HUAME, KOTOpble (B clydyae HeOGXOAMMOCTU) YUTATENb MOKET IPOBECTU
CaMOCTOAITEILHO.

W3 5KBUBaleHTHOCTU 3TUX 3a/ay BbITEKAeT, UTO BCe TEOPEMbI, I0Ka-

3aHHble 141 3agay4 (4.25) u (4.26), ocTaloTes cnpaBeNIUBBIMU U 1A 33124
(4.23) u (4.24).
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4.5. Kanouunuyeckuii Bujg 3agauyu
JIMHeifHOT 0 MporpaMMHPOBaHHA

4.5.1. 3agauy
Inin (¢, x),
Ry ={x: Ax=Db, x>0},

6yoeM HasbIBaTh 3adayell AUHELH020 NPOZPAMMUPOBAHUS 8 KAHOHUYECKOM
sude.

JTa 3afauya MpeacTaBifeT coboit yacTHbIN cayuait (korma [} = @ u
Jo = @) 3ana4du co cMelanHbIMU orpanndenuamu (4.23), u, ciegoBarens-
HO, BCe [0KazaHHble TeopeMbl U YTBEp:AEHUS OCTAIOTCA B CUje U IJIfA
KaHOHMYECKO! 3aJaui.

4.5.2. IlpuBeaeHne OCHOBHON 3agauyld K KaHOHMYECKOMY BHUAY OCY-
IEeCTBACTCA MyTeM BBeIeHHUA NOIOJHUTENbHLIX MepeMeHHbIX:

I/l OCHOBHOI 3afa4u

min{c, x),
Ax > b,
x >0,

SKBUBaJIEeHTHO! eli KaHOHUYeCKOl 3ajaydeii OyneTr

min{c, X),
Ax —u=b,
x>0, u>0

(3KBUBAlEHTHOCTH 3[leCh MOHUMAETCA TaK e, Kak M B 3ajJadyax co cMe-
LIAHHBIMU OrPAHUYEHUSAMH).
Ecau 3aMeTuTh, 4TO NBOMCTBEHHO! K 00erMM 3amadyaM OyaeT 3agaya

max(b,y),
Aly <,
y =0,

T. e. 3anaua (4.2), To 10Ka3aTeNLCTBO SKBUBAJICHTHOCTU CTAHOBUTCS TPU-
BHAIbHBIM.

4.5.3. B panpHeiimieM OTHOCHTeNbHO KaHOHMYeCKOH 3agauyu Gyaem
Bcerja npeanojaratb m < n. 9TO IPeANoJoeHre HeCKOIbKO yIpollaeT
uznoxenue. C Apyroil CTOpoHbI, B peaibHbIX CUTYallUAX Bcerjga BBOOAAT
JOTOMHUTENbHbIE TePeMeHHbIe (TaK Ha3bIBAaeMbIil UCKYCCMBeH bl 6a3Uc),
yBeJIUYUBasA TeM CaMbIM YHCIO MepeMeHHBIX 3agayu ¢ n 10 n + m.

4.5.4. HeBbIposJeHHasA YrjaoBafAd TO4YKa. YIJOBYIO TOURY MHO-
smectBa Ry GyneM Ha3bIBaTh HegulpoxcdeHHOll, eciu MaTpulla ee Gasuca



4.5. Kanonuyeckuil eud 3adaiu AuHeilno20 npozpammuposanus 73

UMeeT pa3MepHOCTh m X m. TakuM 06pa3omM, y HEBBIPO;KAEHHON YTJIOBOI
TOUKM X YHCJIO TOJOKUTENbHBIX KOMIIOHEHT paBHO m. Ecau miag npocto-
Tbl OyJeM CUUTaTh, UTO OJA YIJIOBOH TOUKU X MOJOMUTENbHBIMU OYIYyT
nepBble M KOMIIOHEHT, TO MaTpulleii 6a3nca 3TO HEBBIPO#IEHHON YTJO-
BOI TOUYKU OyaeT

a11 a12 A1m
B = a21  A22 a2m
am1  Am2 Amm

Ecnu, Kak u mpesae, Mbl 3aMuiieM YIVIOBYIO TOUKY X B CleyIOIIeM
BuUE:

X
0
X - b
0
rue
T
_ T
X = 2 >0,
Tm
TO

n m
Ax = E Tia; = E r;a; = BX = b.
i=1 i=1

4.5.5. Ipumep. lycrs MHOMKECTBO Ry 3amaetca B Buje

T + a2+ 23 =1,
1'1—1'2:0,
1 20, 2220, z32>0.

Tarum o6pazoM, Ry ecTb OTpe30K, COeANHAIOMNI TOUKU

1/2 0
x;=| 1/2 u xo=1,20
0 1

06e oHU GyAyT yIJI0BBIMU, HO HEBBIPOKIEHHON U3 HUX fABIAETCA JUIIb
nepBad, T. €. Xj.



I'ITABA 5

KOHEYHBIE METOIbI PEIIIEHUA 3AJAY
JJUHEMHOI'0O MPOTPAMMUPOBAHUSA

B stoit rnaBe GyayT uU370keHBI UEU U NMPUHIUINAILHBIE cooOpase-
HUfA, Jeialjyue B OCHOBEe METO/IOB pelleHUs 3a1ay JMHEeHOT0 NporpaMMu-
poBaHuda. YuraTtenar He HaligeT 34ech MOApPOGHOro pazbopa alropuTMOB.
Crnenytomue coobpa;ieHUA clIyaT 3TOMY olpaBAaaHueM. 3HaHUE OCHOB
MeToja I03BoJjifleT ynuTaTelqo 6e3 ocoboro Tpyjaa caMOCTOATENbHO paso-
6path TOT WM UHOi aiaroputM. [logpo6Hoe u3NOMeHNe alropuTMOB CO-
JEep:KUTCA BO MHOTUX KHUTaX M0 JUHEeHHOMY nporpamMmMupoBaHuio. Hako-
Her (a 9To, MOskeT GbITh, 1 €CTh caMoe [NIaBHOe), B TIIAaTelbHOM pasbope
aJAropUTMOB HY#JalOTcA B NIEPBYIO ouepelb Te, KTO MMeeT OTHOLIEHUEe K
peanusally alropuTMOB B KOMIBIOTEPHBIX IporpaMmax. A B 3TOM ciy-
yae caMbIM II0JIe3HbIM OyneT “mokomnaTbcsa” B CHelMalbHBIX CTaThAX U
KHUT'aX caMOCTOATEILHO.

5.1. CuMniaeKkcHBII MeTOL[*)

5.1.1. Unesa metona. Ilo cymecTBy cumnaercHolli memod npeacTan-
JsieT coGoil MmociefoBaTelbHbIM IepeGop yIJIOBLIX TOYEK, IMPU KOTOPOM
3HaueHue IiejeBoit pyHKIUU yObIBaeT OT UTepallud K uTepauuu (0T Of-
HOI YTJIOBON TOUKHU K APYTO).

Bbynem paccmaTpuBaTh KaHOHMYECKYIO 3agavy JMHEHHOTO Mporpam-
MU POBaHUA

Jmin (c,x),
Ry = {x: Ax=b, x > 0}.

[Ipeanonaraeres, uto 3adaua (5.1) HesviposcdenHas, T. e. HEBBIPOHKIE-

Ha Kagas yrijoBas Touka MHokecTBa Ry.

WrepanuoHHbIii mWIar MeTo/ia COCTOUT B Ilepexojie OT YTI0BOi TOUKU X
K YTJIOBOM TOUKe X', MPU KOTOPOM 3HA4YeHUe Ie1eBoi (pyHKIUU yObIBaeT:

(e, x') < {c,x).

(5.1)

*)CHMHﬂeKCHbIVI METO]l MHOTla Has3bIBalOT “MeTOJ0M I0CIe]0BaTelbHOI0 yayduie-
B
HUA IIJ1aHa™ .
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IIycTh n3BecTHa yrioBas Touka x. He orpanuuuBas o61IIHOCTY, MOKHO
CUNTaTh, YTO 6a3uc B 3Toll yrioBoii TOUKYN 06pa3yIoT IepBbIe 111 CTOJIGIOB
matpuilbl A. Bynem 3anuceiBath Matpuily A creayoomumM o6pa3oMm:

A=[B,D],
rge
B = [a17a27"‘7am]7 D= [am+17am+27-~7an]'

COOTBeTCTBy}OLLII/IM O6p830M 3allMyTCA BEKTOPLI X U C:

T = xL,xL), T =(c%,ch),

X XgB,Xp c cB,Cp

Xg = (2171,2172,...,1‘m)7 X% = ($m+1,$m+2,...,$n),
cg =(C1,C2, e, Cm)s cg = (Crm415 Cm+2, +++, Cn)-

KoMmoHeHThI BeKkTOpa Xp WHOTa Ha3bIBAIOT OA3UCHbLMU, & BEKTO-
pa Xp — 6HE6a3UCHbIMU.

3aMeTUM, UTO eCciii XOTh OJHAa KOMIIOHEHTa BeKTopa Xp HYyJeBas, TO
yrijioBas TOUKa X BbIposkaeHHas. B camoMm mene, eciu, HanmpuMmep, &, = 0,
TO, BbIUEpKUBasAg U3 MaTpullbl B mocieiHue CTPOKY U CToja6ell, Modyda-
eM, 4TO X yIOBJIeTBOpsAeT KBaJgpaTHOl HeocoOeHHOH cucTeMe ypaBHEHUI
nopAaka m — 1, T. e. yrioBasa Touka X OyJeT BBIPO#iJAEHHOM.

5.1.2. Bri6op cToabua gaa BBoAga B 6a3uc. lrak, usBecTHa yr-
JoBas Touka X. IIpu saTom

xg >0, xp=0, detB#0, Bxpg=>b.
PaccMoTpuM BEKTOpBI

XB — /\B_lak
xp = xx(A) = ) . k=m3Ln, (52

0

rae A aBiaserca k-l KOMIIOHEHTOH BeKTopa X.
Bo-niepBbiXx, 3aMeTHM, YTO MOCKOABKY Xp > 0, To mpu Maibix A > 0
oynet xj > 0. Jlanee, Tak Kar
m
Axy = Z[.’Itz — /\(B_lak)i]ai + Aa; =
i—1
= Bxp — )\BB_lak + Aap = Bxg = b, (53)
TO Xj, € Ro npu maneix A > 0. Kpome Toro,

(c,xx) = (cp,xB) — Mg, B ag) + Aeg = (c,x) — A[{cp, B ag) — c].

O6o3HauuM
Ay = (cB,B_lak) — Ck. (54)
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Benuuuna Ay onpenenena pias aio6oro k = 1,n, npuueMm npu k = 1,m,
nockonbky B~ lay = ey (e — k-if KoopaMHATHLIH BEeKTOp), UMeeM

-1
Ak = (CB,B ak) — Cr = (cB,ek) —Cr = C — C = 0.
OroHuaTenbHO MOMyYaeM COOTHOILIEHUE
(e, xp) = (¢, x) — AAg, k=1,n. (5.5)
5.1.3. Bri6op cToabua gjd BeiBoga u3 6asuca. B 3aBucumocTtu
oT 3HakoB Beauuud Ay u (B~ 'ay); BO3HUKAIOT Tpu cilyuyas.
I. Ecnu pas mo6oro k = 1,n 6yner Ay < 0, To TouKa X onTUMalbHas.
HeticTBUTENbHO, 0603HAYNM
= —I\T
y=(B"") cs.
Torpa yciaoBue Ay < 0 3anuireTcs Tak:

Ay = <CB,Bilak> —Cp = ((Bil)TCB,a]Q —Cp =

:<y,ak>—0k<0, k:17n7
W, 4TO TO e camMoe,
ATy <.
[ocroabky nBoiicTBeHHOl K 3amade (5.1) aBaserca 3agaya
max(b,y
y€Q0< ’ >’ (56)

Qo={y: ATy <c},
TOY € Qo. U Tar Kak
(¢,x) = (cp,xp) = (cB, B~'b) = ((B~")"ep,b) = (7,b),

TO U3 TeopeMbl 4.2.5 cieqyeT ONTUMAaIbHOCTh TOUKHU X.
II. Ecau naiimetrca HoMmep k > m + 1 Takoii, 4To

Ar,>0 u B 'a,<Oo,

TO MHOecTBO Ry HeorpannveHo u ¢yHKUUA (C,X) HeorpaHu4yeHa CHU3Y
Ha Ry.
DeiicTBuTenbHO, U3 (5.2) ciemyer, uTo npu Jo6oM A > 0 GymeT

X = X (/\) 2 0.
Otciopa u us (5.3) noayuaeM, uto X;(A) € Ro. A us (5.5) cregyer, 4To
(e,x(N)) = —o0
npu A — +00.
III. Mycts Haiigytea Takue k > m + 1 u i < m, uto ™)

A, >0 un (B_lak)i > 0.
B sTom Clly4dae geJjiaeTcA I/ITepaHI/IOHHbIﬁ mar. O6oznayum
I = {Z (Bilak)i > O}

*) HanomuuM, uTo 3anmuch (B~ 'ay); o3HauaeT i-10 KOMMOHEHTy BekTopa B~ lay.
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1 BbIGepeM

. (B7'b); _ (B7'b)s
A= o= min BB _ .
0= en (B~'ag); (B 'ag)s
3aMeTuM, 4T0 Ag > 0, MOCKOIBRY
(B7'b);=x; >0, i=1,m.

IIpu TaroM BbIGOpe BeIMUMHBI A9 TO4Ka X = Xji(Ag) cTaHOBUTCA
gomycTuMoit Toukoit MHomecTBa Ry (em. (5.2) u (5.3)). Homep s, mns
KOTOpOro gocruraercsi MUHUMYM B (5.7), €AMHCTBEH B CHJIY HEBBIPO-
nennoctu 3amauyn (5.1). B camom mene, ecan 6bI MUHUMYM [JOCTUT&JICSA
Gosee yeM U1 OMHOrO HOMepa, To u3 (5.3) cienoBaio Obl, 4TO BEKTOpP b
BbIpa#aeTCA JMMHEHHO ¢ MON0MKUTeIbHBIMI K03 hHLIHEeHTaMU MeHee YeM
Yyepe3 m BEKTOPOB a; MaTpuubl A, T. e. TOYKa Xj YIOBIETBOPAIA ObI
cucTeMe ypaBHEHU Pa3MepHOCTHU, MEHbIIell m, ¥, ClieJoBaTelbHO, TOYKa
X}, Gblia GbI BBIPOKAEHHON yII0OBOI TOYKOI. A 5TO NIPOTUBOPEYUT Mpe[-
TIOJIO}KEHUIO O HEBBIPOKAEeHHOCTU. T, UTO Xj — YI/IOBasg TOYKA, MPOBe-
puTh HeTpyAHo. 1 3TOro 10cTaToOYHO MoKa3aTh, YTO CHCTEMa BEKTOPOB
1,89, ...,85_1, 8541, ---, Am, A, JUHEHO He3aBUcuMa. [Ipeanonosum npo-
TUBHOE, T. €. UTO HaiigyTcA Takue uuciaa f1, 3, ..., Bs—1, Bst1s -5 Bms Bk
He BCe paBHbIE HYIIO, YTO

(5.7)

m
Z ,Biai + ,Bkak =0. (5.8)
s
O6o3HauuM
zik = (B ag);. (5.9)

Torpa ToskaectBo BB~ lay, — a; = 0 3anumerca Tak:

m
E Zikd; —ag = 0.
i=1

YMHOzKasl 3TO To#AecTBO Ha [y U criaagbiBad ¢ (5.8), noayyaeM

m

> (Bi+ Brzik)ai + Brzskas = 0.
i=1

i#s
Tar kar det B # 0, To 3T0 paBeHCTBO BO3MOKHO JHUIIb PU BCEX HYJIEBBIX
KO3 puLMeHTaX:

Bi + Brza =0, i=1,m, i#s, pPrzs =0.
Ho
2ep = (B ag)s > 0,

NOCKOJBbRY s € I, u, cienoBatenbHo, B = 0, a Torma u Bce 3; = 0, 4TO
IPOTUBOPEUUT MPEIIOI0MEHUIO 0 YUCaaX B, B2, ...y Bs—1, Bst1y-ees Bms Bk
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5.1.4. KoHeuHocTh MeTtona. Hrak, x; — HOBas yrioBasf TOUKa,

npudem
(c,xx) = {(c,x) — AAr < {c,x). (5.10)

W3 usno;eHHOro Bblllle cllefyeT, YTO WTEePallOHHbIN IIar cUMILIeKc-
HOI'O MeTOJa COCTOMT B TaKOM Ilepexofe oT 0asuca aj,as,...,as_1,as,
As41,...,4; K 0a3ucy aj,as,..,as_1,as41,...,ay,a, IPU KOTOPOM Ie-
jJeBasg GyHKLUA yOblBaeT, a 3HAYUT, CUMILJIEKCHBI MeTOl NPUBOAUT K
YTJIOBOI TOUKe X*, B KOTOPOil HOCTUTaeTcA MUHUMYM, 38 KOHEYHOe YKC-
JI0 UTepauuii.

5.2. PekyppeHTHbIe COOTHOLIEHUA aJropuTMa
CHMILIEKCHOT0 MeTo/a (CBA3b MeK/Ay nmapaMeTpami
[OCJeJ0BaTeIbHbIX HUTepaluii)

5.2.1. BengeMm cienyioniue o603HaYEHUA:

ag = b) Rik = (B_lak)’i7 i = 17m7 k= O,_Tl,
Zoj =Aj, j=1,n, zp = (c,x).

Takum 06pa3oM, MapaMeTpaMM, COOTBETCTBYIOMMMH YIJIOBOH TOU-
Ke X, fiBAsIOTCA uncaa z;; (i = 0,m, j = 0,n), a napaverpaMu HOBOIi
YTI0BO# ToukH v & x5, (Xg) OyayT umcaa v;j. CBA3L MemAy STUMU Napa-
MeTpaMH yCTaHABIUBAETCA cleAyIOmMUME (hopMyIaMu:

Zsj . L —
vljzzlj_zlkz ) 7’=07m7 7’7587 ]=0,’Il,
s sk — (5.11)
__ s8] i=0
Vgj = —, J=uYn.
Zsk
HeficTBUTENBHO,

m
a; = B(B_lak) = Zzikai,
=1

U Tak Kak 10 yCIoBUIO zg, = (B~ lag)s > 0, To

Zsk Zsk
rme
m
!
PIEEDY
1 =1
! i#s

Hanee, MOCKOIbKY

TO
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1 Zik
a; = E zz]az + zsja5 = E zz]az+zs](—lc ap — E zLal) =

sk

Zsj
= Z (z” - sz—k)az + —ak

Zsk

CpaBHI/IBaH 9TO NpeacTaBjJeHne BEKTOpa a; ¢ COOTHOLIEHUAMHU

!
a; = Z Vija; + Vgjag,

i R
onpefelAOMMUMI apaMeTpsl v;;, HolyydaeM ¢opmyasl (5.11) npu j =0,n
nui=1m.

I[JIHZ—OI/IJ—I n uMeeM

29; = (cB, B~ aj) —c = E CiZij — Cj.
i=1
[MosTomy
!

_\ _ Zsj Zsj _
voj; = CiVij + CpUk; — Cj = ci\ zij — Zikz —¢ + CkZ =
. S

3 i

_ ch(z” - zlk—k) —¢j +ck

i=1 Zsk

_ Zsj Zsj
= 205 — szzk — k)= Foj ok

Zsk
Haxonen, us (5.10) u (5.7) noayuyaem
z
Voo = 200 — AoAk = 200 — LZZOIC‘
Tarum oGpasoM, HoKa3aHa CIPaBeAIUBOCTh q)of)M}/n (5.11).

5.3. MeToabl OThICKAHHUA UCXOOHOI yTJIOBOIl TOUKH

5.3.1. HauGonee pacmpocTpaHeHHbIMM ABIAAIOTCA TaKk Ha3bIBaeMble
Memodbl UCKYCCMBEHH020 6a3Ucd, CYTh KOTOPBIX COCTOUT B CJAEIYIONIEM:
CTPOUTCA Takafd BCIOMoOraTelbHas KaHOHMYecKkasa 3aJada JUHeHHOTo
MporpaMMUPOBaHUA C 3apaHee U3BECTHOII YTJIOBOI TOUKOI, M0 pelieHuIo
KOTOpPO# TPpUBHAIBLHO CTPOUTCA JUOO YIiIoBas TOUYKa, JUOO ONTUMabHas
tTouka 3agaun (5.1). Takum o6pa3oM, mpouece OTHICKAHUA MCXOTHOMN yr-
JIOBOII TOUKM CBfi3aH C pellleHNeM HOBOI 3amauu JUHEHHOro mporpamMMu-
pOBaHMf, U MO3TOMY OH, BOOOIe T'OBOpPS, CTOJb ke TPYIOEeMOK, Kak U
nporecc OThICKaHUA perieHus 3agaun (5.1) Opy U3BECTHOM MCXOMHOMN yT-
JIOBOI TOYKE.

5.3.2. MeTon uckyccrBenHoro 6asuca. PaccmarpuBaercs 3amada
OTLICKAHUSA YTJOBOH TOYKN MHOMEeCTBa

Ry ={x: Ax =b, x > 0}.
He ymansasa obuiHocTH, MOHO mpenojaraTh, 4to b > 0. IlocTpoum cie-
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OYIOUIYIO BCIIOMOraTeNbHYIO 3a4a4yy B MPOCTPaHCTBe Fyy,:
m

C 3apaHee U3BECTHON yIIOBOH TOUYKOH

[2]=1%]

ul] L|b .
mHozectBa W. [IpuMeHss cUMIUIEKCHBIN METOM, HAXOAUM [ ot ] — pe-
urenre 3agaun (5.12). O6o3HaunM

m
"= E u;.
i=1
5.3.3. Teopema. Ecau p =0, mo Xx* — yeno6asa moura mHoxcecm-

ea Ry. Ecau pp > 0, mo Ry = @.

ToxkaszaTenbcTBO. Bo-nepBbix, ficHo, 4yTo 3amava (5.12) paspemu-
m

Ma, mockoibky W # @, a neneBasa QpyHKIUA E u; OrpaHUYeHa CHU3Y

i=1
* =
u 0
— onTUMalbHasA yriaoBas Touyka 3agauu (5.12), nockoabKy 5Ta 3agava pe-
[aeTcs CUMILIEKCHBIM MeTOJOM, KOTOPBIH OCYILIecTBIsAeT mmepeGop yrIiio-

BbIX Touek. QueBugHO, UTO X* — yrjoBasg Touka MHO:ecTBa Ry. IlycTh
tenepb p > 0. llpeanonossum, uto Ry # &, T. e. Haitmerea x € Ry. Ho

HEH

Gynmer pemenueM 3agauyu (5.12), 4TO MPOTUBOPEUUT MPEANOIOMEHUIO O
HOJOAUTENbLHOCTH BEIUYUHBI f1. A

3amMeTuM, YTO MeTOH KMCKYCCTBEHHOro Gasuca MBISAETCS COCTaBHOMN
YacThiO GONBUIMHCTBA CTAHJAPTHBIX KOMIBLIOTEPHBIX MPOTpaMM CHMII-
JIEKCHOTO MeToja pellleHus 3a1ad JUHEeHHOro MporpaMMUPOBaHUA.

[IpuMeHeHre MeToa MCKYCCTBEHHOro 6asnca MPUBOAUT K TOMY, YTO
3agauy (5.1) mpuxomuTCA pemaTh B [IBa 3Tala: BHAYajle pemaTh BCIOMO-
raTeibHyIo 3agauy (5.12), a 3aTem co6eTBenHo 3apavy (5.1). Cremyrommuit
MeTO]I 03BoJIAET OGBEAUHUTL 00a HTala.

5.3.4. M-mMetoa. PaccmoTpum cieayionyio BcClIoMoraTelbHYIO
3amavy:

HYJIeM.
Ecan pp =0, To

x,ucW

min [(c,x) —l—MXm:ui],
i=1 (5.13)
W:{[ i{l ]: Ax4+u=b, x>0, u;O}.
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5.3.5. Teopema. Ecau paspewumna 3adaua (5.1), mo natidemes ma-

*

X
Koe wucao My, wmo daa ecex M > My 6 aoGom peweHuu [ u ] sada-

wu (5.13) mouka x* 6ydem onmumanvuotl dan 3adadu (5.1).
lTorasatenncrtro. Ilo ycaoBuio 3agaua (5.1) paspemnma, T. €. Cy-
LIIeCTBYET ONTHMalbHasA Touka x*. Ho Torga paspeumMa 1 ABOCTBeHHaA

3agava
b,y*) = max(b,y),
( ’ > y€Q0< )

Qo ={y: ATy <c}.
Ilo Teopeme 4.2.5 x* u y* 6yAyT yIOBIeTBOPATH cleAyiollell cucTteme:
Ax=b, x>0, ATy<ec, (e,x)=(b,y). (5.14)

HOCROJ’IBRY 3agayda
max (b,y),
max (b,y)
P={y: ATy <ec, yi<M, i=T1m}

ABAsIeTCA ABOMCTBeHHOI K (5.13), To HEO6X0AMMBIM U JOCTATOYHBIM YCIIO-
BUeM CyllecTBoBaHus pemeHusa 3agaun (5.13) (a caenoBaTenbHo, u
IBOMCTBEHHO} K Heit) GyAeT cylllecTBOBaHUE pellleHUs Cledyroliel cuc-
TeMbl HEPaBEHCTB:

Ax4+u=b, x>0, u>=0,
ATy<C7 Yi <M7 i=17m7
m

(¢, x)+ MY u; = (b,y).

i=1

(5.15)

*

[Mocroabkry x* u y* ynosaerBopsiior cucteme (5.14); To x =x*, u=u* =
=0, y =y* 6yayT yaoBreTBopsATh cucteMe (5.15) amas Bcex

M > Mo = max {yy, 5, -, Ym }-

Tor dart, uro npu M > My B mo6om pemenun x*, u* 3agaun (5.13)
Gymer u* = 0, u, cienoBaTelbHO, X* fABIfAeTcA pemenneM 3agaun (5.1),
ABNfAETCA clefcTBHeM ycaoBuii (4.6). A

5.3.6. O6cysaenue. OueBugHo, uTo npu b > 0 Touka

[2]1=[s]
ul L|b
ABJAIETCA YTJIOBON TOYKOM MHO;ecTBa W. IMEHHO 3Ty TOYKY U BbIOU-

paloT B KauecTBe MCXOOHOI [Jfl MPUMEHEHUA CUMILIEKCHOI'O alropuTMa.
Ha npakTuke HeT HY# bl onpeneisaTh yuciao My. B kauectBe M 0GbIu-
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HO BbI6I/Ipa}OT JI0CTaTOUYHO 00JbIlNoe YHMCJ0, HAalIpUuMep

M > max {laij|a|ci|a|bj|}'
i=1,n
j=1,m

Haxownen 3ametum, yto eciau M-3apava (5.13) umeeT peluenue, TO Cy-
IeCTBYeT pellleHne crucTeMbl HepaBeHCTB (5.15), a ciemoBarenbHo, Qo 7#
# @. B cuny storo us teopembl 4.2.8 nomydaem, 4TO eciu Ry # & u
cyllecTByeT pelileHne M-3amaun, To cyllecTBYyeT pellleHHe HCXOOHOI 3a-
naun (5.1). Iloatomy Teopema 5.3.5 cnpaBeairBa B YCIOBHUAX CYIIECTBO-
BaHUA pemeHud M-3agaun U HEMyCTOThI MHOkecTBa Ry. OTciona mpuxo-
OUM K CledyIolleMy BbIBOIY: €CJIU CYIIECTBYIOT CKOJb YTOAHO 0OJbIlNe

X*
3HaueHuda M Tarue, UTO B pelleHUU [ ot ] sanaun (5.13) 6ymet

max uj > 0,
i=1,m

To ucxonHas 3agava (5.1) Hepaspemnma.

5.4. BoiposkaeHHOCTh. MeToq BO3MYIIEeHH

5.4.1. 3auukauBanue. B ciyuae Korma yriobas Touka X MHOMEC-
TBa Ry BBIpOKIEHA, YUCIO ee MOJOKUTEIbHBIX KOMIOHEHT OyIeT MeHb-
muM m. Torma MomeT okasaTbed, 4To A9 = 0 (em. (5.7)), u, ciegosa-
TeJbHO, MIPY TIepexofie B CUMILIEKCHOM METO/Ie OT BbIPOMIEHHON yTI0BOM
TOUKU X K cllefylolleil yrioBoil TOUKe 3HaueHue 1elleBOi PYHKIUU MOKET
He y6piBaTh (cM. (5.10)). Kpome Toro, Kak Mbl BHIEIH, BbIPOH#IEHHOCTD
MOJKeT TIOBJeub 3a Co0O0l HEeOJHO3HAYHOCTL BLIGOpa BEKTOpa, MCKIIO-
yaeMoro u3 Gasuca IpU Tepexofie OT YIJI0BOH TOYKU X K BbIPOIEHHOM
YII0BO# Touke Xj, = X (o).

JTU 06GCTOATENbCTBA TEOPETUYECKM MOTYT NPUBECTU K FABIEHUIO
3allMKIMBaHUA, KOrla 4epe3 HEKOTOpoe 4YKCIO0 MTepaluil Mpolenaypa
CUMILIEKCHOTO0 MeTofla MPUBOAUT K MpexsHedl yriaoBoil Touke. Ilas mpe-
OZI0JIeHUsA ABJEGHUSA 3allUKJIUBAHNUA CyIlleCTBYeT NMPaBUiIo BbIGOpa BEKTOpa,
HCKJIIOUaeMoro u3 Gasuca, OCHOBaHHOEe Ha Tak HA3bIBa€MOM MeTOle BO3-
MYLIeHU.

5.4.2. MeToa Bo3myIeHuii. [Ipeanono;um, 4To yrioBoil ToUke X
MHOecTBa Ry CoOoTBeTCTBYeT Takas JMHEHO He3aBUCUMAas cUcTeMa m
BEKTOPOB A1, A, ..., &;,, YTO Xg = B~'b > 0 (B 0TAMYME OT HEBLIPOHiIEH-
HOro ciyvas, Koraa xp > 0), roe B = [ap, ag, ..., 8-

=)

PacemoTpum “Bo3mymieHHBINH” BEKTOp

b(e) =b + Zsjaj,
j=1
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rie € — [0CTaTOUHO Majoe MojouTeabHoe yucio (e > 0), a &/ osna-
yaer j-1o crerneHb uucaa . 0603HauMB, Kak U npexkie, z;; = (B 'a;);,
nojyJyaem

n m n m m n
b3 clay =D Dol D sa= 3 (kDo
j=1 i=1 j=1 i=1 i=1 j=1
Tar rar
Zij, J =M + 1,7’L,
Zij = 0, Jj#i,j=1m,
L, Jj=i,j=1m,
TO

n n
zi(e) & x; + Z Zijaj =z +e + Z Zij6j7 1=1,m. (5.16)
Jj=1 j=m+1

5.4.3. e-3apaua. PacemoTpum Hapany c 3agaveit

min (¢, x),

Ry = {x: Ax =b, x > 0},
TaKk Ha3bIBAEMYIO £-3adauy

min (c,x(g)),
x(E)ER()(E)< ( )> (517)

Ro(e) = {x(¢): Ax(e) = b(e), x(¢) > 0}

U TIOKAMEM, YTO [UIS1 BCeX JI0CTATOUHO MalbixX € > () 3Ta 3a71a4a HEBbIPOH-
IeHa.

IlycTsb ay,as, ..., a,, — NPOU3BOAbHASA JUHEHHO He3aBUCUMAs CHCTeMa
BekTOopoB MaTpuibl A. Tax kax ¢yusuun z;(¢) (i = 1,m) npeacrabas-
10T €060 MHOIOYJIEHbI OTHOCUTENLHO €, He PaBHbIE TO#JECTBEHHO HYJIIO
(em. (5.16)), To KamIbIl U3 HUX HMeeT He Oojee n KOpHEil U, cilefoBa-
TelbHO, He (oJee N MONOMUTENbHBIX KOPHEl.

IycTh 1 — HaMMeHbIIU# MONOMKUTENbHbIA KOPEHb CPEln BeexX Molo-
AUTENbHBIX KOpHeil m MHorouneHoB ;(¢) (i = 1,m) (ecan monokutenn-
HBIX KOpHeH HeT HU Y OQHOI0 U3 3TUX MHOTOYJIEHOB, TO [OJaraeM 1 = co).
Beauuuna 7 onpepensercs BbIOpaHHOM CHCTEMOlT MTMHENHO HE3aBUCUMbIX
BEKTOPOB aj, A2, ..., &, U HOCKOIbKY YKCIO JMHEIHO HE3aBUCUMbIX CHC-
TeM BEKTOPOB MATpUIbl A KOHEUHO, TO KOHEUHO U YUCIO COOTBETCTBYIO-
IHX HAUMEHbUINX [OMOMUTENIbHBIX KOPHEH 7).

Ilycth €9 > 0 — HauMeHbllee U3 BceX uuced 7) (T. e. HaUMEHbLIN
OO UTENbHbI KOPEHb BCEX MHOTOUIEHOB ;(£), MOCTPOEHHBIX 10 BCe-
BOBMOKHBIM JIMHEHHO HE3aBUCHMBIM CHCTEMaM BEKTOPOB MaTpuubl A).



84 I'a. 5. Koneynvle memodvl pewenus

flcHo, 4TO MpU € < €9 HU OOUH U3 MHOrowieHoB Bua (5.16) He oGpama-
etca B Hyab (¢ > 0), a cleoBaTelbHO, BeAKasA yriaoBasg Touka e-3afaduu
CONEPUT M TMONOMKUTENbHBIX KOMIIOHEHT, T. €. HEeBhIPO#IeHa.

MoskHO I0Ka3aThb, 4TO /1A MajdbIX € YIJIOBBIM ToukaM X € Ry 1 x(g) €
€ Ro(g) cOOTBETCTBYeET OAMH U TOT e 6a3uc, MO3TOMY MJIf OJHO3HAYHOIO
Bblﬁopa NHOEKCa S S Ik, Ha KOTOpPOM OoCTuUuraeTca MUHUMYM OTHOLIEHHA

(B~'b);
(B~ 'ag);
1edecoo6pa3Ho 06paTUThCA K e-3agade. TakuM o6pa3oM, B KauecTBe HO-
Mepa s BEKTOpa a,, HCKI0YaeMoro u3 6asica, cleyeT BbIOPaTh TOT HO-
Mep (e}]I/IHCTBeHHbIﬁ B CUJIY HEBBIDOKOAEHHOCTHU 5—38}13'{1/1), oJIA KOTOpOro
agoctTuraeTCcAd MUHUMYM OTHOLIEHUA

zs(e) . (B7'b(e)); . [w Zin

. 2 .
= min ~—————=* = min —’+5i+52—'+...+8”ﬁ].
(B™lay)s el (B7lap)i  iel Lzik  zik Zik Zik

(em. (5.7)) mpu cumIIeKcHOI potienype pemrenus 3agauu (5.1),

5.4.4. Ha npakTuKe HeT HY:K[bl epeXoInuTh K e-3agaye. U3 mpenbl-
oymei hopMyJbl ACHO, YTO BBIOOP HOMeEpa S MOMKHO OCYIIECTBUTDH Clle-
OYIOUUM Iy TEeM.

OGosnaunM uepes Io(Sk) COBOKYIHOCTh UHAEKCOB Sy € Ij, [ KOTO-
PBIX HOCTUTaeTCcA MUHUMYM OTHOUIEHUSA

l'sk

.oz
=min =, s € Ipo(sk)-
Zopk i€l Zik

Ecau Ijo(sy) cocTouT Gonee ueM U3 OJHOrO BJIEMEHTd, TO BbIYUCIAIOT

zsll

. Zsp1
= min ks € I (sy).
Zsik sk€Ixo(sk) Zspk
Eciu Iy (s;) cocTOUT M3 OMHOTO 3J€MEHTa, TO §; U eCTh HUCKOMBIA
HOoMep.
Ecnu Iy (s;) comepsuT n1Ba u 6oiee 31eMeHTOB, TO BbIYUCIAIOT
Zsp2 . Zsp2
P = min !
Zspk  si€lvi(si) Zspk

u T. 0. flcHo, YTO Taroii mpouecc KOHEYEH U MPUBOAUT K OJHO3HAYHOMY
BBIOOPY MCKOMOI'O HOMepa.

5.4.5. OnbIT NpuMeHeHNA CUMILIEKCHOI'0 MeTOo/1a oKasall YTo [JIA UC-
KJII04YeHMs 3alMKJINBaHNA T0CTaTOYHO BbIOpATh 1000t peryiasapHbIil cro-
co0 ogHO3Ha4YHOro BbIGOpa HOMepa S, HampuMep, B KauecTBe S MOKHO
BbIOpaTh MepBbIil (B MOpfAKe YCTaHOBIEGHHONW HyMepaluu) HOMEp, A
KOTOpOro fgocturaerci MuHuUMyM oTHomenus (5.7). Ilpu atom ectect-
BEHHO, YTO HOMep k Tak:ie J0MeH BbIOUpaThbesA (€Cau OH He eIUHCTBEH)
peryifipHeIM CIocoG0M; HalpuMep, cpeiu Bcex k Takux, 4Tto Ap > 0 u
(B~'ay); > 0, Mo#HO BBIGMpaTh TOT, IUIA KOTOPOro BeauuuHa Aj Hau-
MeHbIIas.
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5.5. 3ameuaHue 0 MPpUMEHEHHH CUMILIEKCHOT0 MeTo/a
UIAl pellleHUA clelHalbHbIX KJIaccoB 3aJau
JVHENHOT0 NporpaMMHpOBaHUuA

5.5.1. IlockoabKy arobaf 3agava JUHEHHOrO MporpaMMUpPOBaHUA, B
Kakoii 6bl ¢popMe OHa HU Oblla 3amucaHa, MOeT ObITh MPUBeJEHA K K-
BUBaJIEHTHOI KaHOHUYECKOl 3aJade, TO CUMILIEKCHBIN MeTOd ABIAETCA B
onpefeNeHHOM CMbIC/e YHUBepcalbHbIM METOAOM B JIMHEHOM MpOrpaMm-
MUPOBaHUMU.

OaHako, Kak Mbl BUIEIM, NMPUBeAeHNe K KaHOHUYECKOMY BUIY, Kak
NpPaBUJIO, COMPAMEHO C CUILHBIM YBeJlUUeHUeM pa3sMepoB MaTpPHIlbl yCI0-
BUil. TO B CBOIO ouepelb TpebGyeT, BO-NepBbIX, GOMLIIOr0 o6heMa omepa-
TUBHOI MaMATH KOMIBIOTEPOB U, BO-BTOPLIX, CHJILHO YBEINUNBAeT YKUCIO0
uTepanuil A NOJIYUYEeHUA PelleHus 3aJadul.

Bce »T0 mpuBeno K HEOOXOAMMOCTU BBIAEIATH KJIaCChl 4acTO BCTpe-
YaOUMXCA TUIIUYHBIX 3afa4 U pa3pabaTbhIBaTh A HUX CHelralbHble Ba-
PUAHTBI CUMILICKCHOIO MeTo/a.

K TakuMm Kiaccam 3agay OTHOCATCA B MEPBYIO o4yepelb 3aJaul ¢ JBY-
CTOPOHHUMM OrpaHUYeHUAMU Ha MepeMeHHLIe, KOorja AOIyCTUMOe MHO-
»KecTBo 3amaercsl yeaoBuaMu Buga Ax = b, d; < x < ds.

5.6. O MmoaudpUUHUPOBAaHHOM CUMIIIEKCHOM MeTo,ue*)

5.6.1. B o6bIuHOM CHMILIEKCHOM MeTO/e Ha Kaxk[oil uTepaluu Bce
aleMeHTbl MaTpullbl A npeobpasyiores mo dhopmyaam (5.11). B mogudu-
LMPOBaHHOM MeTojle Ha Kai/JoM IIare BLIUMCIAIOT MaTpully B! u 3aTeMm,
NIOJb3YACH €10, BHIUUCIAIOT

y = (Bil)TcB’ Ak = <ya ak> — Ck, Bilb

u 1. 1. llocne aToro, nmoap3ysAch NPOCTHLIMU PEKYPPEHTHLIMH (HOpPMYIaMu,
nepexogAaT OT MaTpPULbI

—1 -1
B = [alaa27"'7asflaasaas+17"'7am]

K MaTpuue

——1 1
B " =laj,a0,...,85-1,8%, 8541, -, Am]

COOTBETCTBYIOLIEl HOBOI YIJIOBOW TOYKe.

Tarkum obpaszoM, Ha O0QHOII UTepaluu Npeobpa3ylOTCA U XPaHATCA B
naMATY KOMIbIOTepa JUIIb 31eMeHThI MaTpuibl B~ L. Ilpu a3TomM o6bem
TeKyleil 3anoMuHaeMoil UHGopManuy, Kak IpaBuio, cokpamaerca. Kpo-
Me TOro, eciii MaTpuila A coaepuUT GOJbINOe YUCIO HYJIEBbIX 3I€MEHTOB,

*) YcranoBuBIierocs HazBaHUA MeTojia HeT. FlHor/a ero Ha3bIBalOT “MeToa0M o6paT-
HOI MaTpulbl”, HHOTAA “BTOPBIM allOPUTMOM CHMILIEKCHOr0 MeTona”.
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TO B MOAUGUIMPOBAHHOM CUMIUIEKCHOM METO/e BhIUMCIUTENbHAasA cXeMa
MOieT ObITh cocTaBleHa TaK, YToObl B BbIYMCIEHHUAX Ha Kam[IoM IIa-
re CKajfpPHBLIX NPOU3BeJeHUil yyacTBOBaIU JUIIb HEHYJeBble 3J1eMeHThI
MaTpuilbl A. ITO CYIIECTBEHHO cOKpaliaeT 06beM BbIUUCIEHUH U TMO3BO-
JfieT KOMIAKTHO Pa3MeCTUTDh HeHYIIeBble 3JeMeHThbI MaTpUllbl A B maMATH
KOMITbIOTEpA.

5.6.2. PexyppeHTHbIe COOTHOLIEHUA MOAU(DUINPOBAHHOTO CUMILIEKC-

HOTO MeTOJa MOKHO TOJdyUUTh U3 (GOpMyJ Mepexoaa oT MaTpuibl B~ K
——1

MaTpuiie B
_ ——1
0603HauNM B7IeMeHThI MaTpullel B~! uepes aijl, a MaTpullbl B~ ue-
pe3 d;jlz
-1 _ -1 A1 _ -1
B [aij l, B = [aij ]
Torpa
—1
a
~—1 1 sJ
a;; =a;; — Zik , 1 F# s,
(¥ 1) Zsk
—1
-—1 __ asj
5 Zsk

CnpaBeqiuBoCTh 3TUX (GOPMYJ IpOBepseTCcA YMHOMEHUEM MaTpu-

uel B Ha MaTpuny B, B pe3yiabpTaTe KOTOPOro ModyvyaeTcs eqUHUYHASA
MaTpHula.

5.7. MyabTUIIMKaTUBHOE NMpeJicTaBleHHe
o6paTHOI1 MaTpUIbI

5.7.1. MyabTunaukartopsl. [[11 yMeHbIIeHUA KoluuecTBa UHGOP-
Mallly, NojjesRalleil 3alloOMUIHaHUIO, B MOAU(DUINPOBAHHOM CUMIIJIEKCHOM
MeToJle YacTO MOAb3YIOTCA CAeAYIOMUM MYyIbTUIIMKATUBHBIM IpeicTaB-
JeHreM 06paTHON MaTpHIbI.

HazoBeM asemenmaproii MaTpully Bujaa

1 0 ... wyr 0 ... O
0 1 W2k 0 0
Gs=10 0 wee 0 . 0]
0 0 Wmk 0 1
rue
wzk:_sz7 Z#‘Sa wsk—L
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(I/IHZ[eHC S O3Ha4daeT, 4TO CTOJ'IﬁeI.I JJIEMEHTOB wjk CTOUT Ha S-M MECTE).
Jlerko npoBepuTh, 4YTO
G,B'=B".

Hpoueﬂypa MOJII/I(I)I/ILII/IPOBaHHOFO CHUMIIJIEKCHOI'O MeToJa HauynHaeTCH,
KaR MpaBuJjio, C eIMHUYHOT'O 6831/1(38, KOTOPOMY COOTBETCTBYeT eAMHNYHada
MaTpuia G HyCTb Ha IepBOM lIare B 0a3uc BMeCTO esl BBOOUTCHA BER-
TOp ay,. Torma maTtpuneii Bl_l, obpaTHOIT K MaTpulle HOBoro 6a3uca, Gy-
ner

B! =G,,G,
a Ha p-M mare —
B;'=G,,G,, .G, G.

HOCHOJ’IBHy Rangasg MaTpula Gs orpenensaeTcsa m + 1 BeJIMYMHaMH1
S, Wik, Wk, .-y Wmk, TO MYyJIbTUIIMKaTHUBHaA ¢opma 3anucu obpaTHO
MaTpulbl MeHblIlle 3arpy#aeT naMfaTb KOMIIbIOTepa, 4YeM 0oObIYHafA.

5.8. /IBoiicTBEeHHbIH CUMILJIEKCHbBIH MeTO,E[*)

5.8.1. Unea meTona. Kak Mbl Bugeau, CUMILIEKCHBIN MeTO[ MO3BO-
AseT HapAAy C MOJydYeHHeM DelIeHNs MPAMOii 3a1a4uu MoMyYaTh U pellle-
HUe

y=(B""cs
OBoiicTBeHHOI 3amaun (caydait I cummiercHoro merona). ATOT pe3yilb-
TaT U JeUT B OCHOBE OBONCTBEHHOTO CHMILIEKCHOTO MeToJa pelleHus
3agaun (5.1).

CyTb MeToa COCTOMT B TAKOM I0C/I€I0BaTENbLHOM NepeGope YIIoBbIX
TOYEK [JOMyCTHMOro MHOMeCTBa (Jo ABoiicTBeHHOM 3amauu (5.6), npu Ko-
TopoM 3HaveHue ledeBoit pyHruuu (b,y) Bo3pacraer, T. e. B MpUMeHe-
HUY CUMILIEKCHOTO METO/a K PEelIeHHIO JBONCTBEHHOI 3anaun. [lockoabry
OBOICTBEHHBIN CUMILIEKCHBIN METO HAaC HHTepecyeT Kak MeTOJ pelleHus
3agaunt (5.1), BBICHUM, UTO O3HAUAIOT /s 3agaun (5.1) npeobpasoBaHus
KasKJ0ro MTepalMoOHHOro IIara CUMILIEKCHOIO MeTo[a, NMPHUMEHEHHOro K
3anade (5.6).

Bynem npeanonarars, uto 3agava (5.6) HeBbIpO;KIeHA, T. €. KakIoi
YIII0BOil TOYKe MHOKecTBa (Jo COOTBETCTBYET KBaipaTHas HeOCOGEHHas
(HeBBIpOsi/IeHHAs) cUCTeMa yPaBHEHUN pa3MepHOCTH 1M, MaTPUILy KOTO-
poil Ha3bIBAIOT dBolicmeeHHbIM Gasucom npamoil sadayu (5.1).

5.8.2. Utepanua merona. IlycTh usBecTHa yrioBas TOYKa y MHO-
srecTBa QQo. ITO 0O3HAYAET, YTO M3BECTEH TaKOil NBOCTBEHHbIH Gasuc

B = [ab az; ..., a’m]v
*) Hapany c HasBaHMeM “IBOHCTBEHHbI CHUMIIEKCHbI MeTOn” MPUHATO Ha3BaHHe

“MeTOo/l MOC/Ie/JOBATEIbLHOIO YTOYHEHUA OLEHOK”, CMbICH KOTOpOro Oy/eT BbIACHEH B
m. 5.9.
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uto Touka y = (B~1)Tcp ymosrerBopsaeT HepaBeHCTBY

A:ATy—C<0
U 4TO
0 npu t=1,m
A; = ,'_.:AT i — Ci = e
i=(y,a) —ci=(A"y)i —¢ {Ai<0 npu i=m+ 1,n.

O6Go3HaunM, Kak U Ipeie,
-1 -1
XB = B b, Zik = (B ak)i

1, KpoMe TOro,
-1 -1 -1 —1
B ™ ala],ay, ..,a, ],

T. €. Yepe3 a;l o603HaueHa i-A cTpoka MaTpuusl B~ L.
PaccmoTpuM BeKkTOpbI

ys2ys(0) =y —6a;', s=T,m.
[Tockoabry
0 mpu i=1,m, i#s,

(a; ! a;) = 1 nopu i=s,
Zgi npu i=m+ 1,n,

TO
(ATYS)i = (ys,ai) =
Ci npu 14

=< ¢cs—0 opu i
(y,a;) —0z5i = A; — 0z +¢; upn i=m+1,n.

1,m, 1i#s,
S’

(5.18)

B 3aBucHMOCTM OT 3HAKOB BeJIMYMH T; U 2;; BOSHUKAIOT TPU Cily4Yas.
I. Ecau xp > 0, TO

XB

X = O € Ry,

0

U, cllefoBaTelbHO, TOUKA X ONTUMaibHag (cM. ciaydail I cumiiekcHoro
MeToja).

II. Ecau nafiferca Homep s < m Takroil, uto z3 < 0 u 25 > 0 oas
Bcex 1 = m+ 1,n, To ys € Qo naa mwoboro # > 0, u, ciegoBaTenbHo,
MHO?KeCTBO (o HeorpaHUUeHO U

(b,ys) = (b,y) —8(b,a;') = (b,y) — 0z, = +00
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npu § — +00, T. e. MHOMeCTBO Ry mycrto (cMm. m. 4.2.9).

III. IIycTh HaligyTea Takue s<mui=>m+ 1, 9to x5, <0 u z5 < 0. B
3TOM ciydae [elaeTcfl HTepalnoHHbIii mar. 06osnaunMm I, = {i: z4 < 0}
1 BbIOepeM

6 = 6o = max 2 > 0.

i€ls Zgi
IIyctn
o= 2k ke, (5.19)
Zsk

Homep k, nas rotoporo mocturaeTcd BeinunHa @y, eINHCTBEH B CHIY
HeBbIpOsIeHHocTy 3anaun (5.6) *).
Ilorasem, uTo

Vs =Yys(0o) =y —90315_1 € Qo.

JleficTBuTensHo, us (5.18) u (5.19) caeayer

=c¢; npu i=1m, i#s,
Ty ) <¢ mpu i=s,
(A7ys)i <¢ mupu i=m+1,n, i#k,
=c¢, npu i=k.

Haxonern,
(b,ys) = (b,y) —fo(b,a; ') = (b,y) — oz > (b,y).

Tarkum ob6pasoM, Ipu Mepexoje OT TOUKU y K TOUKke y, 3HaueHUe Iie-
neBoit pyHkuuu 3agaun (5.6) BospacTaer.

5.8.3. O6cy:aenue. Hrar, uTepallMOHHBIN IAar ABOHCTBEHHOIO
CUMILIEKCHOI'0O MeTOJa COCTOUT B TOM, UTO U3 ABOMCTBEHHOro 6a3uca BbI-
BOAUTCA BEKTOP ag M BBOJUTCA HA €ro MecTO ay; IpU BTOM 3HaueHUe
1eseBoil GpyHKIUU Bo3pacTaeT. Ocranoch JoKaszaTh, UTO HOBafg CUCTeMa
BEKTOPOB aj, ..., &s_1, Ak, As{1, ---, &y JAHENHO He3aBUCUMA, T. €. 00pasy-
eT HOBLIN IBOMCTBeHHbIN 6a3uc. Yutatenb B 3ToM 6e3 Tpyna ybeautcs,
ec/IY TIpoBelleT pacCy;KIeHUf, aHaJOTMUYHble TeM, KOTOpble UMeld MeCTO
B cayyae III cummniaexkcHoro mertopa.

IocKoMbKY YKCIO YIVIOBBIX TOUEK MHOMECTBA (g KOHEUHO U MPU Kak-
noit urepauuu (Mpu mepexofe OT OAHON YTJIOBON TOYKU K APYToOi) 3Ha-
yeHUe LelleBOH (hYHKLUU BO3pacTaeT, TO 3a KOHEYHOE YUCI0 UTepaluil
MeTojl TMpUBeleT K pelleHHIO y* NBOHCTBEHHOIl 3afayd, a 3HAYUT, U K
pelleHUIO X* MpAMOI 3aga4u.

PexyppeHTHbIe COOTHOUIEHUA aJIrOPUTMa OBONCTBEHHOrO CHUMILIEKC-
HOT'O M€eTofa HETPYHO MOJNYYUTh U3 (popMyll niepexoaa oT MaTpHUILlbl B!

K MaTpule B (cm. 1. 5.6).

*) llokazaTeanbcTBO 3TOTO YTBep#/eHUA aHalOTMUYHO [10KA3aTelbCTBY M0106HOTO
yTBepsaeHusa B ciaydae III cumnaexkcHoro merona.
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Ecnu 3amaua BbIposkieHa, TO TaKk ke, Kak U B CJIydyae MPOCTOTO
CUMILJIEKCHOT'O MeToja, [IJf OBOMCTBEHHOTO MeToJa Ha OCHOBe MeToja
BO3MYIIleHU# co3aHbl MpaBuia OJHO3HAYHOTO BbIGOpa HoMepa k 1A Be-
JAUYUHEI 6y, T. e. IpaBuia BbIGOpa BEKTOpa, BBOAUMOTO B IBONHCTBEHHBIN
fasuc.

5.9. Pemlenua OBOMCTBEHHOM 3aJadyd KaK OLIEHKH BJIUAHUA

5.9.1. [lokaskeM, YTO NIPH HEKOTOPLIX U3MEHEHUAX KOMIOHEHT BeKTO-
pa orpaHuuenuii b B 3agaue (5.1) KOMIOHEHTHI pelleHUA ABOHCTBEHHOI
3anaunt (5.6) MOryT GbITH MHTEPIPETUPOBAHbI KaK OLEHKHU BIMAHUA STHUX
M3MeHEeHHH Ha BeMMUNHY MUHHMYMa LiedeBoit GyHrunu 3agaun (5.1).

Paccmotpum 3amauy

min (c,x),
xERo(z) (5.20)
Ro(z) = {x: Ax =1z, x > 0},

1 ABOVICTBEHHYIO K Heil

max(z,y),
yer< T> (5.21)
Qo={y: A"y <c}.

B npeanonoxenun, uro 3agada (5.20) paspeuinMa npy HEKOTOPOM Z,
00603HaYMM
z) = min (c,X).
plz) = min_ (e.x)
Mycrs npu z = z* cymectByeT peiienue x* 3agaun (5.20) u, ciegoBa-
TelbHO, CyIecTByeT y* — pemenue 3agaun (5.21).
5.9.2. Teopewma. Ecau 3adaua (5.20) Hegbiposcdena, mo cyuecmsy-
em makas okpecmuocms U(z*) mouku z*, umo dan ecex z € U(z*) 6ydem

u(z) = (z,y").
NoxaszaTenbcTBo. Tak kak npu z = z* 3agava (5.20) paspemuma,

TO corsiacHo Teopeme 4.2.12 cyiecTByeT ONTUMalbHasA YIJoBasd ToUuKka X*.
IIycts x* umMeet BuUf

T
x* = 0 ,
0
rue
Ty
.
Xp = 2 | >o.
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Eii coorserctByer 6asuc B = [aj, as, ..., a,), det B # 0, u xj = B~'z*.
O6o3HauuM

BriGepem ciiefyIolyo OKpecTHOCTE:
U(z") = {z: 7z — 7| < -2 }
( ) || || =X ”B—l”

[TorasmeM, 4To TOUKa

xI' = (x£,0,...,0),

rge Xg = Bilz, GymeT onTumanbHOU masa 3agaun (5.20) mpu a06oM z €
€ U(z*). leiicTBuTENBHO,

x5 — x5l =B~ (2" —2)| < |IB7'|[|z* — 2] < &
rie HopMa BblOpaHa cleqyIomuM 00pa3oM:

lIxp —xp|l = max [z} — zi|.
i=1,m
[Moayuaem, yTo
i —z; <a, i=1
*

Tj =2

. ; * -
j—a=x;— minz; 20, j=1,

i=1,m
Takxum obpasom, x > 0. Kpome Toro, no nocrpoennio Ax = z, T. e.
X € Ry(z).
Jlokasem, 4To X ontuMaieH jis 3afauu (5.20). U3 yeaosuii (4.6) cie-
ayer, 4To Kaspomy x} > 0 (¢ = 1,m) cooTBeTcTBYyeT

(ATy*)i = G-

Torna

m m

(C,X) = Zcixi = Z(AT * zxz in: azay

i=1 i=1 i=1

< Za,xl> (y*,Bxg) = (y*,z).

I tar wak x € R(z), a y* € o, To u3 Teopembl 4.2.5 BbITEKaeT ONTHU-
MaJbHOCTh TOYEK X U y* u

wz) =(y",z). A

5.9.3. OyeBUaHO, YTO
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M03TOMY YBelUYeHHe z; MPUBOAUT K YBEINYEHHUIO WIM YMEHbIIEHUIO Be-
AuuuHbL K(z) B 3aBUCHMOCTH OT 3HaKa Y. Ilpu 5TOM cKOpOCThL M3MeHe-
HusA p(z) onpegenseTca BeIMYMHON |yf|.

JlBoMCTBEHHBII CUMILIEKCHBI MeTO[ Ha3bLIBAlOT TaKMKe Memodom
nocaedoeamenbHo20 YMoUHEeHUs OUEHOK, TIOCKOIbKY YTIIOBble TOUKM 3a-
naun (5.6), BO3HMKAIOLIME NPH MTEPALMAX, MOKHO pacCMaTpuBaTh Kak
npubIMKeHHbIe 3HAYEHHUs TOYHOH OLEHKU y*, T. €. Kak NPUOIMKeHHbIE
OLlEHKHU BIMAHUA ycaoBuii 3anauu (5.1) Ha BeAUUYNHY MUHUMYMA [€IeBOi
pyHKIUU.

5.10. O npuMeHEeHUU OBOMCTBEHHOI0 CHUMILJIEKCHOI'0 MeToAa
K 3ajjayaM Cc Bo3pacTaroluuM KOJUUYeCTBOM YCJOBUM

5.10.1. IIycTh HalimeHbl ONTUMalbHbIE YTJ0BbIe TOUKU X* U y* 3ama4
(5.1) u (5.6) coorBeTcTBeHHO. IIpennonoskum, 4TO K CHCTEME YCIOBHA,
onpefenfloMuX AONycTHMOe MHO#ecTBO Ry, nobaBieHo elle 0AHO Hepa-
BEHCTBO

n
E ;i 2 by
i=1

Ecan

n

*
E ;] = by,
=1

To X* GyfeT oNTUMAaIbHBIM U [Jfl HOBOH 3agaui, MOCKOJAbKY HoOaBjeHNe
YCJAOBUM MOKET TOJNbKO YBEJIUUUTh BEIUYUHY MUHUMYMa LeJeBoi QyHK-
nuu. B ciayyae

n
Z aix;‘ < bm+1
=1

BBIAAICHUM, KakK, 3Hafd ONTUMalbHble yIJ0Bble TOUKM X* U y*, MOJAYYUTh
pellleHUe HOBO 3amavu.

3anuieM HOBYIO 33/lauy B KaHOHMYECKOM BHe, BBeld JOMOJHUTEIb-
HYIO MEPEMEHHYIO Xy 1. O603HaUNM

aT:(al,ag,...,an), Z:[ AT], i:[ X ],

(87 Tn+1
— c = b _ y
CcC = b= =
[0]7 [bmﬂ]’ v [ymﬂ]’
emn+1 — (m + 1)-ii equHUYHBI KoopauHaTHBIN BekTop. HoBas 3amaua
IpUMeT BUA
min (C, X),

_ (5.22)
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Cornacno mnpaBunam (4.23)—(4.24) pBoficrBenHoit k (5.22) Gyner
3anava

max [(b,y) + bm+1Ym+1],
ATy + aymy1 < c, (5.23)
Ym+1 2 0.

Tar Kak Touka y* — yrioBas nas 3agauu (5.6), To

Gynmer yriaoBoil Toukoi mis 3amauu (5.23), MOCKOIbKY U3 JIMHEHHOH He-
3aBUCHUMOCTH CHUCTEMbl BEKTODPOB aj,asg,...,a,; — 0a3nuca yrJI0BOHi TOY-
KU y* — cilefyeT AuHeiiHadg He3aBUCUMOCTb CHCTeMbl BEKTOPOB

3] (2] - (2] (2]

Tenepb ecTecTBeHHO, IpUHUMAaA y* 3a MCXOJHYIO YTJIOBYIO TOUKY, pe-
waTh 3agady (5.22) IBONCTBEHHBIM CUMILIEKCHBIM MeTonoM. KRak mpaBu-
J0, IUiA TOAyYeHus penteHus 3agadn (5.22) TpeGyercs HEGObIIOE YUCIIO
nTepauuii.

OueBUIHO, YTO BCe, CKa3aHHOE B 3TOM NIYHKTe, OCTaeTCA B CUile, eClii
K HepaBeHCTBaM, ONpefelAIONM MHOMecTBO Ry, no6aBiseTcsa He OIHO,
a HEeCKOJbKO HOBBIX.

5.11. MeToq oAHOBpEeMEHHOIro pelieHUuA NpAMOii
MU JBOHCTBEHHOI 3a,£(aq*)

5.11.1. PaccMoTpeHHbIe Bblllle METOIbI COCTOAJM M3 ABYX 3TalloB.
Ha mepBom sTame TpeGoBajoch ONpeequTh YIVIOBYIO TOUYKY MAOMYCTU-
MOI'0 MHOKECTBa, Mocje Yero Ha BTOPOM 3Talle, UCXOAA U3 HaiigeHHOoM
YTJI0OBOHM TOUKM, CTPOWJICA MpollecC OThICKAaHUA ONMTUMaldbHON Touku. 06a
ATUX ATamna, Boo6Ile roBops, OIMHAKOBO TpyaoeMKU. U TepallMoHHbIM TPo-
1ecc MeToJa OJHOBPEMEHHOTO pellleHuf MpAMON U ABONHCTBEHHOI 3amay
HaurHaeTcA ¢ 060 momycTumoit (He 06fi3aTeNbHO YTJOBOH) TOUKH
NIBOICTBEHHO! 3afauyd, OThICKaTh KOTOPYIO B pealbHBbIX cilydagX 4acTo
He mpeacTaBasdeT Tpyna. Hanpuwmep, eciu ¢ > 0, To y = 0 npuHaaIeKUT
MHOMECTBY (Qo.

*)DToT MeToa 4YacTo HasblBalOT “semodom nocaedoeamenvHozo COKPAULEHUA
»
HeeA30K”.
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Hrakr, paccMOTpUM MpAMYIO KAHOHUYECKYIO 3a1aqy

Jnin (c,x),

1 OBOVCTBEHHYIO K Heii:
max (b, y),
YE€Qo

- (5.6)
QO = {y: <aj7Y> < Cj» J= 1,’”}
[IpennonosxumM, 4To U3BECTHA TOUKA Yo € (Jo. O6o3HauNM
J={j: j=TLn}, J(yo)=1{j: (aj,y0) =¢j, j € J}
U pacCMOTPUM TaK Ha3bIBAEMYIO pacuiupeHHyw0 3adaiy
m
min Z €iy
i=1
" (5.24)
Z z;a; +€ =D,
j=1
x>0, >0,
rae el = {e1,69,...,Em}, 1 “yROPOTUM” ee CleMYIOMNM 06Pa3OM:
m
min Z Eiy
i=1
Z Zja; +e = b, (525)

J€J(¥o)

Ciemyromasa Teopema JIeUT B OCHOBE paccMaTpUBaeMOro MeToja.
5.11.2. Teopema. Ecau 8 pewenuu z*, €* 3adayu (5.25) €* = 0,
mo mouka X* makas, wmo

ot = Z;'(7 .] € J(Y0)7

J Oa J € J\J(y0)7

6ydem onmumavroli 0asn 3adayu (5.1), a mouka yo 6ydem onmumanvHol
oaa 3adayu (5.6).

HorazaTeabcTBo. OueBuaHoO, uTo X* € Ry. I3 Toro, 4To Touka yq
gomyctuMa aus 3agaun (5.6), a €* = 0, moaryvaem

(c,x*) = E cjri + E ¢z = E cjz; =

JE€J(¥o) JEINI(¥o) J€J(¥o)

= Z (aj,y0)2; = <y0, Z z}‘aj> = (yo,b).

J€JI(yo) JEJI(yo)
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B cuay toro, uto x* € Ry, yo € Qo 1 (¢, x*) = (b, yo), Ha OCHOBaHUU Te€O-
pemel 4.2.5 cieqyeT onTUMaIbHOCTh X* U yg. A
5.11.3. Hrepauua metona. IlocTpoum 3agauy, ABONCTBEHHYIO
K (5.25):
max(b, u),

(aj,u) <0, j€ J(yo), (5.26)

3agaun (5.25) u (5.26) paspemnmsl. [leficTBUTeNbHO, Tak Kak b > 0,
To 2; =0, j € J(yo) u € = b monmyctums! mas (5.25), a u = 0 — gomye-
TuMas Touka ais (5.26), u mo Teopeme 4.2.8 o6e 3agaun pas3peuInMabl.
[Iycts u* — peuennre 3agaun (5.26). O603HaunM

A’ = ATyq—¢c, 6*=ATu".

BerTopsl A® u 6* 4acTO HA3LIBAIOT 6EKMOPAML HEBAIO0K.

B saBucuMocTu OT xapakTepa BeanuuH € (i = 1,m) u 6}‘, Jj € J,
pasnuyaioT TpU ciaydas.
1. Ecaun

m

*
E g; =0,
i=1

TO Ha OCHOBaHWHU TeopeMbl 5.11.2 Touka X* ABAAETCA pellleHUeM 3ana-
un (5.1).
II. lycTtn

m
Z{—:;‘ >0
i=1

u Haiimerca Takoit Homep j € J\J(yo), A1 KoTOporo 0% > 0. B aTom
ciydae GygeM CTPOUTh HOBYIO TOUKY Yy € (Jg, KOTOPOil COOTBETCTBYET
Gosbliee 3HaYeHUe 1eleBoii GyHruuu 3agauu (5.6). Boibepem

y 2 y(p) =yo—pu”.
Torna
AsAly —c=ATys — pATu* —c = A° — pé*. (5.27)
3aMeTUM, 4TO

AO _ 07 .7 € J(Y0)7

* 03 < 07 .7 € J(y0)7
= J . 2
0 { 1 J € I\I(yo)- (5.28)



96 I'a. 5. Koneynvle memodvl pewenus

Bribupas
A°
po = —£ =max - < 0, (5.29)

nonyyaeM, uToO
AO - Moé* <0,

a 3HauuT, B cuiy (5.27) y = y(uo) € Qo. llockonbry z*, €* — pemenue
3anaun (5.25), a u* — pelenue gBoiicTBeHHO K Hell 3agaun (5.26), To

(b,u*) = &7
=1

(Teopema 4.2.3). BeaenctBue storo

(b,y) = (b,yo) — po(b,u”) = (b, yo) — o Zé‘f > (b,yo),

=1

m
Tak Kak fip < 0, a Zsf > 0.
i=1
Wrar, uTepaluoOHHBIN Al MeTOJa COCTOUT B TOM, YTO pellaeTcA yKO-
pouennas 3amaua (5.25), BbIUMCIAAETCA BeIUYMHA fig U CTPOUTCH HOBas
Touka y = y(uo). Ilpu 3TOM Ha MepBOM UTEepAlHOHHOM LIare B KauecTBe
MCXOMHON yrioBol Touku 3amauu (5.25) BbIOMpAIOT TOYKY C KOMIOHEH-
tamu z; =0, j € J(yo), u & =b; > 0 (i = 1,m) u 3areM NPUMEHSIOT
CHUMILIEKCHBIN METO[I.
5.11.4. Ha crienyiomeM uUTepallOHHOM Iare CTPOAT HOBYIO YKODO-

YeHHYIO 3amady
m
min E €i,

=1
Z zjaj +€=h, (5.30)
Jed(y)
zj 20, jeJ(ly), €20,

U Jajiee mpoiiecc moBropsieTcA. IIpu 3TOM B KayeCcTBe UCXOMHON YIilo-
Boit Touku 3amaun (5.30) BIGUPAIOT TOYRY, HEHYJIEBBIMU KOOPIMHATAMU
KOTOPOH ABJAIOTCA MOJOMUTEILHBIE KOMIIOHEHTBI ONTUMANbHOM YTI0BOM
ToukM z*, €* 3agaun (5.25), MIOCKOIbKY

{7: 25 >0} CJ(¥).

JTo BRJIIOYEHUE ciaeqyeT U3 Toro, 4YTo 3Ha4yeHuAM Z; >0 COOTBETCTBYIOT
3Ha4YeHuf

5% = (aj,u”) =0
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(u3 cooTHomenus Buia (4.6) B mpuMeHeHNH K pemeHuaM 3agad (5.25) u
(5.26)) u, cremoBateanto (cM. (5.27) u (5.28)),

Aj = (aj,y) —Cj = A(J) —[to(sj =0.
Ho 1o IIOCTPOEHUIO
J(y) ={i: A; = (a;,y) —¢; =0},

YTO U TPeGoBaJIOCh 0KAa3aTh.

[Iporecc perenus 3agaun (5.30) HaunHaeTCs ¢ BBeleHNA B 6a3uc BeK-
Topa aj (Homep k BoiGupaior u3 (5.29)). 3amerum, uto k € J(y), mo-
croabRy Ay = 0 (em. (5.29)). B pesynbrarte 3T0il npoueaypbl BelndnHa
m m

E £; CTAHOBUTCH MeHbLLIeI‘/JI, yem E 8:. B camom aeje, 3Ha4eHnuf

i=1 =1

.’B*f — Z;a ] € J(y0)7 *
J 07 .] € J\J(YO)a

06pasyIioT yIJIOBYIO TOUKY JONyCTHMOro MHOkecTBa 3agaun (5.24). Bae-

IeHuIo ay, B 6asuc 3agauu (5.30) cooTBeTCTBYeT OGbIYHBIN UTEPaLUOHHbII

rar CUMILIEKCHOr0 MeTofa pernenus 3agaud (5.24) (em. (5.29)). Ho npu

KayJ0M UTEepalMoHHOM IIare CUMILUIEKCHOTO MeTOofla B ClIy4yae HeBbIPO:i-
m

neHHocTH 3anauu (5.24) 3HayeHue 1eJdeBol GyHKIMU yObIBaeT, T. €. Zai

=1
m

CTaHOBUTCA MeHbIIe E 6;. OTCIO,Ha cjleayeT, 4TO Ha Ra#iaoM 1Liare MeTo-

Ja OOHOBPpEMEHHOI'O SeI.IHeHI/IH HpHMOI‘/’I nu HBOﬁCTBeHHOﬁ 3agayd ollTUuMalb-
m

HOe 3HaueHue L[eJIeBOﬁ q)yHHHI/I[/[ ZSZ‘ yﬁbIBaeT 10 CpaBHEHHUIO C OIITHU-
=1

MaJ/IbHBIM ee 3HadeHlneM B HpeﬂbI,HyU.[eI‘/'I yKOpO‘{eHHOI‘/'I 3ajgaye. U3 storo

BbITeKaeT KOHEeYHOCTb MeToa. 3amMeTuM TaKMe, YTO IIOCRKROJBbRY IJIfI RaHi-

noit 3anaun Bupa (5.30) UMeeTcs UCXOIHAA YTJIOBas TOUYKA, 8 MHOMECTBO

NHOEKCOB J(y) OT mara K mary MeHfieTCA He3Ha4duTeJbHO, TO YHCJIO UTe-

panuii cuMILIeKcHOro Metosa pemenus sagaun (5.30) HeBeauKo.

m
III. Ecaun Zsf >0udé*<0, 0y =y(u) =yo—pu* € Qo nua
i=1
moboro i < 0, Tark Kak

A=ATy —c=A"— 6* < A° = ATy, —c <.
Ho .
(b7y> = <b7y0> _p‘<b7U*> = <b’YO> _N‘ZE? — +00

i=1
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npu g — —o0, T. e. (b, y) HeorpaHuueHa Ha (Jg, a ciefioBaTelbHO, Ry = &
(cm. 4.2.9).

Hrar, MeTo[ 0fHOBPEMEHHOI0 pelleHus MPAMOI U JBOMCTBEHHON 3a-
a4 COCTOUT B MOCTPOEHUU TOCIEI0BATENbHOCTU PEIIeHU YKOPOUEHHbIX
3a/1a4 [0 TeX Mop, MoKa He BO3HUKHET cayuait I (1 GymeT HalioeHo peiiie-
Hue) aubo cayyvaii 111, o6HapyskuBaomuii, uro Ry = &

5.12. MeToa meKOMMIO3UIIUU

5.12.1. Kar npaBujo, npakTu4yeckue 3agadyu JUHEHHOTO MporpaMMu-
poBaHufA coaep:;kaT GONbIIOEe KOJIUUYECTBO HEU3BECTHBIX U OTPaHUYEHUIL.
C TOYKM 3peHudA peaqusaliy METOJOB pelleHUA TaKUX 3a4ad ¢ MOMOIIbIO
KOMITbIOTEpa MpefcTaBlfeTcAd BbIFOJHLIM CBECTH pellleHue 3aJauu GoJb-
moro o6beMa K pelleHUIO0 HeCKOJAbKUX 3aJau MeHblero oobeMa. OmHUM
U3 3TOU T'PYyNIbl METONOB ABJIAETCA METOJ JeKOMIIO3UIIUH.

5.12.2. BiouHaa 3agaya. Beegem oGo3HayeHus.

BexTopsr:
C]T (€15 Cj25 w05 Cjn; )
ij = (@1, 252, Tjn; ),
bg = (b017b02a bOm),
bl = (bj1,bj2, . bjm;)-
Matpuunbr:

Aj — nopagka m X nj,
B; — mopsagka m; X n;.
3pmech U gaiee Bcogy j =1,2,....n
HazoBeM 6.04Hotl cneytomyto 3agady:
HalTU

min Z(cj, X;) (5.31)

IpU YCIOBUAX

n
Z A]’Xj = bo, (532)
Bij = bj, (533)
xj > 0. (5.34)

5.12.3. JKcTpemalibHaa 3amavya. PaccMoTpuM clegyromie MHO-

HecTBa:
Sj={x;: Bjx; =bj, x; > 0}. (5.35)

Buauane 6y)1eM InpenmnoJgaraTb, 4YTo BCe MHO#€CTBa Sj OrpaHNYeHbl.
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k

O6osnaunM uepes WW; MHO#ECTBO YIJIOBBIX TOYEK Xj BBINYKJIOr0
MHOrorpaHuuka S;:
_ 1.2 kj
W; = {x;,xj, ...,xj’},
1 0603HaUYNM
k_ k k_ /. ok — 71 k.
pj = A;xj, cj={(c;,xj), k=1k;. (5.36)

Teneps cBemem 3angauy (5.31)—(5.34) k Tak Ha3bIBaEMOil sKCMpemans-
Hotl 3adave Ha yeaosvix moukax. CormacHo TeopeMe 2.2.10 BcAKadg TOY-
Ka X; € S; MoeT ObITb Npe[cTaBleHa B BHIE BBLIMYKJIOH KOMOHHALUH
YTJIOBBIX TOYeEK:

kj kj
Xj = ZX?’Ujk, Zvjk =1, vr =20, k=1k;. (5.37)
k=1 k=1

B pesynbrare nmogcraHoBku x; us (5.37) B (5.31)-(5.34) u B cuay
oGosnauennit (5.36) momyuaercs skcmpemaavras 3adaia:

HailiTH 0k
min Z Z c?vjk (5.38)
j=1 k=1
P yCJIOBUAX
n kj
p¥vj, = b, (5.39)
j=1k=1
k;
dv=1, j=Tn, (5.40)
k=1
v 20, J= 1,_n, k= 1,kj. (5.41)
OueBupHO, 4TO ecau vj; — pelleHue 3agaun (5.38)—(5.41), To BekTo-
k;
pBI X = Z x;?vjk ABAAIOTCA pelienneM 3agaun (5.31)—(5.34) (BcnoMHuM
k=1

o6osnauenus (5.36) u yciosue Bjx;? = b;, MOCKOIBKY x;? €S5;).
n n
3ameTuM, 4To B 6;104HOI 3afaye ObL10 M + Z mj ypaBHEHUH U Z n;
Jj=1 Jj=1
HeM3BeCTHLIX. B sKcTpeManbHOl 3afade YMCIO ypaBHEHUIT COKPATUIOChH
10 m + m, B TO BpeM# Kak YHCI0 HEU3BECTHBIX 3HAUNUTEIbHO BO3POCIO —
n

NX cTajo E kj, T. €. CTOJIbKO, CROJbLKO BCero yrJoBbIX TOYEK Yy BCeX
Jj=1
MHOI'OrpaHHUKOB S]’.
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5.12.4. AaroputM. AITropUTM pelleHNs SKCTpeMalbHO 3a1a4uu Mo3-
BOJIAEeT HAa aKTUBHOM y4YacTKe paGoThl UCHONb30BATh JHUIIb HE3HAUUTEIb-
n

HO€ YHUCJIO BEIUYUH U3 Z k;, He BbIUMCIIAA 3apaHee BceX 3leMEeHTOB 3a-
j=1
naun (5.38)—(5.41).
3agauy (5.38)—(5.41) Gymem pemaTb MOIU(PUIMPOBAHHBIM CUMILIEKC-
HbIM MeTofgoM. IlycTh u3BecTHa maTpulla HaualbHOro Gasuca P aKcTpe-
P!
€;

MaJlbHOU 3a/lauu, COCTOAIlaA U3 m + n BEKTOpPOB Buaa , I3BECTHBbI

COOTBETCTBYIOINe 3TOMY Gasducy Beanuunsl B yeaoBusax (5.39), (5.40) u
BEKTOPBI
"y =P,

=T
rorec = (...cj...).
OGbLIUHbI MTepalMOHHBIA IMar MOAMGUIMPOBAHHOIO CHMILIEKCHOIO
Merona peutenud 3agaun (5.38)—(5.41) cocTOUT B OThICKAHMU TaKHUX HH-
neKcoB (j, k), 1A KOTOPBIX BBINOJHAETCA HEPABEHCTBO
- k < k_— k k
Aji = <Yapj) +(¥,ej) — ¢ =Y;+ <Y7pj> —c; >0,
k
Pj
e

BO BBelleHUU B 6a3uc P BEKTOpa |: :| U B BbIB€JE€HHWHN TaKOI'O BEKTO-

J
pa, 4yToObl HOBafAd CHUCTeMa cocTaBJjfja Gasuc. Hpouecc 3aKaH4YMBaeTcCH,

korga Bce Aj; < 0. OnHako mA Toro 4ToGbl BBIACHUTb 3HAKHM BEJIUYUH
Aj; cTaHmapTHBIM croco6oM, NoTpeboBatoch Obl MepeGpaTh Kojoccalb-

n
HOe UX KOJINYEeCTBO (Z kj —(m+ n)), IIpY BTOM CjefyeT 3HaTh Bce p;?
j=1
1, 3Ha4YUT, BCe YIJIOBble TOUYKH X.];
AIropuT™ mpegycMaTpUBaeT Takoil crnoco® BeiGopa A, MPH KOTO-
POM Ha RayKOOM Iiare cjenyeT pemaTb n 3aga4 JUHEWHOr'o IporpamMMu-
poBanua Heboabinoro oobema. Cleqya 3ToMy NpeloAeHUIO, Cpeau Beex
BO3MOHBIX Aj; HaxomAT HauGombimee A*, u ecin A* < 0, To mpouece
3aKaH4YMBaeTCcs — HalileHo oNTHMalbHoe pemenue. Ecin A* > 0, To ge-
JaeTcA cleqyIomuil mar.
Ilaa Toro uToGbl HaiiTu A*, cleiyeT B KasJOM MHOrOrpaHHHUKe Sj

o T o
HallTU Ty YTIOBYIO TOYKY X;’, B KOTOPOIi
Ajy; = max Ajks
a 3aTeM cpeu BceX Aj,. BhIGpaTh Hauboibliee, T. €. A*.

W3 noctpoenus mHomectB S;, W; u us Toro, 4To
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crenyer
Ajr; = max Ajp = max (yj + (A]Ty —¢j,X;5)).
Wi Sj

Wrak, uTepalnoHHbI MAar COCTOUT B CJIELYIOLIEM.
Jlns KaskOoro HOMepa j pelllaeTcsl 6CNOMO2AMEAbHAR 300a4a:
HaiiTh
T
max (A;y — ¢j,X;) (5.42)

pu yCJ0OBUAX
BJ‘XJ‘ = bj, X 2 0.

i o
Yepes x;’ oGosHauaeTcs pelenue sroil 3agaun. Takum oGpasom, moiy-

T1

4aloT Habop peleHuit X', X52, ..., X"

In,

rj . — .

3arem Bbrancasior Bee Ajy; (x;”) (j = 1,m) u HaXOmAT TOT HOMeEP 4,
17l KOTOPOr'0 JOCTUIaeTCs

max Ajrj (X;j) = Airi (Xri) = A*.

7
j=1n

Ecau A* < 0, To MoucK pelieHus 3aKaHYUBaeTCA.
Ecau A* > 0, To BBogAT B 6asuc P sKkcTpeMaibHO 3a1a4il BEKTOP
Aix:i
€
JIEKCHOT'O MeToja.

5.12.5. Hayaso aaropurma. [lisa Toro 4ytobnl HaliTWU MaTpully Ha-
vasnbHoro Gasuca 3agaun (5.38)—(5.41), npuMeHAeTCA METO UCKYCCTBEH-
Horo Gasuca (cMm. m. 5.3.2). BBogAT m + n UCKYCCTBEHHBIX ME€PEMEHHBIX
u; 20 (i = 1,m+ n) u pewaioT 3agady:

U BbIBOAAT cToJbel] o npaBujgamM MOI{[/I(I)[/IHI/IpOBaHHOFO CHUMII-

HalTu m4n
min Z W;
=1
IpU YCIOBUAX
n kj m
k _
DD Pjuk+ ) _eiui =bo,
j=1 k=1 i=1
k; (5.43)
Zvjk +um+j:1, 7 =1n,
k=1

vik 20, w >0, j=Ln; k=Lkj; I=Tm+n.

IIpu by > 0 (uTo He orpaHMUMBaeT OOLIHOCTH 3a4ayu) MaTpHLeil uc-
XogHoro Gasuca fIBJASETCA eIUHUYHAA MaTpUlla pPa3MepHOCTU M X 1, KO-
TOPOH COOTBETCTBYIOT 3HAYEHUA (U1, Uz, ..., Umin) = (bE,1,1,...;1) Ga-
3UCHBIX T€PEMEHHbIX.

Ilanee 3agauy pemaioT, MOAbL3YACh UBI0AEHHOM B MpeAbIAYIIeM MyHK-
Te NpoLegypoi.
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5.12.6. PacnpocTpaHeHue MeToJa Ha ciay4yail HeorpaHU4YeH-
HOTo MHos;ecTBa S;. B mpeanonosenun, uto S; — orpaHuYeHHbIe
MHOKeCTBa, U3JI0KEHHbII alropuT™, Kak Mbl BUJEIH, IPUBOIUT K JBYM
BO3MOKHBIM CUTYalUfAM, 8 UMeHHo, Korjaa A* < 0, T. e. HaiijleHO pelieHue
3amaun, uian Korga A* > 0, 1 B 3TOM cilydae [elaioT ouepefHol utepa-
LUOHHBIN IIar.

Ecin oTKasaTbesl OT NpeNoNoKeHNsl OrPaHNYEeHHOCTH MHOKECTB Sj,
BO3MOsieH ciay4ail, Korjga Ha ouyepeJHOM lLiare CHMILIEKCHOIO MeToda 06-
Hapy:;RuBaeTCs, UTo lieleBasg (QYHKIMA HeorpaHUUeHa CBEpPXY Ha Heorpa-
HUYEHHOM JONYCTHUMOM MHokecTBe (cM. cayyait IT B m. 5.1.3).

s BbIBOJA COOTHOIIEHUI, KOTOpbIe YKa3bIBalOT Ha HeorpaHUYeH-
HOCTb CBepXy LedeBodl ¢yHKuuW 3agadn (5.42), BCIOMHUM, YTO UTEpa-
LIMOHHBII ar CUMILUIEKCHOro MeTofa (B o6o3navyenusax nm. 5.1.2 u 5.1.3)
COCTOUT B IlepeXxojie OT yiie N3BECTHOH yIioBoil TOukM X c 6azucom B k
HOBOI TOUKe X Mo GopMyle X = X — Az, rie

B_lak
0

zZ = -1
0

Ecau Bosuuraer cayuyaii IT (em. n. 5.1.3), To npu mo6om A > 0 Toura
x = x(\) Gyner momyctumoii, u {c,x(\)) — +oo mpu A — +0co.

Mockoabky x — momycTuMas Touka, To Ax = AX — AAz = b, u Tax
Kak AX=b, T0 Az=0uz2>0.

[Mepexons & oGo3HaueHuaM 3agauu (5.42), MbI MOMydaeM CUCTEMY CO-
OTHOLIEHU

Bjz=0, z2>0, (5.44)
(ATy —cj,z) > 0. (5.45)

IIpouenypa MTepaUMOHHOrO IIAra peleHus SKCTPeMalbHON 3ana4uu B
3TOM cilydae COCTOMT B cilefyiomem: B Gasuc 3agaun (5.38)—(5.41) BBo-

AjZ AJ’Z
OUTCA BERTOP 0 . HO,H‘{epHHeMZ B 6a3uc BBOAUTCA 0 , a He
0 0
AjZ
o , IOCKOJbRY B 93TOM CjlIy4dae He BLINOJHACTCA COOTBETCTBYIOIIee
J

ycaoBue (5.40), Tak Kak MHOecTBO {x: B;x =0, x > 0} AB1fieTcA KOHY-
COM, 10601 2IeMEeHT KOTOPOro MPEACTaBIAETCS B BUME MOJOKUTENbHOM
KoMGuHaluu ero pebep (cm. m. 2.3.6).



'ITABA 6
METO/ IIITPA®HBIX ®YHKITUMI

6.1. Onucanue Meroaa

6.1.1. Kar npaBu/io, yucieHHble METOMbI pellleHus 3a1a4 6e3yCcI0BHOM
MMHUMU3aLUU U MEeTObI pellleHUsA 3ajady MaTeMaTHyeCcKoro NporpaMMu-
poBaHUA UMEIOT KauecTBEHHOEe pa3iuyue ¢ TOURU 3PEHUA UX TPYyHOeM-
Koctu. Tar, HanpuMep, BI06ABOR K TPYIHOCTAM, BOSHUKAIOMIUM B METO/Ie
rpaguenTHoro coycka (ria. 9, m. 9.5.1) peureHus 3aga4yu OThICKaHUA 6e3-
YCI0BHOTO MUHUMYMa, B MeTOfle YClI0BHOTO rpaauedTa (ria. 10, m. 10.3.1)
pellleHud 3afayu MaTeMaTHUeCKOro NporpaMMUPOBaHUA Ha Ka# oM UTe-
palMoHHOM Ilare MPUXOAUTCA ellle pellaTh 3a7ayvy JUHEHHOro Iporpam-
MupoBaHuf. B cBfi3u ¢ 3TUM BecbMa MepPCHEKTUBHBIMU MOTYT OKa3aThCA
NONBITRU CBECTU 3aJauy MaTeMaTH4yecKoro nNporpaMMHpPOBaHUA K MOCTe-
JOBaTeIbHOCTHU 3afa4 0e3yCJ0BHOI MUHUMM3ALUU.

6.1.2. Unesa memoda wmpagnuir gyHkyuti COCTOUT B ciienytomiem. -
XOAHYIO 3a/layy MaTeMaTU4eCKOro IporpaMMUpOBaHUA

)I(Iéig p(x) =m (6.1)

3aMeHAIOT 3ajavell o 6e3yCJ0BHON MUHMMU3ALUU OJHOIIapaMeTpUYeCcKoii
(pyHRUUU

M(x, 8) = ¢(x) + 5 V(%)

aubo 3agaveit MuHUMu3anuu ¢yHriuu M(x, ) Ha HEKOTOPOM MHOMSECT-
Be I' Gomee mpocToit CTPYKTYpPbI (¢ TOUKM 3PEHUS YHMCIEHHBIX METOMIOB
MUHUMHU3aLUK), YeM ucxogHoe muozxectBo X . Ilpu aTom dyHKIUIO ¥(X)
BbIOMpAIOT TakuM 00pa3oM, 4TOObI pellleHue 3agadu

min M (x, B) = m(f) (6.2)

cxoauiaoch nmpu 3 — 0 K pelleHUIo UCXOAHOMN 3a/1auu WU, eclii 3To obec-
NeYuTh He yaaeTcs, TO N0 KpaitHeil Mepe, 4To6bl m(3) — m npu S — 0.

Hrar, meTon mrpadHbIX QYHKIUI COCTOUT B MOCTPOEHUU (QYHKIUU
M (x,3), B BbIGOpE TOCIEI0BATENBHOCTH {f)} U B pelleHHH COOTBETCT-
BYIOIIUX 3TO# MociefoBaTelbHOCTH 3a1a4 Buga (6.2).



104 I'n. 6. Memod wmpagnvir @yrnryuil

6.1.3. PaccMoTpuM cienymoomuit BUa 3agaHusa MHoO;ecTBa X :
X ={xeTl: f(x) > 0},

rue
fT(x) = (fl(x)7 fg(X), ey fm(x))a

a MHoskecTBoO I o6i1aaeT, Kak 06 3TOM rOBOPUJIOCH BBIIIE, IPOCTON CTPYK-
typoit. Rak npasuio, I' = E,,, u toraa au6o (6.2) saBagerca 3agayveii 6e3-
ycaoBHON MunuMusanuu, an6o I' = {x: x > 0}, mubo I' = {x: a < x < b}.
B o6oux nociennux ciyuasx 3agaHufa MHOxusecTBa [ CI0#HOCTH MHOTUX
YHCIEHHBIX METO0B pelueHus 3agadu (6.2) mpuMepHO Takas e, YTO U B
ciaydae, korga I' = F,,.

6.1.4. Onpenenenune. HenpepbiBHYIO PYHKIHIO

1
B,L/}(X)a

onpepenennyio 1if Becex X € I' u 8 > 0, 6yneM HasbIBaTh wmpagdiom, eciu

1(x) TaroBa, 4TO
Y(x) =0 nasBcex x € X,

P(x) >0 naaBeex x eI\ X.

Becbma muporoe npuMeHeHMe HAaXOAUT CJAEAYIOMUN BLIGOD (BYHK-

nu 4(x):

(6.3)

$(x) = |min{fi(x),0}|", p>0. (6.4)
i=1

YenoBusi (6.3) mpu TakoM BbiGope (GYHRKIUM t)(X) ¢ OYEBUAHOCTHIO
BBIMOMHAIOTCA.

MoskHO caeqyiomuM 06pasoM HarisgHo MPOWLIIOCTPUPOBATL METO[
mTpadubix pyurnuii. Ilycts

X={z€E:a<z<b}
Torga
Y(z) = [min {b — z,0}]” + [min {z — a,0}]", p=2.

1
Ha puc. 6.1 usobpasena GyHRUMsA — 1) () A7 ABYX Pa3IUUHbIX 3HAUEHU

B
B: B> B2 >0.

Mycte ¢yuruns ¢(z) auneiina. Ha puc. 6.2 uso6paskeHbl QpyHKIUN
M(z,01) u M(z,32). Tousu yz, 1 Yz, ABIAIOTCA peIIEHUAMH COOTBET-
cTBytomux 3aga4 Buga (6.2), T. e. ToukaMu aGCOMIOTHBIX MUHHMYMOB
oyuruuit M(x, 1) u M(z,(32). Yepes y o6o3HaueHO pellleHHe HUCXOMHON
3agaun (6.1), T. e. TouKa MUHUMYMa JTUHEHHON QYHKUNY ©(2) HA OTpe3ke
[a,b]. U3 puc. 6.2 BugHO, uTo mpu B, — 0 COOTBETCTBYIOMWME TOUKU Y3,
CTPEeMATCA K TOUKE Y.
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Fr@)
L y(z)
A \ L)
\& Z
O a b T
Puc. 6.1
M(z, ﬂ)A

o(z)

M(z, 8,)
\

|
|
|
|
|
|
|
|
Iy
b

At
o y@l yﬂz a=y

Puc. 6.2

Jlpyrum npumepoM BbiGopa 1 (X) sABaseTcA QyHKIUA
(x) = exp { 3 |min{ i), 01"} ~1, p>0.
i=1

6.1.5. Ecau 3amaua (6.1) siBasieTcsl 3aavell BBIMYKJIOrO MPOrpaMMu-
poBaHuf, T. 6. GYHKIUA @(X) BbITYKIa, GYHKIUKU f;(X) BOTHYTHI, 8 MHO-
sectBo [ BeImyKI0, TO dyHRIUA 1 (X), onpeneneHHas Gopmyioi (6.4),
Gyner BeIMyKJIOi mpu p > 1 Ha muoskecTBe I, u 3amava (6.2) cranoBuTCA
3aadeil 0 NOUCKe MUHUMYyMa BbINYKIoH pyHruun M (X, 3) Ha BbITyKIOM
MHoskecTBe I

6.1.6. UHorna 3amauy

mip ¢(x),

rae

={x € E,: f(x) > 0},
3aMeHAIOT SKBUBaIEHTHON 3agavyell 0 MUHUMHU3ANUU (X) IPU YCIOBUAX
f(x) —u=0uu >0, aB rayecTBe wWrpada BLIGMPAIOT KBAAPATUYHYIO
(pyHRIIUIO

5 e = Z£6) —ulf”.
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Torua (62) CTaHOBUTCA 3ajaveil 0 MUHUMU3ALUU (l)yHHL[I/II/I
1
M(Xa u, ﬁ) = (p(X) + B ¢(X, u)

Ha MHO}KecTBe X € E,, u > 0.

6.1.7. Beibop mTpacda ciaenyet cornacoBaTh ¢ MeToJaMH MUHHMU3a-
uuu ¢pyusuuu M (x,3), a 3HaYUT, KaK Mbl YBUAUM U3 AalbHEHIINX TJaB,
cleqyeT YUUThIBaThb IIaJKoCTh HTpacda, MPOCTOTY BLIUMCIEHUA 3Hade-
uuit pyusuuu M (x,3) 1 ee NpOU3BOAHBIX, CBOWCTBA BBIMYKIOCTH U T. [I.

3ameTum, uto npu p = 1 y GyHKUMHU, onpeneneHHoii dopmyioit (6.4),
MOKET MPOUB0ITHU MOTeps INIaAKOCTU IO CPaBHEHUIO CO cilydaeM, Koraa
p = 2. Tar, naa npusBegeHHoro B 1. 6.1.4 npumMmepa HeTpyOHO y6equThes,
4yTo GYHRUUA

Y(z) = |min{b — z,0}| + | min {z — a,0}|

HeaudpepeHLpyeMa B ToUkax a u b.

6.1.8. Hakxonen, o HazBaHuu MeTofa. TepMuH “MeTon MTpadHBIX
GYHRIUNA” ABIfgeTCA BeCbMa eCTECTBEHHBIM, OCKOJIbKY OH MOACHAET CYTh
MeTo/a: 3a HapylleHle orpaHlyeHni, T. e. korga x € I'\ X, dyHkuusa ¢(x)

“mrpadyerca’ Ha BeIUYUHY %Q/J(X).

6.2. TeopeMbl 0 CXOAUMOCTH

6.2.1. dyHKUIUIO
U(x,3) = Bo(x) + ¥ (x),

onpefeleHHyo 1 Beex 3 > 0 Ha mHOMecTBe [, 6y1em Has3bIBaTh wmpag-
noti gynryuers 3agaun (6.1), ecnn 1 (x) yooBaerBopser ycaoBuam (6.3).
O4yeBUIHO, YTO

U(x,B) = BM(x, B).

3aMeTuM, UTO TaKkoil BUJ mTpadHOil GYHKIUU HECKOIbKO 3aTyIIeBbIBa-
eT ee (pU3NYECKUIl cMbIcH — MITpadoBaHUe 3a HapyllleHle OrpaHUYeHUid,
OHAKO M3 AajbHeHlero ctaHeT fCHO, YTO MPU YUCIEHHON peaiu3aiuu
MeTo0B MuHuMu3anuu byusuun ¥(x, 3) takoil ee Bun obnagaer B pse
cirydaeB MPeMMyNIeCTBOM Mo cpaBHeHuto ¢ M (x, ).

IIycTs

yp =argmin{¥(x, B)x € I'}, Vs ={ys},
y = argmin {¢(x)|x € X}, Y ={y}.

YrBepmaenue. Ecau yg € X, mo yg €Y.
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lleficTBUTeNbHO, Tak Kak y3 € X, To

min M(x, 8) = M(y5.8) = 0(y) < o¥) + 39(¥) = ¢(y) < 0(¥2).

ciemoBartelbto, ¢(y) = ¢(yg), a sHauut, y € Y. A
6.2.2. Teopema. Ecau cywecmsyiomy uyg, mo

[131_% \I’(Y,@a ﬂ) =0, (65)
tim (y5) = 0. (6.6)

HowrasateabcTBo. 1. Ilokamem, uto npu 31 > (32 > 0 cpaBemauBo

HepaBeHCTBO
1

3 V(W B) < 5 Pva, Bo). (6.7)

U3 toro, uto
lII(Y,@laﬂl) = I)EIEIF‘I,()Q ﬁl) < W(Yﬁmﬁl)a

N M3 HepaBeHCTBa

1 1

E ¢(Yﬁ2) < E w(Yﬁz)
cienyetr

1
B

llanee, Tar rak ¥ (y) = 0, To

U(ygs,3) < ¥(y,B) = Be(y) +¥(y) = Be(y),

U(yp,,01) <elyp,) + i U(yp,) <e(ys,) + ﬁi U(ys,) = ﬂl U(yp,,B2)

L
B

Otciopa 1 u3 (6.7) (T. e. U3 MOHOTOHHOCTU N0 (3 GYyHKUNH

U(yg,3) < o(y)-
1

B (yﬁaﬂ))

cjleqyeT cyllecTBOBaHle KOHEYHOIl BeJIUYNHbI
.1
P* = lim =¥
5—0 ﬁ (yﬁa /3)’

a 3HaYUT, U CIpaBeIMBOCTL yTBepskaeHusa (6.5).
2. [MoraseMm cHavada, yto npu 31 > B2 > 0

0(ys,) < @(¥p.)- (6.8)

W3 HepaBeHCTB
\I,(Yﬁl ’ 51) < \I’(Yﬁm ﬁl)v
<

lI’(Yﬁ2w32) ‘I’(Yﬁl,ﬂg)
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cnenyeT
Bro(ys) +¥(ys) < Bro(ys,) +¢(ys,)

Bo0(¥p,) +U(y8,) < Bap(ys,) + ¥ (ys,)-

CrJjaabiBasi 3TU HepaBeHCTBa, IojJy4dyaeM

(Br = Bo)lp(ys) — ¢(ys.)] <0,

u Tak Kak 31 — B2 > 0, T0O

<
<

o(ys,) — o(ys.) <0,

T. e. UMeeT MecTO (6.8).
Nanee, tax rak ¥(x) > 0, To

olys) < elys) + %WYﬁ) = %‘I’(yﬁ,ﬂ) <o

Otciona u u3 (6.8) (1. e. U3 MoHOTOHHOCTH @(y3)) CledyeT CylecT-
BOBaHME KOHEUHON BEIMYMHDI

* = i .
@ 6{)1})@(3'6)

A snauut (cM. (6.5)),

li = lim [¥ — =0. A
lim (ys) = lim [¥(ys, 5) — Be(ys)]

Tenepb fiCHO, YTO OJfA BBIUKMCJIEHUA 3HA4YeHUI mrTpadHoil GyHKUUU
yaob6eH BUJ

U(x,8) = fe(x) + ¢ (x),

nockonbky Bp(ys) = 0 u 9(yg) — 0 ¥ Hpu BbIUMCIEHUM 3HAYEHUl
U(ygs,3) cyMMupyIOTCA GIN3KME BEINYNHEL

Ipu yucieHHON peanusalud MeTofa WTPadHbIX (YHKIMNA BO3HUKA-
10T MpoGieMbl BbIGOpa HaYalbHOrO 3HaueHus [y napamerpa 3 u crocoba
uaMenenua . ClI0HOCThL 3[eCh COCTOUT B cieqyomeM. Beibop gocta-
TOYHO Maloro 3y JaeT BO3MOMHOCTb HaleATbCS, UYTO yg3, OyaeT OIU3KUM
K y. OIHAKO CKOPOCTh CXOOUMOCTH I'PaJUEeHTHBIX METONOB BLIYMCICHUA
Touek MuHuMyma ¢yHruun ¥(x,3), Kak npaBuio, najaer ¢ yObIBaHHEM
Bennuuibl 3. Boibop e Goabumoro [y BemeT K 00paTHON KapTHHe.

6.2.3. B nanbueiimeM Mbl GyneM NpeoycMaTpUBaTh BO3MOMKHOCTD
NpUGIMKEHHOIO BbIUMCIEHUA TOUKU yg. O6o3HauuMm ¥(yg, ) = ¥*(5)
u OymeM MpeanojgaraTh, YTo AJIA KaiJoro sHadeHus mapamerpa (3 > 0
onpepeseHa Touka y3 € I' takas, uto

(ys,B) < T(B)+C(B), <(B)>0.
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6.2.4. Teopema. Ecau cywecmsyomy, yg u ((8) = 0 npu 8 — 0,
mo
Jim ¥(ys,8) =0. (6.9)

Ecau, kpome mozo, gynkyus p(X) 02paHU"EHA CHU3Y HA MHOMcECTBE
{¥3} 0aa scex docmamouno maavix 3 >0, mo

lim ¥(5) =0. (6.10)

,H OKa3aTeldbCTBO. HepBOG yTBep#aeHne TeopeMbl, OYeBUAHO, Clie-
ayeT 13 HepaBeHCTBa

Q(Yﬁ%ﬂ) < \I](yﬁaﬂ) < ‘I'(yﬁa/j) +<(6)

1 cooTHomenus (6.5).

[MockoabKry
0<9(yp) = ¥(ys,B) — Be(ys),

To u3 (6.9) 1 u3 orpanuyeHHoCTH cHU3Y GyHKRUNY (¥ 3) caeayeT (6.10). A

6.2.5. Teopewma. Fcau:

a) o(x), fi(x) (i =1,m) u(x) nenpepvisrv na T

6) cywecmeyrom'y uys oan scex (3 > 0;

B) cywecmeyem 3amiHymoe u ozpanuieHHoe mHuoxecmso G C T' ma-
Koe, umo yg € G daa ecex docmamouno masvix 3 > 0;

B

r) fm =g =0

mo

}ali% 0(¥p) = »(¥), }g}) p(¥s,Y) =0.

3necsh, kak u panee, ¥ = Arg min{p(x): x € X}.

loxasaTeabcTBo. [IpeanonosuM, 4To TeopemMa HeBepHa, T. €. Cy-
LIeCTBYIOT Takoe uncio d > 0 u Takas nociegoBatensHocTs {3} — 0 npu
k — oo, uto mas Bcex k = 0,1, ... 6yieT BbINOJIHATLCA HEPABEHCTBO

lo(¥s.) — #(¥)] > 6.
Tar war t(x) > 0 mas Beex x, a ¥(y) =0, To

5k@(§ﬁk) < 5k4p(§ﬁk) + ’(p(yﬁk) = \I’(yﬁkvﬂk) <
< Uy, Br) + C(Br) < (Y, Br) + C(Be) = Bre(y) +((Br).  (6.11)

[ockoabry ¥, € G, To, He U3MeHAA HyMepaluu, GygeM HojaraTh, 4To
lim yg, =Y.
k— o0 Yy y

Toraa us (6.11) u U3 ycioBUA T') MOMyyYaeM, YTO

o(¥) < o(y)-
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Ho nemnpepbiBHasg QyHKIUA (X) orpaHuyeHa CHU3Y Ha MHOkecTBe GG
(cM. ycnoBue B)) mias gocTaToyHo Maibix (i > 0, M03TOMY, B CHIY Teo-
pemsl 6.2.4

¥(y) = lim ¥(yg,) =0,
k—o0
u, ciefioBaTelbHo, y € X, OTKy/a MPUXOAUM K PaBeHCTBY

e(y) = ¢(y),

IpOTUBOpeyalieMy MpeanoloHeHulo.

W3 mpenbimyiiero o4eBUOHO, YTO Ji0Gasg TpefeibHas TOUKa U3 Ce-
MelicTBa {y3} MpUHAAIEHUT MHOMECTBY Y.

[Ipeanonomum, uyto yTBepaenue p(yg,Y) — 0 (8 — 0) neepno. Tor-
Ia HajioyTca Takoe 4ucao € > 0 u Takas mociefgoBaTedbHocTh {yg, } C
C{ys},uro p(¥s,,Y) >e naaBeex k=0, 1, ... B cuay ycioBus B), He yMa-
Aff OGIHOCTH, MOMKHO CUUTATh HOCAeA0BaTeNbHOCTh {y 3, } cxoasaueiicsa
K HeKkoTopoii Touke y. Ho, Kak MblI Bugeau, y € Y, U, 3HaUuT, cripaBel-
auBo cooTHouenue lim p(yg,,Y) = lim p(¥3,,y) =0, npoTuBopeyaiiee

k— o0 k—o0

[PEANOIOMKEHNI0. A

CaneactBue 1. Ecau {yg} € I'\ X, mo awbas npedeavnaa moura 'y
npunadaexcum nepecevenuto epanuuyst G(Y) mmuomcecmsa Y u epanuyw
G(X) muomncecmsa X .

lleficTBUTENbHO, MOCKOABKY p(¥g,Y) — 0, 3 — 0, To m06as npenenb-
Hafd Touka y cemeiictBa {y3} npunagneskut muomectsy Y. Ho {yz} €Y,
clleoBaTeNbHO, y HE MPUHAMIEKUT BHYTPEHHOCTH MHOKeCTBa Y, U M03-
Tomy ¥ € G(Y). Ananoruuso nokaseiBaetes, uto y € G(X). A

CaenctBue 2. Ecau'Y C int X, mo Hatidemca makoti Homep |, umo
yp €Y.

JleficTBUTENbHO, ecin 9TO He Tak, To (em. . 6.2.1) {yg, } C T\X, u
mobas npegenbtas Touka y € G(Y) N G(X); snaunt, G(Y) NG(X) # 2.
IIporuBopeune. A

3ameuanue. Eciu ¢(x) un ¥(x) Beimyrasl u Y C int X, To npu
mo6om 3 > 0 6yner yz € Y, nockoabky us Boimykiaoctd M(x,3) u us
yeaoBua Y C int X caepyer, uto Y = Arg min {M (x,0): x € T'}.

6.2.6. O ckopoCcTH CXOAUMOCTH MeToa MTpaPHbIX QYHKIUIA.
O6oznaunM f(x) = min f;(x). IlycTs:

=1,

a) p(x) u fi(x) (i = 1,m) HenpepbIBHBI Ha BBITYKJIOM U 3aMKHYTOM
MHOecTBe [

6) cylecTBYIOT y U yg 0Js Bcex [ > 0;

B) cyliecTByeT Taroil komnakT G C I', uto y3 € G mas goctaTouHo
MaJjlbIxX 3HauyeHuit 3 > 0;

r) (x) =Y |min {f;(x),0}]", p>0;

o) |p(x1) — p(x2)| < Lp(x1,X2) oaa 106X X1,X2 € T
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e) cymecTByoT uncia 6 > 0 u « > 0 Takde, 4TO AIA BCeX X €
€ Us(X)\X 6yner |f(x)| > ap(x,X), rae Us(X) = {x eI p(x,X) <d}.

O6osuaunm A(B) = ¢(y) — %‘I’(yg,ﬂ).

6.2.7. Teopema. Ecau svinoansiomes ycaosus a)—e), mo npu p < 1

Hatidemca makoe docmamoyuHo maroe 3nadenue (3 = [, umo 0dia ecex
B € (0,5] oydem A(B) =0, a npu p > 1 6ydem cnpasedausa oueHka

1/(p—1
0<a@ <op/on,  c=r(Z)""V -1,
paP p
npu ecex docmamouro marvix 3 > 0.

loxaszarteabctBo. Ecinys € X, to (em. 1. 6.2.1) yg € Y, B cuy
yero A(B) = 0.

IIycts yg € T\ X. Tar kak yg € G u G — KOMIaKkT, TO U3 Teo-
pemsbr 6.2.5 crenyet p(yg,X) = 0, 8 — 0 (cMm. n. 6.2.5, cregerBue 1).
[lostomy mas pmocTaToyHo Manablx 3HaueHuit [ Gyner yg € Us(X)\X.
ITo npennonoxeHuIo I STUX 3HAYEHUN Y3 BBIIOIHAETCH YCIOBHE €).

O6o3HayuM uepe3 Vg MPOEKLUHUIO TOUYKU y3 Ha MHOMeCTBO X:

p(ys,X) = p(ys,vp). 3ametum, uto

>~ | min {fi(ys), 0} > \ min_fi(ys) Tl
i=1

Hanee,
5. 8) = p(ys) + 5 D | min {i(ys). 0}1" >
i=1

> p(vs) = lp(va) = o(¥o)l + 5o >

oP

> ¢(y) — Lp(yg, vp) + %p[p(yﬁ,X)]” =o(y) - Lp+ 5 .

D
3necnb p 2 p(yg, X). Urar, A(B) < p(L - %p”‘l)-

Ipu 0 < p < 1 (nockombky p — 0 mpu 3 — 0; cMm. Teopemy 6.2.5),
pP~1 = +00, u, cienoBaTenbHO, HallAeTCA Takoe, BOOOLIE FOBOPS, A0CTa-
TOYHO Majoe 3HaueHue (3, uyto maa moo6uix 3 € (0, (] oyner A(B) < 0 u,
3Hauut, A(f8) = 0.

Ecmup=1, 1o A(B) < p(L —a/B), unpu B < a/L 6yner A(B) =0.
Haxowner, npu p > 1 BbIMoiHAETCA HEPABEHCTBO

o ) _ 1/(p—1)
A(ﬂ)Srggg(L/} ﬂp)—Cﬂ ;

L )1/(17*1). A

Tak Kak MaKkCUMYM JOCTUTraeTcCA Ipu p = (—p
yyes
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3ameuanue. Ecan B KauecTBe 1)(X) BblOpaHa 3KCMOHEHIMalbHAas
pyHRUIUA

m
Wix) = exp { D [min {£i(x), 01"} - 1,
i=1
TO U3 HepaBeHCTBa €Y > 1+ y cliefyeT crpaBeqInBOCThL TeopeMbl 6.2.7 u
B 9TOM ciyyJae.

6.2.8. [IpakTuKa NoKa3bIBaEeT, UTO B ClIyyae IPUMeHEeHUA BecbMa pac-
IpocTpaHeHHbIX HiTpadoB Buaa (6.4) ¢ yMeHbileHHeM BeIuuuHbl 3 CXO-
OUMOCTh CYIIECTBEHHO 3aMefIfeTcs U, KpOMe TOro, yCUIUBaeTCA BIUf-
HUe omUGOK OKPYTJIEHUA Ha KaIoM Iiare 6e3yClIOBHOW MUHUMU3AIUU.

[Mono6Has cuTyanusa BO3HUKAeT B CUIY LI€J0r0 pfija MPUYNH, HAlpU-
Mep, u3-3a Toro, 4to wrpad Buaa (6.4) He yIUTHIBAET 0COGEHHOCTHU CTPY K-
TYPbI IOMYCTHMOT0 MHOKECTBa, U3-3a OBpazHoro Buaa oyuruuu M (x, 3)
u 1p.

Kar npaBuio, npueMbl, B KaKoi-TO CTeNeHU HCIpPaBIAIOINE MOJI0He-
HUe, T. €. TO3BOJAIONINE YCKOPUTh MPOLECC MOMYUeHUs TOUKU y C 3a/aH-
HOIl CTeneHbi0 TOYHOCTHU, HOCAT HBPUCTUYECKUII XapaKkTep U OMUPalOTCA
Ha OMBIT U UHTYUIHUIO crieluanucToB. [efqatoTea Tak: ke NOMBITKY ITPeio-
JMUTH CTAHAApTHBIE MPUEMbI, YIyUIlaloniie HeKOTOpble XapaKkTepPUCTUKU
MeToja.

Caenyromuit BbIGOp wmTpadHOil (QYHKIUU TrapaHTUPYyeT KOHEUHOCTh
MeToja npu Jo6oMm p > 0:

F(Xvﬂ) = 1 m 1 m
= p(x) + 5 3 | min {£i(0, 0} + 3 3 [min {£i(x), 0}|'/7. (6.12)
i=1

i=1

U3 noraszatenncTBa TeopeMbl 6.2.7 cienyeT, 4To
1 _ _
0<AB) =¢(y) - Flys, 8) < p[L - @ +allrptl 1)]-

Ilpu p =1 6yner A(B) < p(L — %) u, crepoBatensHo, A(S) = 0 man

JOCTAaTOYHO MaJjlbIX 3HaUeHUuil [3.
OueBuaHoO, YTO Npu p # 1 6yner

%(a”pp*1 +a'/Ppt/Phy 5 400 mpu B — 0.
M nocronbky p — 0 mpu 3 — 0, To Ipu MajbIX 3 MbI ONMATH MTPUXOAUM
K curyanuu A(S3) = 0.
Urax, nasa moGoro p > 0 HaiiieTcsa Takoe sHaueHue (3, 4TO IpU BCex
B € (0,08] 6ymer A(B) = 0. Ilpu sToM cilleayeT ouaaTh, YTO YeM Janblie
oreTout p oT 1 (1ub0o B CTOPOHY HYJIfA, IUGO B CTOPOHY +00), TeM paHblie
nactynut curyauusa A(S) = 0.
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Onnako [sA Toro, 4toGbl UccleqoBaTh IyGe 3TOT BONpPOC, HEOOXO0-
OUMBbI Gojlee TOHKME OLEHKU, [V BbIBOJIA KOTOPBIX TpeGyeTcs yUUThI-
BaTh BUA GYHKUMK f;(X) M NPUHALIEKHOCTh TOYKU Vg COOTBETCTBYIO-
muM orpanndenuam f;(x) > 0.

6.2.9. y-MmamopupyemocTb. Kak 6b1710 cka3aHo B 1. 6.2.7, Ha cxXoqu-
MOCTh MeTofia mTpadHbIX QYHKIMII CyleCTBEHHOE BIHAHNE OKa3blBalOT
cBoiicTBa (pyHrimit f;(x). Ilpu BoiBoge onenku Bennuunbl A(S) B 1. 6.2.7
CYLIECTBEHHO UCIO0Ib30BaI0Ch CBOICTBO €). OcTanoch HesICHbIM, KaK Ipo-
BEpUTD, BBLINOJHAETCA M yCIOBUE €) LA KOHKPEeTHOro MHo;secTBa X.
[okasmeMm, 4To B psfle caydyaeB 3TO yCIOBUE 3aBeIOMO BBIMOJHAETCH.

Ecau gynryuu f;(x) (i = 1,m) 60enymovl u HenpepvieHbL HA 6bLNYKAOM,
3aMEHYMOM U 02paHuderHHom mHoxcecmee [ a mnoucecmeo X = {x € I':
fi(x) = 0,i=1,m} peeyaspro no Caeiimepy, mo naiidymca makue wucaa
0, a > 0, wmo das ecex x € Us(X)\X Oydem

f(x)] =

min_fi(x)| > ap(x, X).
i=1,m

HoraszaTeabcTBo. [lockonbky MHOMecTBO X peryaspno no Cieii-
Tepy (cM. m. 3.4.3), To cymecTBYIOT Takasa Touka X € X U TaKoe YUCiIo
A>0,uro fi(X) 2 A (i=1,m). Iycts x e T\ X, 1. e. f(x) = min f;(x) <

i=1,m

< 0. Ha orpeske [X,x]| Haiimerca Touka z Takas, uto f(z) = 0. [laa
BOrHyTON (pyHKIMHU f(X) cnpaBelMBO HepaBeHCTBO (cM. M. 2.4.14)

f(z) = f(x) S f(x) — f(2)

x> k-l

)

1 Tak Kak ||z — X|| < r = diamT < +o0, TO

169 < 222 pq) < =2z — x| < = 2px, ).
[[x — 2] r r
Takum 06pa3oM, yCiIOBHe €) BBINOJHAETCA MIPU o = A/T.

HetpynHo Tak:ke DoKaszaTbh, YTO YCJIOBHE €) BBLINOJHSIETCA B Ciydae,
Koraa f;(x) — auHeiiHble GYHKUUK. 3HECh YK€ PErylspHOCTb MHOMKECT-
Ba X He TpeOyeTcH.

Hepenku ciyuau, Koraa HepaBeHCTBO |f(x)| > ap(x, X) He BBINOIHSA-
eTcs, HO cIpaBelJIMBO cooTHourenue |f(x)| > afp(x, )]’Y IpU HEKOTOPOM
v > 0.

Onpenenenue. MuoskectBo X ={x €I f;(x) >0, i=1,m} 6ynem
Ha3bIBaTh 7y-MAHCOPUPYEMbLM, €CTU BBIMOMHSAETCA YCIOBUE

IF(x)] Z alp(x, X)]", a>0, 7>0,

nasa Beex x € Us(X)\X.
Hanpumep, eciu n = 1, m = 2, fi(z) = —2°, fo(z) = (x +1)3, 1o
nonyctuMoe MHoxecTBO0 X = [—1,0] Gyner y-MamopupyeMo npu y = 3.
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Ecnu nas KoHKpeTHOro MHokecTBa X M3BECTHA BeJlWYWHA 7Y, TO NPU
BoIGOpe mTpada Buaa (6.4) onenka norpemuoctu A(S) Gyner, 04eBUIHO,
BBITJIAIETh CJAEIYIOMUM 00pa3oM:

§1(8) =CpYOP=Y) mpu 4p > 1,
o<a@ <) 2> (6.13)

npudeM B ciaydae yp < 1 CylecTBEHHO yC/IOBHe KOMIAKTHOCTH MHO-
mectBa . flcHo, yTo, HanpuMmep, npu v = 2, p = 1 npumenenue mtpada
Buja (6.4) He rapaHTHpyeT KoHeuHocTH mpouecca. Juub mpu 0 < p < 1/2,
T. e. IPY UCIOIb30BaHUU mTpada ¢ JpoGHBIM MOKa3aTeleM, YUCIO MaroB
no $ 6yneT KOHEUYHBIM.

Ecan mbl npumenum mrpad ¢ apoGHbIM mokasateiaeM 1/p, p > 1, To
nas1 Beanunnsl A((3) Gyner cnpaBelyBa oLeHKa

62(8) = CpY/OP mpn 4 >p>1,
o<a@<{ g e 122

3aMeTI/IM, 4qTo (51, 52 CBA3bIBaeT cjleaylolee COOTHOIIEeHe:

5y = 6{7(%)—1)/(’7—1’)
u npu vy > p > 1 BeauunHa

_pp—-1)
¢= y—p

6yner Goablie equHULbI. Takum 06pa3oM, 3aBUCUMOCTh 0y = 65, ¢>1,
XapakTepusyeT CKopocTh yObiBanus Beauundbl A(G) mpu v > p > 1 B
nosb3y BbIOOpa mTpada ¢ IpoGHBIM NMoKazaTeleM. B To e BpeMs mpumMe-
HeHMe Takoro mwrpada IpUBOIUT K MoTepe Beimykiaoctu GyHruun ¥(x, )
U MOjKeT NPOTHBOPEYUTH MPelIoJO#EeHUIO O CyIeCTBOBaHUU TOYeK Yyg3.
Hanpumep, npu v = 1, p = 1/2 ouenra

1

A(B) < sup (Lp - —\/ap) = +00
p>0 ﬂ

He JaeT cojep:kaTelbHOll MHpOpMalUuU, U, B YACTHOCTU, €CJIU pellaeTcsA

ofiHOMepHas 3agada min(—x) npu yciosuu —z > 0, To

M(z,8) = —x+ % |min{—2,0}| u inf M(z,p) = —oc.

Mb1 Bugum, uTo npuMeHenue mrpada Buma (6.4) kak npu p > 1, Tar
unpu 0 < p <1 Bobmem ciayyae y-MazKopupyeMOCTH 4acTo ObIBaeT He-
onpaBAaHHbIM. B cuiy 3TOro uMeeT cMbICI IPUMEHATH KOMOUHALIUIO 3TUX
wTpadoB Buna (6.12), obragaiomyio B ONMpeaeleHHOM CMbICIe CBOHCTBOM
YHUBEpCAIbHOCTU, @ UMEHHO COXPaHAIOTCA JTOCTOMHCTBA 000UX MITpadoB
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U YCTPAHAIOTCA HEKOTOpbIe UX HemocTaTKU. MOKHO [0Ka3aTh, UTO MpPU
JOCTATOUHO OGIIUX MPEANONOMEHUAX (Y-MamopUpyeMocTh, BOTHYTOCTh
fi(x) u mp.) pyuruua F(x,[) npu manbix § yHUMOZalbHA.

Ciemyer ckaszaTh, 4TO HaliTU BEeAMYUHY <y B 00lIeM cilydyae NMpaKTH-
YeCKHU He y[JaeTcs, B CUIy 4Yero fasie npuMeHenue mtpada (6.12) He ra-
paHTUpyeT KOHEYHOCTH MeToja mo (3, 4TO BUAHO U3 HepaBeHCTBa

0<A®B) <plL- %(appw—l +allrpr ) ps 1.

6.2.10. Teopema. Ecau dynryuu @o(x) u (X) evinykiv. Ha 6cem
npocmpancmee E,, a muosecmeo Y = Arg min {p(x): x € X} nenycmo
U o2paHuyieHo, mo cyuwecmeyem makoe docmamouno maaoe Fg > 0, wmo
muomecmeo Yg = Arg min {M(x, 5): x € E,} oepanuieno 8 cogokynroc-
mu npu secex (3 € (0, Bo].

HorazaTenabcTBO. PaccMOTpUM HEKOTOpYIO TOUKY y € Y u mo-
rpy3uM MHO#ecTBo Y B map H KoHe4YyHOro paguyca r ¢ LeHTPOM B TOU-
Ke y Tak, 4To0bl Y C int H. O6o3naunm yepe3 GG rpaHuily MHozectBa H.

Ecan mbr goramem, uto M(z,[) > M(y,B) = ¢(y) nas Bcex z €
€ G, B € (0, 0], To us Bemmyraocru Gpyuruuu M (x, ) Gyaer cienoBarhb
HepaBencTBO M (x,3) > M(y, ) nas Bcex X ¢ H, MOCKOJbKY €Cly Mpe-
TOJIO}KUTD CyleCTBOBaHue Tarkoro x ¢ H, uro M(x,3) < M(y,3), To or-
pesry [x,y] 6yzeT npuHaiie;kaTh HeKoTOpas Touka z = A\x + (1 — \)y €
€ G (0 < A< 1), u MbI npuxoauM K cooTHouenuio M (z, ) < AM (x,3) +
+(1-MNM(y,B) < M(y,B), nporusopevamemy yciosuio M(z,[3) >
> M(y, ). U3 toro, uto M(x,3) > M(y,3) Vx ¢ H, cienyeT BKIO-
yenune Yp C H, tar rak M(yg, ) < M(y,p) (em n. 6.2.2). CymecTtBo-
Banue yg nas seex J € (0, o] oueBunHo, nockoabry ¢yuxuusa M(x, )
JocTUraeT MUHHMMYMa B HEKOTOPOH TOUKe ys Ha 3aMKHYTOM U OrpaHi-
YeHHOM MHOKecTBe H, a BHE 3TOr0 MHOKECTBA BBINOJHAETCS HEPAaBEHCT-
B0 M (x,0) > ¢(y) = M(y,B) > M(yg,3). Urak, crenyeT njokasaTb, 4TO
M(z>6)>M(Y7/3) VZ€G7BE(OH60]'

1. IIpeanonoxsum, 4To MHOmecTBO X orpaHuyeHo, a BelUUUHa pa-
nuyca r chepbl G TakoBa, utro X C int H. O6o3Hauum p = Hélél p(z) n

z

v= miél ¥(z). Tak rar v > 0, To HaiizeTca Takoe (g > 0, 4TO 4asA Beex
4SS

z € Gupe(0,B] Gyner

—w< ) > ; b(z )2%V><p(>')—u,
M(zB) = ole) + 5 0(2) > ptply) —p = M(y. )

2. Mycrs muosectBo X HeorpanndeHo. M3 orpaHMYeHHOCTH MHO-
skecTBa Y caenyet, 4to ¢(z) > p(y) + A Vze GNX, roe 0 < A <

< i — .
< min v(z) — o(y)
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0O6o3HauuM

Us(X) ={x: p(x,X) <0}, G1=GnNUs(X), G2=G\Us(X);
torga G = G1 U Gy. Beibepem 6 = §(A) > 0 tarum, utobsl ¢(z) > ¢(y) +
+ %A Vz € G1. 3TO BO3MOHO B CUIY HENPEPLIBHOCTH BBIMYKIOH (YHE-

unu p(x) Ha E,. Takum o6pasom, nis Bcex z € G Gyner
M(z,8) = o(2) + 50(2) > oy) + A + 36(2) > ¢(y) = M(y. ).

llanee, 0603HaunB = min ¢(z) u v = min ¢ (z) > 0 ¥ TOBTOPUB PACCYHi-
z€Go z€Go
OeHUA 1. 1, moaydum

M(Z’/j)>M(y’/j) VZEG‘Z’ﬂe(OaﬁO]' A

6.2.11. Teopema. FEcau d@ynryuu @(x) u P(x) ewvinykavt u
Judpepenyupyemor na ecem npocmparcmee E,, a mmnomecmeo Y =
= Arg min{p(x): x € X} nenycmo u ozpanuuero, mo naiidemca maroe
docmamoyno manoe By > 0, umo

Ve>0 3B =po(e) >0, d=06(s) >0
Vxe X\U(Y) ={x€X: p(x,Y) <}, BeE(0pB]: [[VM(x,B)| = 4.

lloxasaTteabcTBo. IlockonbKy MHOMecTBa Y OrpaHUYEHBI B CO-
BokynHocTy npu S € (0, Bp], To yTBepskaeHHe TeopeMbl ClefyeT U3 Teo-
pemer 6.2.10 u m. 9.2.7. A

6.2.12. Teopema. Ecau:

1) dynryuu p(x) u Pp(x) svinyravt u duddepenyupyemvt na E,;

2) mHomecmso Y = Arg min{p(x): x € X} nenycmo u oepanuieno;

3) nocaedosameavrocmo {xj, = x(8)} marosa, wmo

IVM (x5, 8)|] < ex;

mo p(x5,Y) =0 npue -0,k — oo uf—0.

IoxkaszaTenbcTBO. BHavale moKaxeM OMpaHUYEHHOCTDH IMOCIEIO-
BatenbHocTH {Xj}. IIo Teopeme 6.2.10 cymectByer Takoe 3y > 0, uTo
MHOeCcTBa Y orpaHudeHsl B coBorymHoctu npu Beex (3 € (0, o). o
Teopeme 6.2.11, eciu B kavecrBe U, (Y) B3aTh map H c rpanuueit G Ta-
Koro paguyca ¢, 4to Yg C int H gas Beex (3 € (0, o], T0 35 = d(e) > 0
Vx ¢ H: ||[VM(x,3)|| > ¢. Ecan npeanonouth HeorpaHu4eHHOCTh {Xy },
TO ||X|| = 00, k — 00, U, cllefoBaTeNbHO, HalineTca Takoit HoMep ko, YTO
a7 Beex k > ko 6ynetr xi € H u ||[VM (x,()|| = 6. [IpoTuBopeune ycio-
BUIO 3).

Ipeanoaosum Tenepb, 4To TeopeMa HeBEpHa, T. €. CYLeCTBYIOT TaKkoe
yucno A > 0 u Tarasa nociaegoBaTelbHocTb {f;} — 0, k — oo, uTo a1
Bcex k = 0,1, ... GyeT BLINOMHATbCA HEPABEHCTBO

lo(xk) —@(y)| > A aas moGoro y €Y.
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Tar rak 1(x) > 0 a1sa Bcex x, a ¢(y) =0, To B cuiy orpaHudeHHOC-
TH [OCIe0BaTeNIbHOCTH {Xy } 6y11eT ||xr — ygk|| 1 < 00, U, NOIb3YACH
BBIMYKJI0CThIO byHkuuu M (x, (), moaydaem

o(xr) < l(xi) + éka):M(xk,ﬂk)g

< M(yg,, Br) + (VM (%X, Br), Xk — ¥8,) < M(yp,,Br) +ner <
< M(y, Br) +nex = o(y) + nek-

HOCHOJ’IBHy {Xk} — OrpaHnM4eHHas l'[OCJ'IeI[OBaTeJ'II:HOCTb TO, HEe U3Me-

HAA HyMepanuuu, 6yeM nojaratb, 4To hm X = X. [loaTomy cp(x) <o(y)-
k— o0

U3 n. 6.2.4 cienyer ¢ (X) = khm ¥(xr) =0, T. . IMEET MeCTO BKIIOUeHHe
— 00

X € Y, nporuBopeualiiee nNpeanooxeHuio |p(xy) — p(X)| = A. A
6.2.13. Teopema. Ecau svinoanawmca caedyowjue Yciosus:
p(x) — evinyraas u Juddepenyupyeman dynryua na E,;
6) fi(x) (i=1,m) — eoenymote u duddepenyupyemvie Fynryuu na E,;

a)
)
B) mHosucecmeo Y = Arg min {p(x): x € X} Henycmo u oepanuyeno,
m

)

)

Y(x) = |min{f;(x),0}", p>1;

lp(u) —l;(lv)| < Lp(u,v) das aoboiz u uv uz E,;
e) 36 >0,a>0 VxeUs(X )\X |f( )| = ap(x,X), ede f(x) =
i(x), Us(X) = {x: p(x,X) <

w) ||VM (xk, B)|| < er (k=0,1,...) dar docmamouno marvix 3 > 0;

lo(y) — M (xx,8)| < ’7(61/(1’71) +eér), -y =const > 0.

HorazaTteabcTBO. U3 Teopemnr 6.2.10 ciaegyer, uTo mias AocTa-
TOYHO MajibIX (3 > 0 CyIIecTBYIOT TOUKU

vs € Y3 = Arg min {M(x,[): x € E,}.

Hocronbry ¢(y) — M(ys, 8) 2 0 (em. 0. 6.2.2) u M(xx, 3) — M(yg, 8) >
>0, To

lo(y) — M(xx, B)| < lo(y) — M(yg, B)| + |M(ys, 8) — M(xx, )| =
= (p(y) = M(ys,8)) + (M(xk, 3) — M(yg,3))-

U3 Toro, 4To BBINOAHAIOTCA yCIOBUA TeopeMbl 6.2.7, cipaBeanBa olleHKa

o(y) — M(yg,B) < CpY/ =1,

a U3 ycjIoBuUf }K) InojqiydyaeM HepaBeHCTBO

M(kaﬂ) - M(y,ﬁug) < <VM(Xk76)7Xk - Yﬁ>
S IVM (xk, B)|HIxk — ysll < new,
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OTKy[a ¥ cllelyeT yTBep;kaeHre TeopeMsl npu v = max {C,n}. A

Boiuncauteabusii acnekT. IlocnenoBatensuoctu {ex}, {Ok} u
{x}} 6yzem cTpoUTH CleAYIOUINM 06pasoM.

IMycTh U3BeCTHBI yucia €, Br U TOYKA Xp_1. 3aMETHM, 4TO B Ka-
4ecTBe €9, Bo U X9 MOTYT ObITh BbIOpPaHbI, BOOOIIE TOBOPSA, IPOM3BOJIbHbIE
BEIUYKHbBI, XOTA NPEANOUTUTEeNbHEee BbIOUPATh UX, YYUThIBasA UBBECTHYIO
unpopmanuio o byHKIUAX ¢(X) u 1p(x). Toury X, MOCTPOMM TakUM 06pa-
30M, UTOGBI BBINOMHUIOCH ycaoBue ||V M (x, Bi)|| < €x. 3aTeMm BbiGepeM
€rt1 < € U Bra1 < Bj TakuMmu, 4ToGbl 06ecrneunTh yciaoBus e — 0 u
Br — 0 npu k — oo.

Il HaXOAAEHUA TOYKU Xj CTPOUM pellaKkCalMOHHYIO MOCIen0BaTe b-
Hocts {y;(k)}, HauMHaA ¢ TOYKU Yo = Xi_1, OO TeX IOp, [OKa He OymeT
BbIUMC/IeHa Takafd Touka y; = y;(k), uro ||VM(y;, Bkl < ek, T. €. f =
=min {i: | M(y;, Br)|| <er, i=1,2,...}. Ilocae 3Toro monokum Xz =y;.

3aMeTHM, UTO NpU IOCTPOEHUU peaKkCcalliOHHON MOC/IeI0BaTeNbHOC-
T {y;} MeTomom rpaaveHTHoro cmycka (cM. m.a. 9.5.1-9.5.7) Bemuun-
uy VM (y;,B;) BbIUUCAAIOT HA KakIOH MTepaluu, B CUIY Yero OleHKa
Bennuunel |VM (y;, Bk)|| He moTpeGyeT rpOMO3IKHX OOMOIHHUTEIbHBIX
BBIUMCIIEHUI.

CxonrMocTh yKasaHHOro MeToja Joka3aHa B TeopeMe 6.2.13.

JlocTaTouHO WMMPOKOE NpPUMEHEeHUe HAXOMUT UMepamueHbll memod
wmpadrvir Pynryuld. OcHOBHaA uies 3TOM0 METOAa COCTOUT B TaKOM
COrJ1acoBaHUM MapaMeTpoB «y U [j, YTOObI NpU KazkIOM 3HA4YeHUU [y,
nesas TOJNbKO ONUH IIar TpajdeHTHOro MeToa

Xpy1 = Xg — o VM (Xg, Br), ax >0,
MOJTY4YUTb CXOOUMOCTD ITOC/eOd0oBaTeJIbHOCTU {Xk} K pelleH’io 3agavu.
Cremyromye ycloBUA FapaHTUPYIOT YKa3aHHYHO CXOAUMOCTE:

p(x) — Cu.beHO svinykaan u ougddepenyupyemasn Ha E, dynryus;

fi(x) (i =1,m) — eoenymoie u duddepenyupyemvie na E, dynryuu;
m

(%) = [min{fi(x),0}]%;
X — Jtli)zﬂ:blﬂ mo4ra;
1/Br1 — 1/ B —0, lm ak _ o

(6973 k— o0 ,@k
HorazaTeabCTBO 3TOTO YTBEPMAEHUA MOMHO HalTU B [4]

lim a =0, lim G; =0, lim
k—o0 k—o0 k—o0
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BOIIPOChI YCTOMYHNBOCTU
B MATEMATHUYECKOM INPO'PAMMHWPOBAHHUN

7.1. KoppeKkTHble U HeKOppPeKTHbIe 3aJadyu

7.1.1. Y 3HauUTeILHOrO YHuclia NpaKTUYECKUX 3aaad, MaTeMaTudec-
KUMU MOJIeNAMU KOTOPBIX ABIAIOTCA 3afauld MaTeMaTH4YeCcKoro Mmporpam-
MUpOBaHUA, UCXOIHAA MH(OPMAaLUA HOCUT NMpHUGIUKEHHbBI XapakTep. B
CBAI3W C ATUM BO3HMKAeT Mpobiema BbileleHUs TaKUX KJIaccoB 3amad u
YUCIEHHbIX METONOB MUHUMU3ALUU, I KOTOPLIX Majble BO3MYIIEHUS
UCXOIHOM uH(bOpMAIMU HECYNIeCTBEHHbI, T. €. He OKa3bIBAIOT CUJILHOTO
BIMSIHUA Ha pelleHue.

7.1.2. Tounan 3agava. PaccMoTpuM 3a1auy OThICKaHUA TaKUX 3Jle-
MeHTOB y € X, uTo

= min p(x
e(y) = min p(x),
rie
X ={xeTl: f(x) > 0},
f(x) — BexTOpHas QyHKIWA,

(%) = (f1(x), f2(%), -, fn (%)),

a p(x) u fi(x) (i = 1,m) — 3ananmble HenpepbIBHbIE CKATAPHbIE (yHK-
KU,

7.1.3. Ucxonnaa undopmanusa. Ha npaxture undopmaius o ¢(x)
u f(x) HocUT NpPUGINKEHHBIN XapaKkTep, T. e. BMecTo ¢(x) u f(x) ussecr-
Hbl Takue QyHKUMK @, (X) u f.(x), onpenenenHsle Ha MHOMecTBe [', 4TO

v (%), f:(x) € Pe(p,f) =
= {p:(x), £ (x): |p(x) —p:(x)| <&, [[f(x) —f(x)||<e, x€T}.
Ilpu sToM BbIGOP PyHKIME . U f. U3 MHOMecTBa P. He 3aBUCHUT OT
gauero ;keiganufa. Takum 06pa30M, O penieHun y MCXOHHOﬁ 3ajayu cyagfatT

II0 PELIeHUIO y. NPUGIUKEHHON 3a1au.
7.1.4. llpubaukenHana 3agava. p.(y) = mi)? pe(x), rme
xeXe

X.={xeTl: f.(x) > 0}.
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IIyctn
Y= {y €X:oly) = )I(Iggso(X)} 7 9,
Y. = {YE € X.: CPE(YE) = )?GHXHE ‘ps(x)} 7£ g.

7.1.5. KoppekTHocTb. HazoBem 3apmauy 7.1.2 caabo koppekmuotl,
ecau

lim sup inf — =0. 7.1

Jimg, sup. Jnf ly= -yl (7.1)

3apauy 7.1.2 6ygeM Ha3bIBaTh KOPPeKMHMOL, eciiu

lim sup ||z’ —2"|| =0, (7.2)

e—0 z' 2" €7

roe Z =Y. UY.

[Mosicuum a1 onpenenenus. Ilpegenshoe coorHomenue (7.1) o3naua-
€T, YTO ceMefCTBO MHOMECTB Y. cTAruBaercA npu € — 0 K MHOMKECTBY,
npunannesaimeMy Y. Ha asbvike “e, 67 9T0 3HauuT, 4To A jaio6oro 6 > 0
HaiizeTcs Taroe £9 > 0, uto mas aoboro ¢ € (0,&0] u a060ro y. € Y Haii-
neted Takoit y € Y, uto ||ly. — y|| < 4. Orcioza caenyert, 4to A/ 1106010
0 > 0 maitgercs Takroe €9 > 0, uro qas mobbix € € (0,&9] u p. € P. Gyner

lpe(ye) — p(y)| < 6.

(Yurarensm npemocTaBiseTcs BO3MOMHOCTb CAMOCTOATENBHO yGEeIUThb-
Ccfl B CIIPaBeNIMBOCTH 3TOr0 yTBepsiaeHus.) Takum o6pasoM, ciabas Kop-
PEKTHOCTh 10 CYTH feja 03HauaeT KOPPEKTHOCTDb MO (HyHKI[MOHATY:

lim - (ye) = ¢(¥)-

YcnoBue (7.2) o3HavaeT, 4TO ceMeifiCTBO MHOKECTB Y, CTAruUBaeTcA
npu € — 0 K MHOeCTBY Y, cocTofillleMy U3 eUHCTBEHHOIO JeMeHTa y.
Taxum o6pasom, mis ao6oro § > 0 HaiigeTcsa Takoe g9 > 0, uTo mas
ao6oro € € (0,g0] u mo6oro y. € Y, Gyner

llye —yll <.

OueBUIHO, YTO KOpPEKTHAs 3aJaya Bcerja fBafgeTcs clabo KOpPeKT-
HOI1, HO He HaoOOpOT.

Bynem roBoputh, uTo 3amada 7.1.2 HekoppekmHa, eCliU HapyIIaeTcs
yeaosue (7.2).

B cnyuae HerkoppekTHocTH 3agauu 7.1.2 mpu 3amaHHOM £ > 0 Bcer-
na HalimyTcd Takue napel ¢, fo u @, f., npuHannemkaime MHOMECTBY
P.(¢,f), 11 KOTOPBIX peLIeHUA Y. U Y. COOTBETCTBYIOUIMX 3adad BH-
na 7.1.4 cyiecTBEeHHO pa3inyHbl U TI0ATOMY He HecyT B cebe J0CTaTOYHOM
nH(popMaluy 0 pelleHud UCXOTHOM 3aJayui.
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7.1.6. Ilpumepsl.
Ilpumep 1. Paccmorpum B Ey mapy 3amau:

min(—z; — ),
1+ 22 < 1, (73)
21 20, 2220,

min(—a:l - 1‘2),
(I+le|+e)zr + (A + ]| —e)ze < 1,
T 2 07 T2 2 0.

OueBupHo, uTo 3amava (7.3) sBAseTCA crabo KOPPEKTHOH U B TO e
BpeMsfA HEKOPPEKTHOIA.
Ilpumep 2. )
min xs,
T+ X9 = 1,
I+l +e)zr+ A+ el —e)ze =1,
Ty 2 0, T 2 0.

OueBupHo, 4To 3agava (7.4) npu € = 0 GymeT HEKOPPEKTHON U, Gojee
TOro, oHa He GyJeT cnabo KOPPEKTHOM.

OcHoBHbIE MeTOIbI pelleHuA 3aJay MaTeMaTUUeCKOro IporpaMMHupo-
BaHUA CO3/1aBaJUCh B IIPEINOJIOMEHUN, UTO 3a/1aua KoppekTHa. Hanpumep,
npoleAypy CUMIIIEKCHOTO MeToda pelleHus 3afadu JUHEeHHOro mporpaM-
MUpPOBaHUA

(7.4)

min {c, X
m RO( ,X),
Ry = {x: Ax =b, x > 0},
MOKHO MHTEpIpeTUpoBaTh ClefyIomnUM 06pa3oM: Ha Ka:sJoM HTepalll-
OHHOM IlIare MeTo[a 3JeMeHThI MaTpulbl A M KOMIOHEHTLI BeKTopoB b
u c npeobpasyiorea B A, b’ u ¢’ no ¢GopMynaM NOAHOro MCKIIOYEHUSA
Mopnana-Taycca u B peayabTaTe BO3HMKaeT HOBaf 3ajaua
min (c’, x),
x€Ry
R) ={x: A'x=Db', x > 0},

SKBUBaJeHTHasA ucxoqHoi. Ha mpakTuKe NpU BBIYUCIAEHUAX MPOU3BOIAT
OKpYTJIeHUA, MO3TOMY B pealbHBIX ClyuasX UTepallMoHHBIN Liar mpuBoO-
OUT He K dKBUBaleHTHOH 3ajade, a K HOBOI mpubauskeHHoit 3agade. [lo-
HATHO, YTO NMPU HEKOPPEKTHOCTHU pellleHue MpUOIUKEeHHO 3ajaul MOKeT
CyllecTBEHHO OTINYAThCA 0T pellleHUA UCXOAHOoH 3agauu. B nocieqxue ro-
IbI MaTeMaTUKU 00paTuNch K pa3paboTKe METOJ0B pellleHU HEROPPEKT-
HbIX 3aga4. OIHUM U3 OCHOBHBIX [IpeJCTaBUTe/eil STUX MeTOA0B ABIAETCA
TaK Ha3blBaeMblll #Memod pe2yaapus3ayul, B OCHOBE KOTOPOIo JeKUT Uef
anmpoKCcUMalui HEKOPPEKTHBIX 3aJau KOPPEeRTHbIMU. B cBA3U ¢ 3TUM
BO3HUKaeT HeOOXOAUMOCTD BhIJEJEeHUA KIACCOB KOPPEKTHLIX 3ajaad.
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7.2. OnuH KJaacc KOPPEeKTHBIX 3amay
7.2.1. PaccmoTrpum 3anady 7.1.2 v 3agauy
min ¢, (x).

O6paTuM BHMMaHHe Ha TO, YTO, B OTJAWYMe OT 3adayu 7.1.4, B pac-
cMaTpuBaeMoli 3afaye JOMYyCTHUMOe MHOMKECTBO TO ke, YTO U B TOYHOI
3agadve, MO3TOMY 3[€Ch

Y. = {yg € X: p:(ye) = minﬁos(x)}‘
x€X
7.2.2. EcTecTBEHHO, YTO TOUYHOCTb BBIUHCIEHUA TOYKHU
y. = argmin {p.(x): x € X}
clleflyeT COTJIacoBbIBATHL ¢ TOYHOCTHIO 3afaHus leleBoil GpyHKIUU ¢(xX),

T. €. ¢ BelnuuHoi €. MbI Oynem mpennonaraTh, 4YTO I Kaxsgoro € > 0
ompeneieHa Touka y. € X Takas, 4To

P (¥e) < @e(ye) +((e), ((e) >0.
7.2.3. Teopema. Ecauw:
a) dynruua p(X) CUABHO BbINYKAQ U HENpepbleHad HA BbINYKAOM U
samrHymom muoxecmee X ;
6) p-(x) Henpepviena Ha X u

P (x) € Pe(p) = {pe(x): |pe(x) —o(x)| <&, x€ X}
) lim ((e) = 0;
mo
limy. =y,
e—0
a caedosamenvHo, 3adava 7.1.2 KoppexmHua.
lNorazaTenbcTBOo. Tark Kak @.(x) > p(x) —e u npu ||x|| = oo,
x € X umeeM ¢(x) = 400, T0 p.(X) — +00; MO3TOMY HajiieTcsi TaKkoe

C' = const, 4TO HeMyCcToe MHO#eECTBO {X € X : ¢.(x) < C} orpanuyeHo,
BCle[ICTBUe Yero Y. # &.

Hockoabry ¢.(y:) < we(y), TO
O(¥:) —o(y) = [0(F:) = @ (F)] + [p: () — ()] <
< [W(g’e) — Pe (YE)] + [906 (YE) - SO(Y)] + C(é‘) <
<[p(Fe) = p=(F)] + [ (y) — »(¥)] + () < 2 +¢(e).

Ho B cuny cunbHOM BBIIYKIOCTH (yHKUMU ¢(X) CIIPABELINBO HEPABEHCT-
BO (cM. 2.5.5)

- 9.
Iy —ylI* < ;[w(ya) - o),
cjlegoBaTelbHO,
y”2 < 45+2§(€). A

(e P
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7.3. 3agauM ¢ TOYHBIMH OrpaHUYEHUAMHU.
MeTton perynapusanuu

7.3.1. [Ina pemeHusa auHeiiHbIX HeKoppeKTHBIX 3amau A.H. Tuxono-
BbIM ObLT MpeAIo}KeH MeTO[ perynsapusanuu. B HacTosmem pasgene 3TOT
MeTOoJl paccMaTpUBaeTCA NPUMEHUTENbHO K 3aJayaM HeJWHelHHOro Npor-
paMMUpPOBaHUA.

BoapmuHcTBO peandbHbIX 3afayd, KOTopble GopMalu3yloTcsa Kak 3aja-
Yl MaTeMaTHueCcKoro NporpaMMUpPOBaHUfA, COAep:;KaT IOMOJHUTEIbHYIO
uHbOpMaIuIio, TO3BOAIONIYIO BRIONPATh U3 MHOMKECTBa pelleHUil Y 3a-
gadyu 7.1.2 TOT 3JeMeHT, KOTOPbIN YIOBJIETBOPAI ObI ellle HEROTOPBIM JI0-
MOJHUTENbHBIM YCJIOBUAM; HalpuMep, ObL1 Obl 6/IMaNRIIUM K HEKOTOPOH
durcupobanHoil Touke x°. B 3amauax onepaTMBHOIO MJIaHUPOBAHUA, I
y ABIAETCA ONTUMAIbHBIM IIAHOM, 3JeMeHT X° 06bIYHO XapaKTepusyeT
IJaH NpefllecTBYIONEro Mepruoja, cyllecTBeHHOe OTKJIOHEHHEe OT KOTO-
poro Mos;keT ObITh CBAI3aHO C OPraHU3alUOHHLIMU U TEXHOJIOTMYECKUMU
nepecTpoiikamMu U, cjel0BaTelbHO, CONPAMEHO C JOMNOIHUTENbHBIMU 3a-

TpaTaMu.
7.3.2. HopmanbHoe peniieHHe. Bo3HuKaeT ecTecTBeHHas MOCTaHOB-
Ka 3ajayu:
nasa zagannoro x° € I' naiitu y° € Y Taxoii, uTo
ly” = x"|[> = min|ly - x°||* (75)
yEY

AnemeHT y° HA3LIBAIOT HOpMAAbHbLM pellenuem 3adaun 7.1.2, a camy
3agaudy (7.5) — 3amaveil 0 HOPMAALHOM peuleHUU.

7.3.3. Perynapusanua. llpouenypa peryafgpusaluu OTbICKaHUA
HOpMalbHOT'O pellleHUsA 3agauu 7.1.2 [0ad 4yacTHOro cily4das, Korja BO3-
MyIlleHa JUllb HeteBas GyHruusa (MHbOpManus o MHOKecTBe X MpeMrno-
JaraeTcsl TOYHOI), COCTOUT B CleIYIONEM.

BBoautcsa perynsapusyiomas GyHRINA

No(x) = p(x) + ad(x), a>0,
rie
Qx) =[x - x°|I%,
M paccMaTpHBaeTcd 3afada OThICKaHHA 3JeMeHTa
Yo = argmin{N,(x): x € X}.

7.3.4. B panbHeiimeM MbI GyneM INpenycMaTpUBaTh BO3MOMKHOCTH
NpUGIUHEHHOI0 BEIYMCIEHUA TOYKU Y-

O6o3nauuM N} = N, (y,) 4 Oyzmem npepnonarathb, 4TO OJIf KaJOr0
3HaueHud napamerpa « > ( ompefesneHa Touka y, € X Takas, 4To

Na(Fa) < N2 +6(a), &) > 0.
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7.4. CxogumMocThb

7.4.1. Teopema. Ecau gynryus p(X) Henpepviena Ha 3aMKHYMOM
muoxcecmee X, a MHoxcecmeo Y Henycmo, mo npu ycaosuu, 4mo

lim &) — g,
a—0 «
6ydem
lim o(ya) =¢(y) u  limp(ya,Y) =0.

a—0

Ecau, spome mozo, p(x) u mHoxcecmeo X evinyravl, mo

lim ¥, = y°.
a—0

NorkaszaTenbcTBOo. Tak Kak p(x) > ¢(y) mas Bcex x € X, To npu
[|x|| = oo (x € X) 6yger N,o(x) — +00, a ciegoBaTelbHO, HEIycToe
3aMKHYTOe MHO#eCTBO {X € X : N, (x) < C} orpannveHo u B CUIy He-
npepbIBHOCTU GYHKIMU N, (X) CYUIECTBYET y,. Tar Kak

o(¥°) < ¢(¥a) < 9(¥a) + a2(¥a) < N + () =
= ¢o(ya) + oya) + £(a) < o(y°) + a(y?) + &(a) <
< @(¥a) +a(y°) + &(),

TO
a)

(o) < 0°) + 42, (7.6)
e(y") < o(Fa) < 2(¥°) + aQ(y%) + &(e).

Ilepexons B mocineqHeM HepaBeHCTBe K mpeeny npu a — 0, noiaydyaem
lim ¢p(y,) = 0y,
lim o(ya) = ¢(y7)

[Mockoabry u3 (7.6) caemyer, 4T0 {y, } — KOMOAKT IpU BCeX JOCTATOUHO
MaJbIX @, TO

lim p(y.,Y) =0.
a—0
Hakonel, npeamnoaosum, 4To BBITYKIbLI ¢(X) U X; TOrAa BBIITYKIO U
MHoskecTBO Y. IlycTh ¥ — mpousBosabHasA mpededbHas ToYka cemeiicT-
Ba {y.}:
y = lim yq,.
k— o0
Ilo norazanHomy
. ~ 0 —
lim ¢(ya,) =¢(y") = ¢(¥),
k— oo
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noatomy y € Y. U3 (7.6) cnemyet

lim Q(¥a,) = 2F) < Qy°),

k—o0

min Q(y) = Qy°) = A(3).
Ho cunbuo Bbinykaas ¢yHruusa 2(x) Ha BbITYKIOM U 3aMKHYTOM MHO-
smecTBe Y oocTuraeT MUHHUMYMa B eIMHCTBEHHOI TO4YKe, a 3Ha4YuT, y =
= yY. Takum o6pasom, mokaszaHo, 4To {y,} mpu a — 0 UMeeT eguHCT-
BEHHYIO MpeAeNbHYIO TOUKY:

limy, =y°. A
a—0

7.4.2. 3ameuanue. [loryuyuTs anpuopHble OLIEHKU CKOPOCTH MpU-
6aMMeHNsl Yo, K YO B 06leM ciyuae Hemb3d. IIpocTble IpUMephl MOKa-
3LIBAIOT, YTO CKOPOCTh NPUBIMMKEeHUA Yo K YO npu a — 0 MoeT GbITh
BecbMa majoil. Tak, And oqHOMepHOI1 3agavyu

min z2%, k> 1,
xeF

Boibupan z° # 0, a Q(x) = (z — z°)?, nonryuaem, 4TO ¥, CTpeMHUTCA K

y® = 0 mpu a — 0 co cCKOpPOCThIO O(al/(%_l)>.

B Konue Hacrosmeidl TIaBbl Mbl YBUIMM, UTO 3TO OGCTOATENbCTBO
MOJKEeT 0Ka3aTh CYNIeCTBEHHOEe BJIMAHME Ha CXOAUMOCThH Ipollecca pery-
JApU3AlNY B 3aJauyax, KOr[a BO3MYIIEHUIO MOoABepraeTca U JOMYyCTUMOE
MHOECTBO.

7.4.3. Teopema. Ecau muoxcecmso X 6unykao u 3amkHymo, GyHi-
yus p(X) svinyraa u Henpepuina, Fynkyuu @.(X) HenpepvleHbL,

pe(x) € Pe(p) = {p=(x): |p(x) — pe(x)] <&, x € X},

mHovcecmeo Y wenycmo, mo sadawa munumusayuu @ynryuu Ny (X) Ha
mroxcecmee X Koppexmua npu so6om gurcuposarHom o > 0.
llorkazaTteabcTBOo. O603HAUNM

Nae(x) = ¢ (x) + a)(x).

Tar Kar @:(x) > p(x) —€ > ¢(y) —e = const nasa Beex x € X, To
3aMKHYTOe MHO#eCTBO {X € X: N, (x) < const} orpannueHo, mocKoiIbry
Nae(x) > const + af)(x) — +oo npu ||x]| = oo (x € X), u, ciegoBarennbHo,
CyImecTByeT

Yoe = argmin {N,.(x): x € X}.

Jerro y6eputnbes, uTo GyHRUUU Ny(X) U Nue(X) yAOBIETBOPAIOT yCIO-
BUAM TeopeMbl 7.2.3, 0TKy[a U cleqyeT KOppPeKTHOCThb. A
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7.5. Meton peryaapusaiuu (o6muii ciyyaii)

7.5.1. B npenbinyiiem pasgeie Gbl1 pacCMOTpPEH MeTo[ perylsapusa-
UUU [JA 3aAa4 C TOYHBIMU OTrpPaHUYEeHUAMHU, KOrja BO3MYIIEHUIO
noABeprajach Juib IeneBasd ¢yHruusa. Huske paccmarpuBaioTes 3ama-
yu Bupa 7.1.4, T. e. ToT obmuil ciyyail, Korga o 3agauve 7.1.2 u3BecTHa
JUIb e-uHOpPMaIA, a8 UMEHHO U3BECTHBI GYHKINU ¢ (X) U f. (X) U3 MHO-
mectBa P (p, ). lasa nonydeHus npubineHHbIX 3HaYeHUl HOPMaIbHOTO
peliieHus 3aaauu 7.1.2 ucnonb3yeTca cieayloliasg MeToauKa.

7.5.2. Perynapusauua. BBoasaT napamerpudeckyio GyHKIHUIO

Vape(X) = Ble= (%) + a(x)] + 9= (x),

roe 8 >0wu

m
Pe(x) = Z |min {fs;(x),0}", p>0,
i=1
U BBIYUCJIAIOT
Vope = argmin {¥,5.(x): x € T'}.
O6paTuM BHMMaHMe Ha To, 4yTo W,a.(X) ABafeTcA wTpadHOi DYHE-
uuel mA 3agadyd MUHUMM3aLUUU peryJifpusylomei GpyHKIuu

Nae (%) = ¢-(x) + aQ(x)

Ha MHoO#ecTBe X..

7.6. CxogumMocTh MeToja peryiaapusanuu (o6uuii ciayyaii)

7.6.1. I[Ipeano/noseHus.

a) MHosecTBO ' BBINYKJIO U 3aMKHYTO;

6) hyHRUUA ¢(X) BbIMyKJIa U HempepbiBHA Ha [

B) ¢dyuruuun f;(x) (¢ = 1,m) BOrHyTHI U HempepbIBHEI Ha

r) HenpepsiBHbIe Ha I pyHKINM @, (X) 1 f.(X) mpuHagIeaT MHOMKEC-
By P.(p,f);

1) Y = Arg min {p(x): x € X} # &;

m

m
e) 1Z}(X) = Z | min {fz(x)a 0}'5 d’s(x) = Z | min {fsi(x)a 0}|
i=1 i=1
7.6.2. YTBepmnaenue 1. Jaa aobozo x € I' cnpasediuso HepaseH-
cmao

|¢(X) - ¢5(X)| < gm.

,H OKa3aTedbCTBO. SﬂeMeHTapHO OOKa3bIBaeTcfd, 4To

[l min {fi(x), 0} — [min {fei(x), 0} < [fi(x) — fei(x)]
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(0J1s1 3TOrO HOCTATOYHO PACCMOTPETh ciydau, Koraa f;(x) u f.;(x) ogHoro
3HaKa ¥ Koraa pasubix). [lazee,

(%) = e (x)] <
ZHmln{fz ;0} = |min {f-;(x),0}]] < Zlfl - f:i(x)|<em. A
i=1

i=1

7.6.3. YrBepmpenue 2. Jua aobuix x €T, 0 < 8 < fo < o0,
0 <e<eg <00 udan mobozo gukcuposannozo o > 0 cywecmsyem

U = )1(161% Uoge(x) > —o0.

HorazaTenbcTBO. Tak Kak QyHKIUA
No(x) = o(x) + a2(x), a >0,
cunbHO Bbinykaa Ha [') To cyuecTByer

N™ = min N, (x) > —o0.
xel

YuuThIBasg HEPABEHCTBO (CM. YCIOBUE T'))
P=(x) > p(x) — ¢,
noJiy4aeM COOTHOIIEHHE
Wape (%) 2 Blo(x) — e] + Ba(x) = BNo (x) — f > BN — fe > —o0. A
7.6.4. IlpeanonomsuM, 4To yo3. € I' ynoBieTBopsieT yCl0BUIO
Vope(Yape) <" +1n(e), n(e) > 0.
Raxr u npexne, 0603HaYnM

=argmin {Q(y): y € Y},
Vo = argmin {N,(x): x € X}, Ny(ya) = N*.

7.6.5. Teopema. Ecau svinoanawmea npednoaoxcerus 7.6.1 u ecau

n(e)
lim 5(e) =0, 515%,3(5) 0, lim 25 =0

lim lim yo5. = y°.

a—0e—0
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HoraszaTeabcTBoO. 3 yciaoBuit
Ye(x) 2 0,
P(x) < ¢:(x) +e,
e (x) < p(x) +,
cnpaBedJUBBIX AJA Becex X € I', a Tak:ke u3 ycnoBusa
Yape(Yape) < ¥ +1(e)

noJjqrydyaemM
* %k jad ~ 1 ~
N < Na(YozBs) < Na(Ya,Bs) + E ws(YaBs) =
~ ~ 1 ~
= @(Yaﬁa) + aQ(YQ,BE) + E e (Yaﬁa) <

1 ~
E \I’aﬁs(}’aﬁs) +e<

n(e)

* 1 n(e) _
(\I’ +77( )) gﬂq’aﬁ's(}’a)'i‘ ﬂ +e=

= ¢:(Ya) + aQ(ya) + = ¢E(Ya)+

~ ~ 1 ~
< e (Yape) + aQ(Yape) + 3 Ve(Yape) +€ =

l
ﬂ
n(e)

3 +e€.

Tar rak y, € X, To u3 yrBepsaenusa 7.6.2 cienyer

Ve (ya) < em;

N03TOMY, YUYUTbIBas, 4T0 ¢ (Ya) < ©(Ya) + €, monydaem

N** < Na(yaﬁe) NS (ya) + aQ(ya) + — + 77(6) + 2e =

B B

Tak rak em /B < const u n(e)/B < const, To BeauunHa

No (?aﬁs) = Qo(yaﬁ's) + aﬂ(yaﬁs)

orpaHuyeHa, U MocKoibKy GyHEIUA N, (X) cuibHo Beimykaa Ha [T mpu
mo6oM « > 0, a MHOKECTBO Y3 OrpaHHYeHO B COBOKYNHOCTH IIPH BCEX
B € (0, 5] (cm. Teopemy 6.2.10), 10 {yap.} — wommaxrT. Ilycte y —
npejeibHasg TOYKA:
§ = lim ?aﬁkgk.
k—o0
N3 nHepaBeHcTBa

*k ~ ~ 1 ~ *
N gNa(Yaﬁs) gNa(YaBs)"‘Bws(YaBs) <N 4+ —+4 =
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ciaengyer, 4To
lim ), (yaﬁkEk) =0.
k—o0

U3 yTBeps#penus 7.6.2 momyuyaeM

1/’(37) = khm ¢(§aﬁksk) < hm szk (yaﬁksk) +Ekm] = 07
—00 k— o0

BeaenctBue yero y € X. Ilepexons & npemeny B (7.7) npu € = g — 0,
nojsy4aemM

Na(s;) < N* = miQNa(x) = Na(Ya)a
xE

a 3HaYuT,
No(y) = Na(ya)-

U3 equHCTBEHHOCTH TOYKM MHUHHMYMa Yy, CHUJIbHO BBIMYRJIOH QYHRINU
N, (x) Ha BbIMyKJIOM MHOMecTBe X cilefyeT y = y,. UTak, mobas npe-
menbHas npu € — 0 Touka KoMmmakTa {yage} €CcTh ¥, U, 3HAUUT,

1. ~ )
1M YapBe = Ya
I/IB TeOpeMbI 441 C.He):[yeT, 4yTo

lim yo = y*;

a—0

[I03TOMY
lim lim ya5. =y°. A

a—0e—0

7.6.6. 3ameuanue. [Ipembigymas Teopema ocTaeTcd CIpaBelu-
BOIi, ecau BbIOUpaeTcA raaakuil mrpad

= Z [min{ f;(x), O}]Qv
Z [min{ f.;(x), 0}]%;

IIpU 3TOM YCJIOBHE
. €
lim — =0
e—0 6(6)
3aMeHfAeTCs YCIOBUEM
2
&2
lim — = 0.
e—0 ﬁ( )
HokazaTeabCTBO MPOBOAUTCA IO Toii ;e cxeMme. OTaHUUYMEe COCTOUT B TOM,
YTO U3MeHfeTcA yTBep:aeHue 7.6.2, a uMeHHo aJdA jaiodoro x € I' 6yger

[ (x) = ¢ (x)] < me? + ev/m(1 + . (x)).
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7.6.7. Tar Kak B pealbHbIX CUTYaLUAX BeAUYNHA € 4aCTO ObIBAET He-
yiaydiaemoii (He yMeHbIIaeMoit), To OHa olpefelseT U Ty TOYHOCTb, BbI-
1l1e KOTOPOH BLIYMCIATH TOYKY MUHHMYMa He UMeeT cMblcaa (eM. 1. 7.6.4
u yeaosue 1(g)/8(e) — 0 npu € — 0). Beauunna & muMUTHpYeT Tak:e U
BoIGOp mapamerpa 3 = [(e). YeaoBue

50 npu € —0

Ble)

TOBOPUT O 3aBUCUMOCTH BbIOOpA BedUUuHbI (3(£) OT MU3BECTHON BeaUyu-
HBI €.

B npouecce peryiaspusannyu Bo3HUKaeT Liedblil pag TpyaHocTeli. Pac-
CMOTPHUM JIMIIb OAHY M3 HUX, 8 UMEHHO BOIIPOC O BbIGOpE g U [y — Ha-
yaJbHbIX 3HaUYeHUil mapamMeTpoB peryJaspusanuu. byaem npenmnonaraThb €
JOCTaTO4YHO Masoi BeanuuHoi. [locKoabKy Mmpollecc peryispusaiuu Mo-
JKEeT CXOOUThCSA OYeHb Me[leHHO (cM. 3amevaHue 7.4.2), To BbIGOp cpaB-
HUTENbLHO 600N BEINUYNHBI (vg MOAET 0Ka3aThCA BechbMa HeBbIIOJHbLIM
C TOYKH 3pEHUA OOIUX 3aTpaT BPEMeHU Ha IMOoJIydeHNe JOCTaTOYHO XOpOo-
mero NpuOINMKEeHNA K HOPMalbHOMY peLIeHHUIO.

C Opyroit CTOPOHBI, I/l HAXOMAEHUA TOURH Y o3, , KAK MPABUIO, HC-
NOMB3YIOTCA pellakcallioHHbIe METOAbl MUHUMU3AIMU, Ha CKOPOCTb CXO-
OUMOCTH KOTOPBLIX CYyIIeCTBeHHOe BIMfHUE OKa3bIBaeT BejJUYMHA Tapa-
MeTpa CHIbHOM BBITYKIOCTH MUHUMHU3UDPYeMoit byHKuNU Uy 5, (X), T. €.
BeJIMUMHA NpousBedeHusn «gy. U3BecTHo, uTo mpu y6piBaHuM of CKO-
POCTb CXOAMMOCTH peakcallOHHbIX IPOLECCOB NoHuaeTcs. BeaencrBue
DTOro BLIGOP MajbIX 3HAUYeHWil ag U (Jy ONATL-TAKU MOMET YBEJIUYUTh
o6Iye 3aTpaThl BpeMeHU Ha MOJdydeHHe HeoOXOOUMOIo MpUOIUMEHU K
HOpMaJbHOMY pelleHUIO U, KpOMe TOTO, MOeT GbITh He OlpaBiaH ¢ TOY-
KU 3pEHUS COrIaCOBaHUSA C BEJIUYUHON €.

B zanmioueHre oTMETUM, YTO B 3TOH IIaBe pacCMaTPUBAINChL BOIPOCHI
YCTOMYMBOCTHU 3agad MaTeMaTH4ecKoro MmporpamMMHpoBaHMsfa. Bmecre c
TeM BayHbIM fIBAAETCA TaKkKe BOMPOC YCTONYMBOCTH YUCAEHHBIX METO/I0B
MUHUMU3aIUK K BO3MOKHBIM OIIMGKaM, BO3HUKAIOMINM B IIpollecce cueTa.
AHanus 3Toro yuTaTelb MOMET HATH B MOCAEAYIOMIUX IMaBax HacTosAel
KHUTU.

Haxownern, ciegyeT oTMeTUTL, YTO MapamMeTpUuecKkas Ipoleaypa pe-
ryJASpuU3aluy 3TO He eQUHCTBEHHbIN CI0Co0 OTLICKAaHUA HOPMAaJbHOIO pe-
IMeHUA HEeKOPPEeKTHbIX 3adau. CylecTBYIOT U ApyTHe MOAXOIbI, cpeau
KOTOPBIX B MEPBYIO ouepelb clefAyeT yKasdaThb MeTO[bl IPagueHTHOTO TU-
na, KOTOpble MO3BOJAIOT, He NpubGeras K BBeJeHUIO MapaMeTpUUecKOro
crabuinsaTopa af), pemiaTbh MCXOOHYIO 3amady rpagdeHTHBIM METOHOM,
KOTOpbIi rapaHTUPYyeT CXOAUMOCTh UTEpalUOHHOM Mocieq0BaTeqbHOCTH
K HOpMaJbHOMY pelIeHUIO JUHEeNHHOW HeKOppeKTHOU 3agayu.

O rpaaueHTHOM MeTofde cM. . 9.5.2-9.5.7.



'ITABA 8
METOIbI OTHOMEPHON MHUHHUMHUSIAIITUU

8.1. O 3agauax OJHOMEpPHOII MHHUMU3AIUU

8.1.1. Munumusanua ¢YHKUUM OTHOTO NepeMeHHOro fBIfeTcs, Kak
NpaBUII0, He06XOIUMbBIM 3JI€MEHTOM MHOIMX METOJ0B MUHUMH3aLUU MHO-
FOMEpHBIX (PYHRIUHA.

Ha mepBeIit B3raAj KameTed, YTO 3ajJada MUHUMH3ANUH QYHKIUY Of-
HOT0 TlepeMeHHOr0 AIBIAeTCA JOBOMBHO aMeMeHTapHoi. Ilo-BuanmMomy, aTo
MHeHMe co3flaeTcA Mocle NIepBOro 3HakOMCTBa ¢ HavyajlaMy MaTeMaTHyec-
Koro aHanusa. B camom neie, ecint GyHKIUA (), KOTOPYIO HY}KHO MUHU-
MH3MpPOBaTh Ha oTpeske [a,b], ouddepenunpyema, To JOCTATOUHO HANUTH
HYJIM NMPOU3BOAHOI, MPHCOEINHUTh K HUM KOHIBI OTpe3Ka, BbIASIUTh U3
3THUX TOYeK JIOKalbHble MUHUMYMBI U, HAKOHEIl, CPeln NOCIeHUX HalTH
Ty TOYKY, B KOTOPO# JOCTUraeTcA abCOMIOTHBII MUHUMYM.

OnHako A71f MIMPOKOro Kaacca GYHKIMI 3Ta 3a7ada He Tak yk Ipoc-
Ta. Bo-nepBerIx, 3ajaua pemenus ypaBHenus ¢ (z) = 0 Mo:eT oKazaThbcs,
KaK 3TO U ObIBaeT B peajlbHBbIX CHTYyalUAX, BecbMa cioHoil. C mpyroii
CTOPOHBI, B IPAaKTHUECKUX 3afauyax 4acTo He U3BECTHO, ABIAETCAH I ()
nudpepenqupyemMoil GpyHRIUEH.

B cumy sToro cyuecTBeHHOe 3HaUeHUe NPUOOPETAIOT MEeTOAbI MHHHU-
MU3allH, He TpebyIole BbIYNCIEeHUA POU3BOJHOMN.

8.1.2. Ecint o MuHNME3MpyeMolt GyHKRLUUN ((2) H3BECTHO JIHIIb, YTO
OHa HelpepbIBHA Ha OTpe3ke [a, b], TO 11 onpeleneHNs TOUKH MUHIMYMa
1o cyTH fela TpeSyeTcs HccleloBaHUe NOBedeHUA GYHKIMU BO BCeX TOU-
Kax oTpeska. IlockoIbKy Hac MHTepecyeT NpPUOIMEHHOE OIpeleleHUe
TOUYKM MUHUMYMa, TO Il 3TOr0 HCCIENYIOT NOBefeHHe (QYHKUUH B KO-
HEUHOM UHcile TOUek, crnoco6aMy BbIGopa KOTOPBIX PasindaloTcA MeTOMbI
OTHOMepHOH MMHHMMU3allMi. BoJbMIHCTBO NeTepMHHHPOBAHHBIX MeTO-
0B COCTOMT B OCTPOEHUH N0C/Ie0BaTeIbHOCTH OTPE3KOB [ay,, by ], cTAru-
BaloWMXCA K Touke 2 = argmin {¢(z): x € [a,b]}. OnHaro Bceraa MoHO
yKa3aTh TaKkylO HeNpephIBHYIO (QYHKUIHUIO ¢(x), UTO JIA J1060ro KOHed-
HOTo HOMepa n > 0 OTpe3ok [ay,by|, MOCTPOEHHDII MIOOBIM AeTEPMHHU-
pOBaHHBIM MeTOMOM, He GyIeT colepsraTb TOUKY &, Jaske ecld U3BECTEH
OTPe30K [ap, bp], KOTOPOMY NpHHaLIeHUT z*. B cBA3M ¢ 5TUM rapaHTu-
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poBaTh MPHHAMIEHHOCTb TOUKH T* OTPE3KY [Gp,b,] MOMKHO muLIb A7A
olpeeNeHHbIX KIacCOB MUHUMU3UPYeMbIX GYyHKUMI. B nanbHefimem Mbl
OrpaHUYMMCA KJIACCOM CTPOro YHUMOAAMbHBIX (YHKIUH, a B HEKOTOPBIX
cayydasax u 6ojlee Y3KHUM KJIACCOM.

8.1.3. Ctporo yHumMopaajibHble GyHKUUU. HenpepblBHYIO QyHK-
unio p(x) 6yaeM Ha3bIBaTh CIMPo20 YHUMOOAAbHOL, €CIN CYIECTBYET eNH-
CTBEHHafA TOYKa ee MUHUMYyMa x* U

o(z1) > p(x2) 0 dO6bIX 7 < X2 < TF,
p(r1) < p(z2) s mobeix z* < 21 < 2.

Taxkum o6GpasoM, ¢ BospactanueM z GYHRUUA @(x) clieBa OT TOYKU
MUHAMYMa MOHOTOHHO yObIBaeT, a chpaBa OT 3TOil TOYKM MOHOTOHHO
BO3pacTaer.

8.1.4. Ilpexae vyeM MPUCTYMUTh K MpOlLeAype MUHUMU3AUUU, Clie-
OyeT yCTAHOBUThH MPUHAMIEHHOCTDL IedeBoil GyHRIuU “moaxoasiiemy”
KJaccy, T. e. Raaccy, IJfd KOTOPOro rapaHTHpOBaHa CXOAUMOCTh IIpolec-
ca. ITO BOBCe He 03HAYaeT, YTO MONLITKU NPUMEHEHUs 1eTepMUHUPOBaH-
HbIX METOMOB [JIfi MUHUMM3AIUU (GYHRUNUN, TPUHANIEKHOCTh KOTOPBIX
K “mogxonsimemy” Kjaaccy Jaub0 He ycTaHOBJeHa, JU60 OTCYTCTBYET, 3a-
BeoMO o0peueHbl Ha Heyauy. OfHAKO BO MHOTHX ClyyasX CyI[eCTBYeT
JOTNOJMHUTENbHAA UH(POPMAaLKA, NO3BOJAIONAA YCTAHOBUTh HEOOXOAUMYIO
npuHamiesHocTb. YacTo Takasa uHpopmalua cBfdaHa ¢ “pusndyecKum”’
coflepkaHueM TOil pealbHOIl 3afauu, 1A KOTOPOI MOCTpOeHa Hccienye-
Mas MaTeMaTuyeckasa Moelb. 3aMeTUM, YTO MPEeNoIoKeHe 0 CTPOroi
YHUMOJAAbHOCTU (GYHKIUU B OKPECTHOCTU TOUKU z*, BOOOIIE TOBOPA,
BechbMa eCTeCTBEHHO, BCIEICTBHUe Yero noaydeHre uHpopmaiuu o TakoM
IPOMeRYTKE ABIAETCA BaKHBIM IpeJBapUTENbHBIM 3TANoOM IPOLEAYPhI
MUHUMU3aLUH.

B nanbHeiimeMm HaM NOHAIOOUTCA MOHATHE YIAa4YHOU TPOMKU 4HUCel.

8.1.5. Ynaunasa Tpoiika uncea. Bygem o6osHauats o(x;) = @; (i =
=1,2,..).

Tpoitry uncen z1 < 2 < T3 Ha30BeM ydayHol, eciu

w2 < min {1, @3}

2 < max {1, 3}

MocnenHee ycnoBue o3Ha4yaeT, YTO TOUKM (Z1,p1), (Z2,02), (X3,¢3)
He JIe;KaT Ha NPSMOM, mapamielbHoll ocu abeuuce (eCTECTBEHHO, YTO 1A
CTpOro yHUMOAalAbHON (QYHKIMU 3Ta CUTyalusA uckiIioudeHna). Tarum o6-
pasoM, yaa4yHas TpOWKa 4ucel TaKkOBa, UTO OTPE3KY [z1,23] 3aBeIoMO
NPUHAMIEKUT BHYTPEHHSAA €ro ToYKa £* MUHUMYMa CTPOro yHUMOAAb-
HOI (PyHRIIUU.
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8.1.6. O BrI6GOpe yaauHoil Tpoilku uucea. B nerepMuHupoBaHHBIX
MeToJaX MUHUMU3AUUN 0ObIYHO B pe3ybTaTe Ka#iJA0ro KA MOABIAIOT-
el TOURH (21, ¢1), (T2,92), (®3,¢3), (24,p4) Takue, 9TO

T < X9 <23 < 24,
w2 <min {1, 04}, w3 <min {1, @4}

Bosnuraet Bompoc o BeiGope ynauyHoit Tpoiiku. B cumy ctporoit yHu-
MOJaNbHOCTH MHUHHUMU3UPYEMOH (YHKUUU OYEBUAHO, YTO NPU @y < Y3
ynayHoil OyneT Tpoika Tj,xs,Ts3, @ IPU Y2 > 3 YAAUYHYIO TPOHKY 00-
pasyIoT uucaa Ta, T3, Tq. ECIN e @y = 3, TO 2* € [x9, 23], U M006as us
TPOEeK Z1,%2,T3 U Xo, T3, T4 OyAeT yaauHoil. lleqecoo6pa3Ho U3 HUX BBI-
6paTh TY, KOTOPOii COOTBETCTBYET HAUMEHbBIINI U3 IBYX OTPE3KOB |21, T3]
U [%2,24]. Ho Mo#HO mOCTYNUTL U MHAYE: OOHUM U3 METOLOB OQHOMEp-
HOMl MMHHMMMU3aLWUM, HAlpUMeEp, JeJeHHeM OTpe3Ka II0IoJjaM, BbIYUCIUTh
Ha OTpesKe [X2, T3] TOURY T5. Tpoitka s, 5, £3 GyneT 3aBefOMO Y 1a4HOI1.

Tak Kak IOpu YMCIEHHOH peanu3alluyd BbIYUCIEHUA JUMUTUPYIOTCA
ONnpenej]eHHON TOYHOCTbIO, TO MbI MOMeM JHUILIL YTBep:kAaaTb, 4TO pa-
BEHCTBO 3HAYEHUH o U (03 OCYIIECTBIAETCA C E-TOUHOCTBIO, T. €. |p2 —
—p3| < e. B aToMm ciyuae Kamaan U3 TPOEK Xy, Tz, T3 U Tz, T3, Ts MOMKET
oKkazaTbhcA ygauHoi. Torga mmd cooTBeTCTBYIOLIEro BrIGopa lelecoobpas-
HO BBIUUCIUTD B TOUKE L5 = (T2 + 3)/2 3HaueHue ;. Ecau @5 coBnagaet
C (o U (p3 C TOUHOCTBIO JI0 €, TO MOWCK 3aKaHUUBAIOT, Mojaarasg x* ~ xs.
B nporuBHOM ciyuae ygauHoit 6yneT Tpoiika xs, Ts, T3.

8.2. Ilouck oTpeska, cojaep:;kamiero TOYKy MUHUMYMa

8.2.1. Tlouck 3araiodaeTcA B TOM, UTO OCYLIECTBJIAIOTCA BO3pac-
Talole Mo BeJAW4YWHe Iard OO0 TeX Mop, MoKa He OyaeT mpoligeHa To4Y-
Ka MUHHMyMa byHKRUuN o(x).

8.2.2. IlTar 1 (HecTaHaapTHBI). BRIGUPAIOT TOUKY Zo U ONPEAEIIAIOT
HarpasieHre yObiBaHua GyHKIUN @(x). Las 5TOro BhIGUPAIOT 4YKcio h u
BLIYUCISAIOT (2o + h). Eciut (2o + h) < ¢(xg), To nonaraioT x1 = g + h
u nepexonat K wary 2 npu k = 1. Ecau p(zo + h) > ¢(x0), To nonararor
h = —h u Beruncasior p(zo + h). Eciu o(xg + h) < ¢(zp), To nonaraior
x1 = xo + h u nepexonar k mwary 2 npu k = 1. Ecau ¢(zo + h) > ¢(xo),
To noaaratoT h = h/2 1 MOBTOPAIIOT MpOLEAYDY NMpeABapUTENLHOrO 1ara.
B pesyabrare mara 1 mosydaior 4ucio h U TOUKY g, L1 = o + h Takue,
aro p(z1) < p(zo).

MMar 2. YaBauBaoT h U BBIUYUCAAIOT Zji1 = Tj + h.

ITar 3. BeruucasaoT ¢g11. Ecniu @11 < g, To nonaraiot k =k + 1
1 nepexoaAT Kk mary 2. Eciu g1 > g, TO NOUCK OCTAHABINBAIOT U B Ka-
YecTBe 0TPe3Ka, COIEPIKAlIero TOUKY MUHUMYMa, BBIGUPAIOT [Tf—1, Tg41]-
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8.3. MeTroabl ®u6oHauYuM U 30JI0TOTO ceyeHUd *)

8.3.1. YacTo B BLIYMCIUTEIbHBIX TPOIEIypax CylleCTBEHHbIE TPYI-
HOCTU BO3HMKAIOT B CBfI3U C BBIUMCIEHUAMH 3HaueHUM OYHRIMA (),
HampuMep, eciu 3HaYeHus @(z) MOJAydyaloT B pe3yibTaTe TOrO WM UHO-
ro PKCIepruMeHTa Jubo eciu () 3amaeTca aHAIUTUYECKH, HO JOCTATOY-
HO CJIOMKHOUN MJIAl BbIUMCIeHWH (opmyinoii. K mMeromam, B KOTOPBIX NpH
OrpaHMYEHUAX HA KOJNYECTBO BBIUUCIEHUII 3HAYEHUN ¢(Z) HOCTUraeTcs
B ONpeeIeHHOM CMbIC/e HauIydnass TOYHOCTh, OTHOcATCs MeTon Duto-
Hauuu ¥ METOJ 30J0TOr0 CeUeHUS.

ATU MeTOAbl COCTOAT B MOCTPOEHUU MOCIEJOBATEIbHOCTU OTPE3KOB
[ak,by], cTArUBaomuXCcA K TouKke z* MUHHMyMma (QYHKUuM @(x) Ha uc-
XOIHOM OTpeske [ag, bo).

8.3.2. Cxema metTona. O6a mMeToma CTPOATCA MO eAUHON cxeMe U
pasinyaroTces cnoco6aMu BbIGopa mapameTpa A.

Mlar 1 (HecTangapTHeIt). BribupaloT 0Tpe3ok [ag, bo], conepsramuii
TOYKY 2* MUHMMyMa GYHRUUU @(r); 3aal0T TOYHOCTh €, C KOTOPOIi
JETAIOT OMpeNeNuTh TOURY x*; BeIUMCAAIOT Ag = by — ag, A1 = Ao,
1/2< A <1, Ay = A0 — Ay, yo =ao + Az, 20 =bo — Az, 9(y0), ¢(20) 1
nosnaraiot k = 1.

Olar 2. a) Ecint ¢(yg—1) < @(2k—1), TO moaaramt ay = aj_1, by =
= Zk—1, 2k = Yk—1, BBIUMCHAIOT Apyo = Ap — Apy1, Y = ap + Dpyo,
©(yr) v mepexonAT K wary 3.

6) Ecau ¢(yr—1) > ¢(2—1), TO monaraotT ar = Yr—1, b, = bg—1, Yy =
= Z—_1, BBIYUCAAIOT Agio = Ap — Apt1, 2k = b — Agto, p(21) u nepe-
XOOAT K mary 3.

Olar 3. Eciu Ay, < e, To nonaraiot z* ~ x, = arg min{y(yx), ©(zk)}-
Ecau Ay > e, To nonaraiot k = k + 1 u nepexofat K mary 2.

8.3.3. O6paTuM BHUMaHME Ha TO, YTO HA KaKJOM Ilare, 3a UCKJIIOUe-
HIEM TepBOro, IPOU3BOJUTCA TOJBKO OJHO BbIUUCIEHUE 3HAUEHUA (DYHK-
unu p(z).

8.3.4. Ananus meTtopna. BeiaicHUM, KaKUM YCIOBUAM TOJKHO YI0B-
JeTBOPATH YUCIO A, YTOGBI KaiKAbIA OTPE3OK [ay, by comepsai TOURY z*,
4TO0bI [ag, by] C [ag—1,br—1] U, HaKOHel, YTOOLI ¢ Bo3pacTaHKeM ducia k
STH OTPE3KU CTATUBAINChL K TOUKe T*.

N3 ycnoBuii

Ao, Ay = Ao, Ao = Ap — Apq1, k=0,1,.., (8.1)

U U3 U3JI0KEHHOI CXeMBbI clleyeT
8.3.5. Ecau Ay, > 0 0asa scex k =0,1,..., mo
Ak = bk — ag.

*) I/IHB}O npeanaraeMoro Huie M3J0sKeHUA BbICKaaall A.T. TeTepeB B [IOK/Iajie Ha ce-
MHUHape KaQ)eupr ncciegoBanus onepaunﬁ CpaHyJ'leeTa BbIUUCIUTEIbHON MaTeMaTUKU
u KV[ﬁepHeTI/IKVI MockoBckoro rocyiapCTBeHHOI'O yHHUBepcUTeTa.
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HetictBuTenbHo, aaa k = 0 3To cileqyeT U3 ompefeieHUs yucaa Ag.
CrmenaeM MHIYKTUBHOE MpeArnooMenne, uto Ay, _1 = by_1 — ag_1. Ilo mo-
CTPoeHUIO0 Agy1 = bp—1 — 21 = Yr—1 — @p—1- Ho Ap = Ap 1 — Apyq,
cjle0BaTelbLHO,

Ap = (bp—1 — ar—1) — (bp—1 — 2x—1) = Zk—1 — Q—1,

Ap = (bp—1 — ap-1) — Yr—1 — @k—1) = bp—1 — Yr—1.

Ecau umeer mecto n. a) mara 2, To by = 2p_1, U G = Gk—1; NOITOMY
Ay = by — ag. Ecau ke umeer mecto 1. 6), To by = bg_1, ar = Yr—1,
BcaeacTBue Yero Ay = by — ap. A

8.3.6. Eciu A,,, =0, To A1 = Apy_2, U, CI€I0BATEIbHO, Ypm_3 =
= Zm—3, BCIEICTBHE 4Yero Mpolecc MOCTPOEHUSl OTPE3KOB [ay,by] ocTa-
HaBIUBAIOT Tipu k = m — 2.

8.3.7. U3 (8.1) no MHAYKLMU JErKO MOTYYUTh

Ak = Ak()‘) = (_l)k_l(Fk)‘ - Fk—l)A()a k= 2737 ey (82)
Fil=Fy=1, Fu=F+F1, k=23,.. (8.3)

8.3.8. Yucna Fj, ynoBaerBopsomue ycaoBusiM (8.3), Has3bIBalOTCA
yucaamu Pubonawyu. llpuBenem nepsole us Hux: Fy =2, Fy =3, F5; =5,
F6 = 8, F7 = 13, Fg = 21, Fg = 34, F10 = 55, F11 = 89, F12 =144 u T. .
ll1s panbHeHIIUX paccMOTpeHUil HaM MOHAJOOATCA HEKOTOpPble CBeleHUs
o cBoiicTBax uucea @uGoHauuu.

8.3.9. Umeet MecTo gopmyaa Bums

A= (59 (155)) keran

(em. [6]).

8.3.10. CnpaBeJiuBO COOTHOIIEHUE
F?. = FF+ (D% k=12, (8.4)

KOTOpOe JIerKo JI0Ka3biBaeTCA UHAYKIMEH 1o k.
8.3.11. Ilyctb Apy1 = Fi/Fr41 (k= 1,2,...). Henoassya dopmyry
Bbuns, nonyyaem

e (3 —VB\*k

N, = V-1 1+(_1)< 2 )
k+1 — 3
2 3 — 5kt

—1)k+1
1+ (- (2522
OTKYyIa clefyeT, 4YTO klim Ak = \/52_ 1.
— 00
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8.3.12. U3 onpenenenus yucna A; u Gopmyist (8.4) umeem

FyFyn — Fp _ (=D*

A — A = = , k=2,3,...
b FFipy FFy
8.3.13. B cuy sToro
/\2m+2 < )‘Qma m=12.., u A2m—+—1 > )\2m—13 m=1,2,..

8.3.14. Ilycmv k < n. Toeda [ay,br] C [ag—1,br—1], ecau A\, =
= nfl/Fna u

An < A< Apt1, ecau n HewemHoe, (8.5)
A1 < A< Ap, ecaun uemroe. '

HeiicTBUTENLHO, U3 CXeMbl MeTo/la U u3 8.3.5 cieAyeT, 4TO ycloBuUe
[ak,br] C [ak—1,bk—1] PKBUBAIEHTHO YCIOBHIO

0 < Ar(A) < Ap—1(N). (8.6)

Ecnu k neuernoe, To u3 (8.2) momyuaeMm: aas Toro utoGel Ag(A) > 0,
JOJI3KHO BBIIOJHATLCA HEPABEHCTBO A > Ap, @ 4A Toro 4tobbl Ag(A) <
< Ag—1(A), Dom#HO 6bITE A < Ag41. Ilpu yeTHOM k aHAIOrMYHO MOMyYaeM
Ak+1 < A < Ag. Utak, cienyiomue HepaBeHCTBa rapaHTUPYIOT cIIpaBefi-
auBocTh ycaoBus (8.6):

Ak <A< Agy1, ecau k HedyeTHoe,

k
(8.7)
Akr1 < A< Ag, ecau k uetHoe, k <

s,
n.

U3 nn. 8.3.13 u 8.3.11 caemyer, 4yTo mpu m — 00  Agmt1 T X,
o 13, T = L2
nonuAioTeA U yeaosus (8.7), a sHauur, u (8.6). U3 cxeMbl MeToaa BUIHO,

YTO Ka[Iblll U3 OTPE3KOB [ag, bg] comepsuT Toury z*. A

8.3.15. CnpaBenuBo ciegyioliee yTBEpKIEHUE: NpuU A = A U3A0HCEH-
Hulll memod nopodxcdaem OeCKOHeYHYI0 Nnocaedo8amesbHOCTb BAOHCEHHHLT
ompeskos [ay, bi], cmasusawuxca k mouke T*.

; IO3TOMY, €CJIU BBINOMHAIOTCA yeaoBus (8.5), TO Bbl-

. 32 ¥ .
NleiictBuTenbHO, Tak Kak A = 1 — A, To unaykuueit mo n u3 (8.1)
nojiyyaem
1

An(Y) = N'Ag = (Vi‘ )”AO < 0,7"Ao.

Moatomy A, (A\) — 0 mpu n — oo.
HaxoHel, 13 NpUHAIIEKHOCTH TOUYKK Z* BCeM OTpe3KaM [dy, by,| BbI-
TeKaeT 3aKkIIOYMTeNbHAA YacTh yTBepskaeHus. A
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8.3.16. MeToa 3040TOro cedyeHud. MsnoeHHplii BbIe METO IPU
A = )\ HasbIBaercd memodom 3o0a0mozo ceverus. Illoscuum HaszBanue. ['o-
BOPAT, YTO TOUKA YY), OCYULECTNBAAETM 3040MO0€ CeveHue ompeska [ay,by],

ecau
by —ap _ b —yg

b —yr Yk —ak

Herpynno norasars (mpoBepbTe), 4TO NpH A = A Kajaas U3 TOYEK Yg
U 2, MOCTPOEHHBIX IO CXEMe MeTo[a, OCYLIeCTBIAET 30J0TOE CeUYeHUeE:

bk—ak _ bk_yk _bk—ak _ Rk —ap 1+\/5.

by —yr Yy —ar zp—ap by —z 2
8.3.17. IlocTaBuM Temnepb CleayIOUKI BOMPOC: MIPU KaKUX 3HAYEHUAX
napamMeTpa A uepe3 KOHeuHOe YKCIO MIaroB MbI MOLYUYUM OTPE30K [ag, bi]
HauMeHbIeH AIUHbI?
YTBepmaenue. Ecau A = Ay, mo 041 ai06blx \, y0084emeopaoujux
ycaosuam (8.5), 6bINOAHAIOMCA HEPABEHCMBA

0<Ap_a(An) < Ap_a2(N).
lleficTBuTenbHO, u3 (8.2) monyuyaem
Apo(A) = Apo(N) = (=1)" 2 Fu_a(An — N)Ag.

Ecau n ueverno, to us (8.5) caeayer, uto A\, < A\, T. e. A,_o(\,) —
—Ap—2(A\p) < 0. A Tar Kar npu yeTHoM n B cuiy (8.5) GymeT A, > A,
TO An—Q()\n) - An_g()\) <0.A

8.3.18. [lenath Goablie yeM 1 — 2 MAroB Npu A = A\, He UMeeT CMbIC-
aa. Tockoabky An(An) = 0, Ay 1(0n) = Ap_s(An), T0 Yot = 2n_1,
BCJIE[ICTBHUE Yero Mpolece 0CTaHaBIMBAIOT Ha (n — 2)-M 1iare.

8.3.19. OnTumainbHoCTh MeToaa @uboHauYUYH. ITOT METOMd, KOT-
Ja A = A\, HaspIBAlOT Mmemodom Dubonaywu. B cmbicie yTBepsaeHUs
. 8.3.17 on ABAsseTCA ONTUMAIbHBIM.

8.3.20. YyBcTBHUTEJbHOCTL MeTona K omubkaM. YucieHHas
peanusaiua o60MX MeToO0B o6afaeT cyllleCTBEeHHBIM HefocTaTKoM. lle-
JIO B TOM, 4YTO NMpUOIUMEHHbIe 3HaYeHU A YKhcesa A U \,, MOPOKIAI0T Takoe
HaKOILJIeHUEe OMNO0K, KOTOPOE JOBOJbHO ObICTPO MOKET MPUBECTH K Hapy-
LIIEHHIO YCIOBUMN BIO#EHHOCTU OTPE3KOB [ag, by] U TeM caMbIM K pacxomu-

MocTH npouecca. B camom geste, nycTh A yAOBIETBOPAET ycaoBUAM (8.5).
Pacemotpum A = A + 4. U3 (8.2) umeem

Ar(N) = (=DP Y (FX = Fr_1)Ag = Ar(N) + (=1 16F, Ay, (8.8)

~ ~

[Mockoabry BemmoaHsAoTeA HepaBeHeTBa 0 < Ag(A) < Ag_1 (), To nocne-

noBaTelbHOCTh {Af (X)} cxoputes npu k — oo. B To se Bpemsa Fj, — +o00,
noatomy |Ag(A)| = +o0.
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I/I3BeCTHO, yT10 yncia Pudbonayuu pPacTyT CO CKOPOCTLIO reoMeTpruyec-
145
V5 1618,

2
BcaencTBue sToro npu GpuKCcHpoBaHHONW TOYHOCTH “packaukra’ mpoliecca

HAcTyTmaeT AOBOJLHO OBICTPO.
8.3.21. Br1i6op uuciaa n. OnpegeauM Mo 3afaHHOMY € YHUCIO N, He-
00X0AMMOE€ Il TOro, YTOObI rapaHTUPOBaTh HepaBeHCTBO A, _o < €.
Ilnsa aToro BHavale HoKaeM CIpaBelIUBOCTb (hOpPMYJIb

KoM nporpeccruuv, 3HamMeHarTtejeM ROTOpOI‘/’I ABJIAETCA YUCJIO

Fok Ny p=Tm=T. (8.9)

Ar(Ap) = 7

Oyers k=n—1 (I =1,n—1). lokaskem, 4To

Api) = Eng, 1=Tn—1. (8.10)

n

U3 (8.2), Bocnoab3oBaBWnCh cooTHOEHWeM (8.4), monyuyaem

o F2  —FpFh_s

An—l()‘n) = (_1)n F,

1 F
0 Fr 0 F, 0

Mockoabry Ap(Ap) =0, To u3 (8.1) caenyer Ap_2(An) = Ap_1(Ap) =

1 F:
=& Ag = F—2 Ay. U3 Toii me popmyint (8.1) umeem A, = Ap_j1q +
n n
+ Ay _yy2. Orcioma unaykuuedi mo | ybesgaemMea B CIpaBelIMBOCTU pa-
BeHcTBa (8.10), a 3Hauut, u (8.9). A
Takum 06pa3oM, IIfl JOCTUMEHUA £-TOYHOCTU pes3yiabTaTa 4UCIo 1

cileflyeT BBIGUPATh U3 COOTHOLICHUA
1
Apa(An) = F—Ao <e
n

8.3.22. O corysacoBaHMHM TOYHOCTH B MeToae DuGoHauuu.
Teneps obpaTuMcA K eCTECTBEHHOU CUTyallUM, KOTAa YUCIO A, Olpeje-
afeTcA NpUOIMAEeHHo: A = A\, + 0.

N3 (8.8) u (8.9) noayuaem

ank
Fyn

k—1

Ak()\) = Ag + (—1) 0F, Ay. (811)
Otcioga fAcHO, YTO OJA JOCTHUKEHUA KejlaeMoro pesyibTaTa TOUHOCTD
¢ BBIUMCIEHUAl BEJUUUHBI A, CleIyeT COTacoBbIBaTh C 3aJaHHOI TOU-
HOCTBIO £ ONpefeleHus JJIMHbI OTPe3Ka [an—2,bn—2]. A HUMeHHO, ecau n
BbIOMpaeTcA TakuM 00pa3oM, 4YT0ObI ObLIO

1 €

— Ag <<

F, 7T 2
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TO [Jfl rapaHTHPOBAaHHOCTU HepaBeHCTBAa A, _2(\) < € HOMKHO GbITH

€

|6|< 2Fh—2A0.

8.3.23. O coriacoBaHUH TOYHOCTH B MeToJe 30J0TOro ceue-
HuA. PaceMoTpuM cayyail, koraa A = A +9, A = \/52_ 1. U3 n. 8.3.15
nMeeM Y .

~ _ (V5—1
Ap(N) = ( - ) Ao. (8.12)
Otciona u u3 (8.8) ciegyer
1Nk
Ap() = (Vi D) 80 + (1S, (8.13)
u 1npu
\/5 —1\* € 5
( 2 ) Moy 1 PISp7

oynetr Ap(N) <e.

8.3.24. Eme pa3 o HeycToilunBocTHU. OueBUIHO, YTO TPU Orpa-
HUYEHHBIX BO3MOKHOCTAX TOYHOCTM BbIYMC/IEHHIl YMCIO N HEBeIUKO, U
okHJaeMas €-TOYHOCTb pe3yjabTaTa MO;eT He ObITb OOCTUTHYTa, eciu
NoJb30BaThesA NpeAJIoNeHHOol cxeMoll. B aTom cMmblcie o6a memoda He
ABAAIOMCA YCMOUHUBHIMI NO OMHOWEHUIO K owubKam 8 onpedeseruu 0o-
nYcmumMblr 3Ha1erull napamempa A.

8.3.25. Moaudukanua metoaa. B cayuae eciu BeanunHa §, onpe-
Jejsilomasg TOYHOCTb BBIYMCIEHUA Ap, 3aJaHa W NpPU 3TOM YCJIOBHA
cornacoBaHHOCTH € U ¢ (cM. mil. 8.3.22 u 8.3.23) He BBINOJHAIOTCH, MOHHO
TakuM 06pa3oM MoAnGbHLIKMPOBAaTh MeTO[, YTOObI Mpoliece cTal yCcToHuu-
BBIM.

KRax wmbI y#e Bugenu (cMm. 1. 8.3.14), yeaoBusa 0 < Agyq(A) < Ag(A)
rapaHTUPYIOT COOTHOILIEHUE [ak+1,bk41] C [ak, bi]. U3 (8.11) caenyer

Fr—k—2

Ak = Aps1(A) = —5—A0 + (—1)* 6 Fypa Ao,

u npu k = n — 3 momyudaeM, 4to A,_o(A) < A,_3(N), ecan

1

0l < =————. 8.14
ol < 57 (8.14)
Takum o6pasoM, yciaosue (8.14) oGecrneynBaeT COOTHOIIEHUSA
[aky1,brs1] C [ag,br], k=0,n—3.
Bri6epem
1
n = argmax4 k: | <—} 8.15
gmax {k: 18] < (8.15)
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¥ OCYIIECTBUM 7 — 2 IIAroB IO CXeMe MeTold. 3aTeM MONOMUM n — 2 =
= 0 u mepeiigem & uary 1. Takum o6pas3oM, nocie 1 — 2 MAroB MbI OCY-
iecTBIAeM OOHOBIEHHUE Mpolecca, T. €. MolaraeM d,_s = Gg, bp—2 = by,
BbIuMCasieM Ag = by — ag, A1 = A, Az = Ag — A1, Yo, 20, ©(Y0), ¢(20)
u mepexoguM K mary 2. Ilocie Kammoro Takoro LUKIa, COCTOALIETO U3
n — 2 maroB, Mbl NoaydaeM, yuntbiBas (8.11) u (8.15),

F _ A
An_g()\) = F_T;AO + (-1)" 36Fn_2A0 < F_no + |6|Fn_2A0 <
Ao Fpn_» Ao( Fn—‘z) 2
20, -2 — 20 < 2 An-
< Fn + Fnanl AO Fn 1 + anl = Fn AO’

nocjie p IUKJIOB OyaeT

P
Apin ) < (=) A0,
n

OueBuano, 4to Ap,—2)(A) — 0 npu p — oo, ectu n > 3.

3aMeTuM, YTO Ha KakJIOM LHUKJIEe BBIUUCIAIOT N — 1 3HAYEHUI
MUHUMU3UPYEMOI GYHKIIMU; MO3TOMY 00lllee UUCIO TaKUX BbIUMCIEHUI
COCTaBUT pn — p, B TO BpeMd Kak B “uaeanbHoii” cxeme mertonaa 8.3.2 Ha
p(n — 2) mwarax npoucxoguT pn — 2p — 1 BbIUUCIECHWIA.

8.3.26. [l1a MeToma 30J0TOrO0 CeUeHUA NpU A = A+6 rnojryyaeM
u3 (8.13)

—1\k+2 B
Ak()\) — Ak-{—l()\) = (\/_ Ag + (—l)k 1(5Fk+2A0,

2
U npu
1 \/5 -1 k+2
] < sz( 5 ) (8.16)
oyner [aiy1,bit1] C [ai, b;] (i =0,k).
Bri6epem
_ o< L (VBT
n= argmax{k. |0] < Fk+1< 5 ) } (8.17)

¥ OCYILECTBUM N [1ArOB [0 CXeMe MeTofa. 3aTeM nonoxuM n = 0 u nepeii-
nem Kk mary 1. OueBHAHO, YTO aHANOTUYHO NPEbIAYIIEMY MYyHKTY OyaeT
Apn(A) — 0 npu p — oc.

8.3.27. OnHaro HaKoILUIEHNE OMIMOOK MOKeT NPUBECTH K OYeHb Mel-
JeHHOMY YObIBaHUIO BeJIUYMHBI Ay azke NpU BbIOOpe YUCIA 1 U3 YCIOBUN
(8.15) u (8.17). lloaTomMy MOeT HACTYIHUTh MOMEHT, KOTa IPOJOJIKEeHNe
mpoliecca CTAHOBUTCA “HepeHTabeqbHBbIM” .

BrisicHuM cKopocTh yObIBaHUA BeIUUYMHbI Ay B HeanbHol cxeme. 13
(8.9) caenyert, uto

Ak—i—l(/\n) = M-k Ak ()‘n)
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B uvactHoCTH,

An—2(An) = 0,5An_3(\n),
An—3(An) ~ 0,67 Ap_s(An),
A77.—4()‘71) =06 A71—5()‘71)7
An—5(An) ~ 0,62A,_(An),
An—6(An) ~ 0,62A,_7(An),

3 (8.12) caepyer

A (7) = Y21

B cBa3u ¢ aTuM 1eaecoobpasHo BeibpaTh yuciao 0,62 < A < 1, Hanpumep,
a = 0,8, u g0 tex mop, moka Apy; < aAyg, npouecc npogomkats. [pu
Agi1 > @Ay NUKI 3aKOHYUTh ¥ MPOU3BECTU OGHOBIEHUE, T. €. MOM0KUTh
k = 0 u nepefitu K mary 1.

8.3.28. MoaudunnpoBaHHbIi1 aJropuTM 30J0TOr0 ceYeHUA.

ITar 1. BeibpaTs oTpe3ok [ag, bp], 3aHaTh TOYHOCTH € ONpeneleHUs
Touku z*, BbIGpaTh uuciao « € [0,7; 0,9].

V5 —1

Iar 2. Beruncauts Ag = bg — ag, A1 = ———Ag, Ay = Ay — Ay,

Yo = ao + Aa, 20 = bo — As, (o), ¢(z0) 1 nonoxuts k = 1.

MIar 3. a) Eciu @(yr—1) < @(2k—1), HOJIOMKUTD af = af—1, bp = 2k—1,
2k = Yk—1, BBIUUCIUTD Agio = Ay — Apyq, yr = ag, + Apyo. lpu yp < zg
BBIUUCAUTD p(yy) U nepeittu K wary 4. [Ipu yj, > zp nonomuts ag = ag,
bo = by, u mepeiiTu K wary 2.

6) Ecivt o(y—1) > @(2k—1), NOJOMRUTD A, = Yg—1, b = bk—1, Yk = Zk—1,
BBIYUCAUTD Agyo = Ap — Apyq, 21 = by, — Agqo. llpu 2 > yj, BEIYUCAUTD
©(z1,) n nepeiitu k wary 4. lpu z; <y MON0KUTL ag = ag, by = b U
nepeiiTu K wary 2.

ITar 4. a) Ecau A < €, 3aKOHYNUTH [OUCK, MONOKUB

z* ~xp = argmin {@(yr), p(21)}-
6) Ecaun ¢ < Ap < alAg_1, nepeiitu K wary 3 npu k =k + 1.

B) Eciiu Ay, > e u Ay, > aAg_1, IONOHKUTE ag = ag, by = by, U mepeiiTu
K mary 2.

Ar(N) ~ 0,62 A, (N).

8.4. MeTona napa6oJ

8.4.1. e MeToza BecbMa Ipo3payHa: eciiy Ha oTpeske [a, b] ¢ BHYT-
peHHeit Touroit * = argmin{p(z): x € [a, b]} dyuruua ¢(z) nocratouto
XOpOLLIO aNMIPOKCUMUPYETCA MHOTOUIEHOM BTOPOi CTEIeHH, TO 3a MPUOIN-
AeHHOe 3HaueHNe * 11e1eco00pasHo B3ATh TOUKY MUHUMYMa STOr0 MHO-
rounera. EcTecTBeHHO, UTO BbICKa3aHHOE MPEANOIOMKEHUE JOMKHO MOJ-
KpPeIuIAThCA pasyMHBIMU JoBoamu. B cayuae Korna ¢pyHKUusA riagkas u
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CTPOro YHUMOJAIbHAA, MOKHO IpeAINojaraTb, UTo B OKPECTHOCTH TOY-
KM x* oHa, BOOOLIe rOBOpA, BecbMma GiusKka K mapaboie. B cuiy atoro
MeToJ nmapabod 11eecoodpasto PUMEHATD 10cle TOro, Kak HafigeH oTpe-
30K J0CTATOYHO MaJjoil IMHBI, COMepsKalluii x*, HalpumMep, mocjie Toro,
KaK HaiigeHsl [ay, by] v z; = argmin{y(yi), ¢(21)} B pesyabTare k mwaron
110 METOIY 30J0TOr0 CeYeHHUs.

8.4.2. MlycTh u3BecTHa ynauHas Tpoiika yucel (B CMbICIe Olpeje-
nenus 8.1.5) 1, x2, 3. MHOrouseH BTOpOro mopsAka, rpahuik KOTOPOro
IIPOXOAUT Yepes TOYKU (Z1,p1), (X2, v2), (T3,¢s3), IOCTUraeT MUHUMAIb-
HOIO 3HAYEeHUA B TOYKE

T = _ l (.’L’Q - .’L'1)2(4p2 — @3) - (Iﬂg — .’L'Q)Q(gag — 801)
e 2 (x2 —21)(p2 — @3) — (x3 — 22) (2 — 1) (8.18)

B sToM MoskHO sneMeHTapHO yGeOUTLCA, €CIU MOCTPOUTH 0 YHIOMAHY-
ThIM TpeM TOUKaM WHTEpHOJAUOHHBLIA MHOTOYIEH U HafiTU ero TOUKy
MuHUMYMa. Tak:#e HeclIoHO I0Kas3aTh, YTo T € [, T3], IPOBEPUB COOT-
HOIlIeHUe

~ 1
|7 — zo| < amax{mg —T1,x3 — Ta}.

8.4.3. Cxema Metopna. llpennonaraercsd, 4TO U3BECTHBI ygauyHas
Tpoiika uuced xp, T2, T3, COOTBETCTBYIOIINE eil 3HAUEHUSA 1, Ps, Y3 U 3a-
JaHa TOUHOCTDL € OIpelleleHUA UHTepBala, COAepsKallero TOURy x*.

Ilar 1. Beraucauts T no gopmyie (8.18).

ITar 2. Ecau |T — 22| < €, 3aKOHUUTH MOUCK, NON0MUB =™ ~ Z. Eciu
|Z — z2| > €, To BbIYMCAUTD Y(Z).

[MTar 3. Hoab3ysck coco6oMm 1. 8.1.6, U3 yucedn 1, To, L3 U T BLIGPATDH
yAa4yHYIO TpOHKY U nepefiTu K wary 1.

8.5. MeToa Ky6uuecKkoil annpoKkcuMalinuu

8.5.1. Meton ucnonbayercs 1A MUHEUMH3aUUU AuddepeHnrpyemoit
¢byHruuM @(x), Korga ecTb OCHOBaHWf MojaraThb, 4To ((r) HOCTATOY-
HO XOpOLIO aNMpOKCUMUpPYeTCs Ha 3afaHHOM OTpeske [a,b] MHoroume-
HOM TpeTbeil cTenenu. B 5ToM ciyuae nponsBoaHas annpoKCHMUpyoLieit
(GYyHRKUMM AIBASIETCA MHOTOWIEHOM BTOPOTO MODAAKA, U, CIEI0BATEIbLHO,
3ajlaua CBOAUTCA K HAXOMKIEHUIO KOPHA KBaApPaTHOTO TpexuieHa, MpH-
HaJ/eKallero oTpesry [a, b).

8.5.2. IlycTb M3BecTeH OTPE3OK [a,b], comepsramuil TOUKY MUHHMY-
Ma @(x), npuuem @(x) ~ P3(z) Ha [a,b]. IIpeanonoskum, uro Pi(z) =
= Py(z) ~ ¢'(z) Ha paccmaTpuBaeMoM oTpeske. Jlerko nNpoBepUTh, 4TO
P, (x) obpaiaercs B Hylb B TOYKE

~_ (z + ¢ (b) — w)A
¢'(b) + 22 + ¢'(a)’

(8.19)
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rie
A=b—a, z= 3[9"(“))\_ @ (b)] + QO’(G) + QOl(b),
w = /2" = ¢'(a)¢' (b).

8.5.3. Cxema Mmetopa. Ilpennonaraerca, 4YTo M3BECTHbI 3HAYEHUSA
w(a), o), ¢'(a) n ¢'(b), mpuuem ¢'(a) < 0, ¢'(b) > 0. MycTs Tarme
3agaHbl yncaa €1 > 0 u eo > 0.

ITar 1. Ecaun A < €1, To moaaraioT x* ~ b U 3aKkaHYMBAIOT MOUCK. B
IPOTUBHOM Ciy4ae BbIUUCIAIOT T 1o dopmyie (8.19).

Olar 2. Beruueasor ¢(Z) u ¢ (). Ecan |¢'(Z)| < €2, To noaara-
10T z* ~ T U 3aKaH4YMBAIOT MOWCK. B NPOTUBHOM ciiydae MepexoiAT K
mary 3.

ITar 3. Ecnu ¢'(Z) < —e2, To noaaraiotr a = z, p(a) = ¢(Z), ¢'(a) =

= ¢'(Z) u nepexoasit Kk wary 1. Ecau ¢'(Z) > €5, To momaraior b = Z,

w(b) = p(@), ¢'(b) = ¢'(T) n nepexogat k mary 1.

8.6. MeToa kacaTe/IbHBIX

8.6.1. Unea meTonma. ATOT MeTOJ MOKET OKa3aThCA BecbMa a(hdekr-
TUBHBIM I MUHUMU3AIUN BBIMYKJIbIX (OYHKIUIA.

Bynem mpenmonarath, 4To GYHKUUA (z) BbIMYyKIa U HENPEPLIBHO
nuddepeHuupyema Ha orpeske [a,b]. O6oszHaunm uepes ¢;(z,y) cie-
OYIOUIYIO JUHEHHYIO 10 o GYHKIMIO, ONpeeleHHYIO B TOUKe ¥:

iz, y) = o(y) + &' (y) (@ —y).

Meron cocTout B cienyiommeM. BIGHpaloT NponusBOIbHYIO TOURY Zo €
€ [a,b] u cTpoAT pyHKUMIO @) (2, To). [N BBIYMCIEHUA TOUKN X1 PEIIaloT
ClefyIOUYIO 3a1auy:

min &

IpU YCIOBUAX

Ob6oznauuM uepes &1, x1 pelleHue 3Toil 3agauu. [Jad oTbICKaHUA TOY-
KU Zo CTPOAT HYHRUUIO (X, T1) U BBIYUCIAIOT &2, Ty — pelIeHUe 3aJa4u:

min &
IIpU YCIOBUAX

€ 2 Qol(mamO)a
€ 2 Sol(maml)a
a<z<b
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IIycTb BhIUMCIEHBI TOYKH Zq, L1, ..., Lk—1. LA TOro YTOOLI HANTU Ty,
pelaioT 3agayvy:

IpU yCIOBUAX

IIycte

Wk, 4TO TO e caMoe,

min & (8.20)

f 2 Qol(x7$0)a

£ 2 oz, 21),
............... (8.21)

£ 2 iz, mp-1),
a<xz<b

Yr—1(z) = max {@i(x,x0), o1(x,21), ..., pr(z, xp—1) }, (8.22)
Yr—1(7) = max {tr—2(z), o1 (z, Tr—1)} (8.23)

Herpyano y6eautbes, uro npu ¢’ (z—1) # 0 3agaua (8.20), (8.21) sxBu-
BaJleHTHA 3a[aye OTbICKAHWSA TaKOH TOYKH T € [a,b], uTO

Yr-1(rx) = min g1 (2). (8.24)
z€[a,b]

N3 puc. 8.1 BUAHO, YTO [l BBIYUCJEHUA KaKkAOH TOYKU T OOCTATOY-

w(x)

HO HaAliTH Ha KajJOM IIare ABe Ho-
Bble BEpIIMHbI JOMaHOH g1 ()
(na pucynxe nomanag ACB u306-
paskaer rpadpur ¢yHruuu (), a
aomanasi ADEB — rpapur ¢(yHE-
it s ().

8.6.2. CBoiicTBa ¢(YHKIHU
Pg—.(x). U3 BbimykIoCTH GYHK-

z uuu () ciemyer, 4To

Puc. 8.1 o) = oY) + ¢ (y)(z —y),

BcCJjeJCcTBHEe 4ero InojyyaeM HepaBeHCTBO

oi(z, ;) < ()

nas Beex ¢ =0,1,...,k — 1 u mo6oro z € [a,b]. loaTomy

(p(x) 2 max {QOl(l',IKO),(pl(ZL',ZL'l), -'-7(pl(x7$k—1)}7

W, 3HauuT, B cuny (8.22) nas Beex z € [a,b] cpaBelaMBO HEPaBEHCTBO

Yr—1(z) < p(z). (8.25)
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OTciona, a Tak:ke U3 onpeneieHua GyHKINY @i (z,y) U cooTHoIeHus (8.22)
clleflyer, uTo

o) = i(wi, x5) < Yr_1(x:) < o(w4),

1/Jk_1(£L'i) = go(xi), 1= 0, k—1. (8.26)

8.6.3. O6ocHOBaHUe cXoguUMOCTU MeToaa. bygem mpenmnoaaraTh,

uyto ' (1) # 0 npu Beex k = 0,1, ..., IOCKOJbKY B MPOTUBHOM Cilydae Ty

ABIIETCA TOUKOW MUHMMYyMa, U MPOLECC Ha HTOM Iare OKaHYMBaEeTCH.

Teopewma. Jasa svinyraotl u HenpepuleHo duddepenyupyemoii Ha om-
peske [a,b] dynryuu o(x) memod kacameavHbLT CTOOUMCS:

lim i (wps1) = p(e*) = min ().
k—o0 z€a,b]
FEcau mouka munumyma x* eduncmeenua, mo

lim z; = z*.
k— oo

lTorasaTenncrtBo. U3 (8.23)—(8.25) nmeem
Vi (ok) = min Y1 (2) < Yror(@r1) < Yrlon) =

= min ¢p(2) < ¢Yp(z”) < p(7).
z€[a,b]

Taxum 06pasom, OCIeI0BaTENbHOCTh {1y (Zk+1)} MOHOTOHHO Bo3pacTa-
Iomas ¥ orpaHUYeHHas CBepXy, BCIEACTBUE Yero CyIlecTBYeT

Y7 = hm gy (@pn).
U3 mpexbiaymero HepaBeHCTBa CleAyeT, YTo
b < pla). (8.27)
Tlorasem, uto ¥* = p(z*). llycTsb

L= ()|
Inax l¢" ()]

3amMeTuM, 4TO B CUIY BBIMyKIOCTH QyHKUUU @(x) GymeT

L =max{|¢'(a)], ¢ (b)|},

u JomaHas ty(x) OymeT ymOBIeTBOPATH yciaoBuito Jlummuua Ha oTpes-
Ke [a,b] ¢ roncranToit Junumuna L.

Tak rak xy € [a,b] (k= 0,1,...), To cylecTByeT CXoAaAManacH MOA-
nocC/IeI0BaTeNbHOCTh {Ty, }:

T = lim zy,.
i—00
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N3 Toro, uto

wki—l(xki) = IIl[iIl wki—l(x) < wki—l(xki—l)a

z€[a,b]
B cuny yeaosus Jlunmuia aiasa GyHRIUA ¢y, —1(T) moaydaem

0 < Yri—1(Th;—1) — Yri—1 (k) < Ll|Tg; -1 — T, |-

MosHo cuntaTh, uTo k1 < ko < ... < k; <... Torma k;_1 < k; — 1 u, 3Hauur
(cM. (8.26)),
Yk, —1(zki—1) = p(zki—1)-
[MoaTomy
0 < p(zki—1) — Yr;—1(@k;) < L|zki—1 — |-

I[lepexonsa k mpenemry IpU i — 00, IPUXOAUM K HepaBeHCTBY
*

oTkyga u caepyet o(T) = ¢¥*. Ho ¢(z*) < ¢(T), noatomy ¢(z*) < ¥*.
Taxum o6pasom, B cuiy HepaBeHcTBa (8.27)

P = (7).

HepBaH YacThb TeopeMbl JOKa3aHa. BTopoe yTBep:aeHue TeopeMbl AB-
JAeTCA OYeBUIHLIM CJjleACTBHMEeM TOro, 4TO nobas npeaejbHasg TOYKa T
nocjaegoBaTe/IbHOCTHU {:L'k} TaroBa, 4To

(T) = (") = min p(z). A
z€[a,b]

8.6.4. Hermagkuii ciydaii. MeTon KacaTeldbHbIX NMPUMEHUM U AJIA
OIHOMEpHOI MUHUMU3aLUU BbIMTYKAbIX QYHKIHUI1, CBOOOAHBIX OT TpeboBa-
Huil HenpepbIBHOH nuddepenuupyeMoctu. [lockonbKy BhImyKIaa QyHK-
unsA @(z) UMeeT B KaKION BHYTpeHHeil Touke y oTpeska [a,b] meBo-
CTOPOHHIOIO TPOU3BOAHYIO ' (y — 0) U MPAaBOCTOPOHHIOIO MPOUBBOAHYIO
¢’ (y + 0), To MeTo/1 KacaTeldbHbIX MOET ObITh CJAEAYIOMUM 06pa3oM Mpu-
crmocoO/ieH U [l 3TOro ciayuas. B kauecTBe auHeitHol QyHKIUU @) (X, ;)
O6yneM BbIOHMpaTh ClAedYIONyIo QyHRKIUIO:

(@, i) = o(x:) + vile — ),

rae y; — ao6oe unciao us orpeska [¢'(z; —0), ¢ (x; + 0)]. B uyacTHOC-
TH, y; MOMHO BbIOUPATh U3 yCIOBUA

[7il = min {|¢’(z; — 0)[,|¢'(z; + 0)[}-

,Ha.l'[bHefIH.IaH KOHCTPYRLHMA MeToda oCcTaeTcAa Hpe}RHefI. TEOPEMa 0 cxXoau-
MOCTH OCTaeTcH CHpaBe}]JII/IBOfI n B 3TOM cCJjy4ae.
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8.6.5. Cxema MeToa. AIropuT™ rno3BojsfeT HAHTU TOUKRY MUHUMY-
Ma BhINYKJIOH U puddeperuupyemoil pyHsunn ¢(z) Ha orpeske [a,b] ¢
3apaHee 3aJaHHOil TOYHOCTBIO €.

Iar 1 (necranpapthbii). llonomuth a; = a, by = b, Bbraucautsb @(ay ),
w(b1), ¥'(a1), ¢'(b1) n nepeiitu Kk wary 2 npu k = 1.

MIar 2. Ecan (b, — ag)/2 < €, TO NOMCK OKOHYUTDb U MONOMUTDL T* ~

~ argmin {p(ax ), p(bk)}-
Ecau (by — ax)/2 > &, TO BIYMCAUTD *)

L= [¢' (br)bx — ¢'(an)ar] — [p(bk) — p(ar)]
@' (br) — ¢ (ar)

x b

w(zr), ¢ (x). Eciu ¢’ (21,) =0, To 2* = x},. lonck okonven. Ecau ¢’ (2,) <
< 0, TO MONOMKUTE Agt1 = Tk, b1 = bg. Eean ¢ (xg) > 0, To monokuth
Q41 = Ak, b1 = Ty,

*)Jlerko BupeTb, UTO T ABIAAETCA TOYKOH NepecedeHUA NPAMBIX Y = @(ak) +
+¢'(ap)(@ —ax) u y = p(br) + ¢’ (br)(z — by).



I'ITABA 9

PEJARCAIIMOHHBIE METOIbI PEINIEHUA
AKCTPEMAIJIBHBIX 3AIIAY.
METO/bI BE3YCJOBHOW MUHUMUSIAIIUU

9.1. Bonpochl ¢X0IUMOCTH U YCTOMYHUBOCTH.
PenakcannoHHbIe Mpouecchl

9.1.1. IIpespge yeM HPUCTYNUTH K PEIIEHUIO KOHKPETHOH BKCTpe-
MallbHOM 3a1a4y, CleAyeT BbIACHUTH BOMPOC, KAKOMY M3 METOJOB MUHU-
MU3alUU OTAaTh MpeAnouTeHre B JaHHOM ciaydae. [lasg aToro Heo6xoau-
MO YMeThb cpaBHUBaThb MeToibl. OfUH TyTh — CPaBHUBATh HAa OCHOBaHUU
ONBITA U JOCTATOUHOI'O YUCHIA SKCIEPUMEHTOB — MYyTh, 6€3 KOTOPOro He
00XOOUTCA HU OIVH CIELUAINCT, UCTIOAb3YIOMNI COBPEMEHHYIO BBIUUCIU-
TelbHYIO TEXHURY Uil pellleHus NpUuKIaaHbixX 3aaad. [Ipyroit myTh, HUKaK
He MCKJII0Yalonuil nepBbiil, — CpaBHUBATh KayeCTBO METOOB Ha orpeje-
JeHHBbIX Kiaaccax 3amay. U 31ech oGHapyuBaeTCs Ba#Hasg poib anpuop-
HbIX XapaKTePUCTUK METOMAOB. JTU XapaKTEePUCTUKY JOJHHbI yUYUTHIBATh
MHOrue GaKkTopbl, B TOM UUCI€ TPYIOEMKOCTh BbIUHCIEHHIl, CKOPOCThb
CXOIMMOCTH, YCTOWUNUBOCTh MeTO/a K OMUOKaM B BbIUMCIEHUAX, BPEMA
(mpoomKUTeNbHOCTD) cyeta u pan aApyrux. Iloka eile He mocTaBieHa 3a-
nava 06 uMcuepribIBaiollell xapakTepucTuKke MeTo[a, HO fICHO, YTO OJHO
U3 BaKHBIX ee KOMIIOHEHT fIBUTCA BOIPOC O CXOAMMOCTH.

9.1.2. O cropocTtu cxoauMocTU. TepMUH “CKOPOCTb CXOAUMOC-
TH” BCIOAY B 3TON KHUT'e MOHUMaeTCA B KIACCMYECKOM CMBICIE, T. €. Kak
CpaBHeHUEe OTKJIOHEHUA mM-To IPUOIUMKEHUA OT TOUHOTO pelIeHUf C HeKO-
Topoii pyHruueir yucna m. llpeanonoxum, 4To 1A onpeneleHHOro Kiac-
ca 3a/1au HeKOTOpbIit MmeTon A oGecrneunBaeT Gosee GhICTPYIO CXOAUMOCTD
nociefioBaTelbHbIX NMpUGIUskeHuil, yeM MmeTon B. Torma masa Toro, uto-
6b1 yOeIUThCA, YTO HTO UMEeT MeCTO U AJIA KOHKPETHOI 3KCTpeMalbHOI
3a7laun, HeoOXOAUMO YCTaHOBUTh €€ NMPUHAMJIe#HOCTh COOTBETCTBYIOIIe-
My wiaccy. Ho u 370 B peaiibHbIX CUTYyallAX — [ell0 BeChMa HelmpocToe.
OrasbiBaeTcsl, YTO SKCTPEMaNbHbIE 3a1a4l UMEIOT CBOEH 11ebIO 1aTh BO3-
MOM{HOCTb IPOHUKHYTH B CYIIHOCTb TOTO WU MHOTO fIBIEHUSA U NPUHATH
B ONpe/ieleHHOM CMbICIe Hauiydllee pelieHue [ yIpaBieHUs caMUM
aBiaenneM. OfHaKo, Kak MpaBujo, uHpopmaiusa 06 U3yyaeMoM fIBIEHUU
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HeroJIHa U, CJleoBaTelbHO, HeMolHa HHGopManusa 00 UCXOAHLIX BeIUYH-
HaX — mapameTpax COOTBETCTBYIOIIel MaTemaTuueckoit mogeau. U Bce-
TaKku, BO-TIEPBBIX, ONpejeneHHas MHOOpMANUA O 3agade COOEPMMUTCA B
caMoii ee MOCTAHOBKE B CUJY HallMX 3HaHUN 0 “Dusudeckoit” cTopoHe
U3y4aeMoro fIBJleHUudA U Grarofapf UMEIOUIMMCA CBeIeHUAM 00 olleHKax
TOYHOCTU BXOOHBIX MAHHBLIX. BO-BTOpPBIX, B Ipoliecce pelieHus IKCTpe-
MajbHON 3amauy Hallk CBefeHUsA O Hell Bce Gojee MOMOMHAIOTCS; TAKUM
o6pa3oM, Bce 0osiee MPOACHAETCS €€ MPUHAMIEHHOCTh OMpeaeleHHOMY
knaccy. Ctaino ObITh, HaKkamIMBaeMasg MH(OOPMAaNUA U alpUOpPHbIE Xapak-
TEPUCTUKHU MO3BOJAIOT CBOEBPEMEHHO OILIEHUTh JOCTOMHCTBA U HeJoCTaT-
KU OIpee/leHHOr0 MeTola B IPUMEHEeHUU K KOHKpPeTHO 3amave U, cleno-
BaTe/NbHO, BHECTU 3JeMEeHTbl YIpaBIeHUs B MPOLeIypy MOKCKa pelleHus.

3aMeTHM, UTO OLeHKU CKOPOCTHU CXOAMMOCTH, Kak MpaBWJIO, yAaeTCA
NOJYYUTD JUIIL AJs BIOJHE ONpeIeieHHbIX KJIACCOB MUHUMU3UPYEMBIX
¢yHrouil. OgHAKO 3TU OLEHKU HeCcyT B cebe CYIECTBEHHYIO MHpOpMa-
[IUIO 0 MeTOodaX U ABIAIOTCA IIyTEeBOAUTENEM A SKCIepPUMEHTalbHON UxX
IPOBEPKU B MPUMEHEHUU K APYTUM KiIaccaM (yHKIUI.

9.1.3. Ilpeamnonoskenua. Huse paccMaTpuBaloTcA pasinyHbIe Me-
TOMbI pelleHUAl SKCTPeMabHbIX 3alad U UCCIEAYIOTCA BOMPOCHI UX CXO-
OUMOCTH U YCTOMUMBOCTU [JIl HOCTATOYHO TIagkuX (PYHKILMI, NpUHAA-
nemamux kaaccy CU1(X), T. e. gyHKuuMii, rpagueHTbl KOTOPBIX YIOB-
AeTBOpAIOT yciaoBuio Jlunmuna. OueHKH CKOPOCTU CXOAMMOCTHU H3y4dae-
MBIX METOJOB yCTaHaBIUBAIOTCA MPU AONOJHUTENbHOM INPeINOoI0HeHNH,
a UMEHHO NPeINoJOREeHNN O BBIMTYRIOCTY MUHUMU3UPYEMON (QYyHRIUU U
JOMYyCTUMOI'0 MHOMECTBA.

9.1.4. 06 ycTolHUMBOCTH MeTOJ0B MUHUMMU3aUUuu. Eciau nia He-
KOTOPOr0 MeToJa CYIEeCTBYIOT alpUOpHble OLIEHKM, yCTaHaBJIUBalol[le
MOPAIOK CKOPOCTH CXOIUMOCTH, HallpuMep, CpaBHUBAIOIINE BEIUUYNUHY OT-
KIOHEHHUs M-T0 NPUOIMKEHUSA 0T TOYHOro pelteHus ¢ Beanuunoit O(1/m®)
(3mech unciao « ompefenseT MOPAIOK CXOOUMOCTH), TO METO[ Ha3oBeM
ycmotiusbiM N0 OMHOULEHUIO K 8bl00pY HANPABAEGHUS CNYCKA U 6EAUHUHDBL
waza B TOM CJyvae, eciid MeToJ IoIMycKaeT NpUOJUKeHHOe olpeielleHue
ATUX MapaMeTpoB, He MeHAIOIIee MopAaKa CXOAMMOCTH. Kciu ycTaHoBieH
(harT cxomMMOCTH MeToja, HO OLIEHKU CKOPOCTU OTCYTCTBYIOT, YCTOHUM-
BbIM 10 OTHOLIEHUIO K BbIGOPY HalpaBleHUA CIyCKa U BeJWUYMHBI 11ara
O6yaeM Ha3bIBaTh METO[, JONMYyCKaOUU MpubaneHHoe onpeaejeHre 3TUX
nmapamMeTpoB, He Hapylaiollee CXOIUMOCTU Mpollecca MUHUMU3anuu. U3
nanbHeiero 6yaeT fACHO, YTO METOAbl CKOpeMHIIero crycka, MpoeKkiuu
rpagueHTa, yCJAOBHOTO I'paueHTa, BO3MOKHBIX HalpaBieHU ABIAIOTCA
YCTONUYUBBIMU.

9.1.5. IloHATHe 0 pejsaKcallMOHHOM Ipolecce. PaccmaTpuBaeT-
cAl 3ajlaya MUHUMHU3aUUM QyHKIMU ¢(X) Ha HEKOTOPOM MHOkecTBe X .
[Iporiecc mocTpoeHus MOCAENOBATENLHOCTH TOYEK {Xj} GyaeM HasblBaTh
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peaarkcayuoHHbiM, €CIIN
x, €X u (P(Xk-i-l) < SO(Xk), k= 0,1,...

Bcrony manbiie 6yaeM mpeamnoaraTh, YTo MHOMECTBO pellleHU UCXO-
HOM 3amauu HemycTo. IIpu MceieqoBaHUM CXOOUMOCTH pPelaKkCalUOHHBIX
npoueccoB GyeM Tak:;ke HpejrnonaraTh, 4TO [0CIEI0BAaTEIbHOCTh {Xy}
GecKroHeuHa U, Clel0BaTelbHO, BCe ee TOUKM JeisaT BHE MHOeCTBa pe-
HICHUIA.

9.2. BenoMmorareabHblIil annapat

9.2.1. PaccMOTpUM HECKOJBKO BCIIOMOTaTelbHBIX YTBEPMIEHUN B
KayecTBe He0OXOAMMOro annapara s hccieJoBaHUi CXOAUMOCTH pejak-
CallMOHHBIX MpolleccoB MUHKMMu3anuu. Jlemma 9.2.3 B HacToAmeM Kyp-
ce fAIBAfAETCA OCHOBHOIl NpU BceX HCCeJOBaHMAX CXOAWMOCTH IMPOLECCOB
MUHUMU3aUMU GyHKNUi, npuHapiesxamux kaaccy CU1(X). Matepuan,
uznaraemeiit B nm. 9.2.4-9.2.10, noTpebyeTca A ycTaHOBiIeHUA (aKTa
CXOOMMOCTHU pelaKCallOHHBIX II0CJIEJ0BaTeIbHOCTENl K MHOKECTBY TO-
YyeK, B KOTOPbIX BBINOJHAIOTCA HEOOXOANMBIe YyCIOBUA MUHUMYyMa, a Ha
nocnenytomuit matepuan (memmbl 9.2.14 u 9.2.15) omupaioTCs BbIBOIbBI
OLIEHOK CKOPOCTH CXOJHUMOCTH.

3aMeTHM, UTO CO/lepykaHNe HacToAllero naparpada B paBHOU CTeNeHU
OTHOCUTCA K U3YUYEHUIO KAk METOAOB Ge3yCHO0BHONH MUHUMU3AUUU, TaK U
MeTOJ0B MUHUMU3aUUKU QYHKIUN ¢ OrpaHUYeHUAMU.

9.2.2. Onpenenenue Kaacca pynrnuii C11(X). Oynruua ¢(x),
onpefeneHHad u auddepeHLrpyeMas Ha HEKOTOPOM MHosKkecTBe X, NpU-
naaexuT kiaccy C11(X), eciu cymectByer Takas koncranta L > 0, uTo
aaa mobbix X, y € X Tarux, 4to [X,y] C X, BbINONHAETCA HEPABEHCTBO

l¢'(x) ='W < Llx = .
9.2.3. llemma. Ecau p(x) € CH1(X), mo daa awboix X, y € X ma-
kuz, wmo [x,y] C X, cnpasedaueo nepasercmeo

(%) = p(y) > (¢ (), x — ) - 2 lIx — ¥,

NlokaszaTteabcTBo. Hcmoanaysa yciaosue p(x) € CH1(X) u nepa-
BeHCcTBO Romn-ByHAKOBCKOro, momyyum

1
p(x) — / (y+7(x-y)),x—y)dr =
0

= (¢'(x),x —y) + /(so’(y +7(x—y) —¢'(x),x —y)dr >
0
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1
2 (¢ (x),x—y) - /Ilw’(y +r(x—y) — ' ®lx—ylldr >
0

> (¢ (x),x —y) — LlIx — y||2/(1 —7)dr =
0
= ('), x —y) - Zlx - yI* A

9.2.4. PaccMOTpUM B N-MepHOM eBKJIHI0BOM MPOCTPaHCTBe *) Heko-
Topbie MHOMecTBa X n Y Takue, uto Y C X u X \ YV # @.
Oycrs pyuruusa f(x), onpeneieHnas Ha MHOkecTBe X, TaKOBa, YTO

f(y) =0 nnaBcex y €Y. (9.1)

PacemoTpum mobyto nocaenoBaTenbHocTh {x;} C X Taryio, uTo
f(xx) =0, k— oc. (9.2)
Ilas HekoToporo unciaa € > 0 onpeneniM MHOMKECTBO
U.={xeX: p(x,Y) <&},
rae p(x,Y) — paccTosiHMe OT TOYKM X [0 MHO#ecTBa Y:

p(x,Y) = inf p(x,y), p(x,y)=|x—-yl.
yeY

9.2.5. Teopewma. Ecau svinoansomesn ycaosusn (9.1), (9.2) u, kpome
moeo, das ecakoeo € > 0 Haildemcsa makoe 0 = §(e) > 0, ymo

f(xg) =9 Oanecer x € X\U,, (9.3)

p(x,Y) =0, k— oo. (9.4)

ToxkasaTenbcTBoO. llpeamonomum, 4To HaayTca Takoe € > 0 u
Takas [MOANOCIeN0BaTeNbHOCTD {Xy, } C Xj, BCE 3IEMEHTBI KOTOPOIi JleskaT
BHe MHosecTBa Ug: {xy, } C X \ Us. Toraa coraacto ycnosuio (9.3) 6yzet
BBINOJHATLCA HepaBeHCeTBO f{xy,} >0 (i =0,1,...), npoTuBopeyaliee
yenosuio (9.2). A

O6cympenue. ObpaTumMesa K BOIIpoCcy 0 NpUMeHeHUU TeopeMbl 9.2.5
IUIS1 MiCClIeJOBaHUA CXOAUMOCTHU peJakCcalliOHHbIX MpPOLEeCCOB MUHUMU3a-
uny GyHKIUN ¢(X) HA HEKOTOPOM MHOecTBe X .

*)BCG CKRazaHHOe HUre CclpaBeJnBO [IJA I[MPOU3BOJBHOIO MeTpUYEeCKOI'o IIpOCT-
paHcTBa.
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PacemoTpum MHosecTBO Xo = {x € X: ¢(x) < ¢(X0)} 1 MHOsKeCT-
Bo X* C X ToueK, B KOTOPBIX BBINOJHAIOTCA HEOGXOAUMbBIE YCIOBHUS JIO-
KaJbHOrO MUHUMYMa QyHELUY ¢(X). [Ipeanonosum, 4To u3BecTHa HYHE-
uus f(x) Takras, 4TO

f(x) >0 maaBeex x€ Xg\ X%,
f(x*) >0 pgnsaBeex x*eX™,

U MyCTh s BceX Touek Xj € X \ X* BblmonHAeTcs HepaBeHCTBO

o(xk) — p(Xpy1) = f(xx).

Toraa U3 MOHOTOHHOCTH U OTPAHUYEHHOCTH MocIefoBaTeabHOCTH { (X)) }
ciaenyer, 4T0 @(Xi) — @(Xp+1) — 0 npu k — oo; suauut, f(x1) — O,
k — oo. Ecau nas f(x) BeimonuaioTes ycnous (9.3): aas Bearoro € > 0
Haiierca takoe 6 = d(¢) > 0, uro aas Beex x € X \ Ue Gyner f(x) > J
(8mecn U, = {x € Xo\ X*: p(x,X*) < €}), To Ha ocHOBaHUU Teope-
MBI 9.2.5 IPUXOAUM K COOTHOLIEHUIO klim p(xp, X*) =0.

— 00

B MeTonax 6e3yci1oBHON MUHUMU3AIUY TIAKUX (YHKIH 0GbIUHO BbI-
noaHseTca HepaBeHCeTBO ¢ (Xk) — @(Xp+1) = C||¢’ (xk)||. Bobupas f(x) =
= ||¢'(x)||* u npumenss Teopemy 9.2.5, MoryvaemM CXOAUMOCTh MOCIEIO-
BaTeJNbHBIX NMPUOIMAKEHNH K MHOKeCTBY X *.

9.2.6. Teopema. Fcau:

1) evinykaas Pynryus o(x) npunadasescum raaccy CH1(E,);

2) X* = {x*: ¢/(x) = 0} # &

3) dasa awbozo € > 0 Hatidemes makoe 6 = 6(g) > 0, ymo ||¢'(x)|| =
045 8cexr X MAKUL, Mo

p(x, X7) =[x = p*[| = &
mo 0aa 40601l nocaedosamesvHocmu
{xi} C Xo = {x: p(x) < p(x0)}
6ydem
p(xp, X*) = |lxx —pill < <00, k=0,1,..

*

NokaszaTeabcTBo. O6ozHaunuMm * = minp(x), C < @(xg) — *.
Toraa p(x) —¢* < C < oo (k=0,1,...). lna npousBoabHoro € > 0 u
171 BceX HOMepoB k Takux, 4To p(xXj, X*) = ||xx — pl| > €, pacemoTpum

3 3 *
Yk:—*xk+(1_—*)P .
e — pi] e —pgll /P

Tak Kak pj ABIAETCA MpOEKLHeN TOUKH Xj Ha BBITYKIOE H 3aMKHYTOe
* *
MHOecTBO X * Touek MUHHUMyMa GYHRUUHM ¢(X), a Yk € [Pf,Xk], TO
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p(¥i, X*) = |lyr — Pill = €, u, B cuny npeanonoskenus 3) ||¢'(yr)|| = 0.
[onbsysace nemMmoit 9.2.3, nonyyaem

& '(yr)
TToeo) 2

5/ ¢ (yk) > 1,6
= — sy ) — L= >
z L<90 o) Towon/) "2 E e

A) p(yr) —¢" = o(yr) — w(yk -

> 0.

N | =
=~

Mpenmnonoum, 4To TeopeMa HeBepHa, T. €. HaiileTca Takas Mmocaeno-
BaTeNbHOCTH {X}}, 0JA KOTOpOi Gymer

B) llxk — pill = 00, k= o0

U3 BuimyrimocTu GyHKIUN p(X) U paBeHCTBa ¢* = ¢(pj) cilenyer

€ €
<o) + (1- —S— )¢ =
PY) S ey ) T —pi)?

« €
lIxr — Pl

" C-e

x;) — ¢*) < S —
(p(xk) — ") <o e ol

=

YuuThiBas npepnoioxenre B), mpuxoquM K COOTHOIIEHUIO klim o(yr) =
— 00

= ", npoTuBopeyanieMy HepaBeHCTBY A). A

Jlokazannas Teopema UrpaeT BajHYIO pOJb Mpu OGOCHOBAHUM Olle-
HOK CKOPOCTHU CXOAMMOCTU METOJ0B MUHUMU3AIUY BhITYKIbIX QyHKIINIA,
MOCKOJIBKY 3TH OLEHKU CYIIeCTBEHHO ONUPAIOTCA Ha yClIOBUE OrpaHrveH-
HOCTH ||X) — Pl|-

9.2.7. Uccaenyem terepsb cBoiicTBa MHOskecTB X, YV u pyuruun f(x),
KOTOpbIe rapaHTUPYIOT BbiMonHeHUe yciaoBus (9.3).

Teopema. Ecau muomecmeo X ozpaHuieHo u 3aMKHYmMo, a Henpe-
puisHas Ha mHowcecmee X @ynkyusa f(x) makrosa, umo

f(y) =0 Odanecex yevy,
f(x)>0 odanecex x€X\Y #£2,

mo ewinoansemcs ycaosue (9.3).

loxazateascTBo. Ipennonoxnm, yTo HaitayTea Takoe £ > 0 1 Ta-
Kafl nocienoBareabuocTs {xy} C X \ Ue, uro f(x;) = 0, kK — co. B cuny
OrpaHUYEeHHOCTH MHOskecTBa X U3 MOCIEN0BATEILHOCTU {X) } MOKHO BbI-
OpaTh CXOAALIYIOCA MOANOCIEI0BATENLHOCTD {Xy; }; IPH 3TOM 111)120 Xp; =

=x € X \Y. Ho f(x) =0, crenoBarensto, x € Y. IIpotuBopeune. A
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3aMeuaHue. B cayuae HeorpaHMYeHHOCTH MHOecTBa X ycio-
Bue (9.3) moskeT Hapyumathes. Ha puc. 9.1 uso6pasen rpaguk ogHoMep-

f(=)

) 1 z
Puc. 9.1

HOM (pYyHKIMHU, onpefeneHHol Ha monyocu z > 0 (mHoskecTBO X ) U 06pa-
maiouteiicas B Hyab Ha otpeske [0,1] (mHomecTBO Y), A KOTOpOii
yciaoBue (9.3) HapymaeTcs.

9.2.8. Haronel, yKkaseM ellle OAHO CBOICTBO, KOTOpOe B JajbHeiilieM
Oy IeT UCMoNb30BaThCA KaK A UCCIeJOBaHNSA CYIeCTBOBAHUA TOUYER IVIO-
GaqbHOr0 MUHUMYMa, Tak W [/ MpoBepku ycaosus (9.3).

IIycTb z — npousBonbHasg TOYKa HEKOTOPOro MHoecTBa X .

Ecau gynryus f(x), onpedesennan Ha HeozpaHuieHHOM MHOKMcecmee X ,
o6aadaem ceoticmeom f(xj) — +00, k — 00, daa 1060t nociedosamens-
nocmu {xy,} C X maroii, ymo ||x||x — 00, k — 00, mo mroxcecmeo X (z) =
={x € X: f(x) < f(z)} oepanuueno.

9.2.9. B 3arjioueHue BbIACHUM YCJIOBUS, IPU KOTOPLIX U3 CXOAUMOCTH
MoCNeN0BaTEeNbHOCTH {X), } K HEKOTOPOMY MHOKECTBY CI€LyeT ee CXOIu-
MOCTh K HEKOTODPOI TOUKe 3TOr0 MHOKECTBA.

Teopema. Ecau muomecmso Y (Y C X) npedeavrbir mouek no-
caedosamenvrocmu {xi} C X woreuno (Y = {y1,....,¥m}), kli_)m [|xr —

(oo}

—Xp+1]l =0 u klim p(x,Y) = 0, mo ama nocaedosamenvHocmv cxo-
xdee]
dumecs.
NoxkasaTtenbcTBo. O603HaunM Us(y) = {x € X: p(x,y) <d}. Ecan

m = 1, To yTBep:KIeHNe TPUBHATLHO.
Iycts m > 1. O6o3Haunm § = H;gnHyz -yl >0 (i,j=1,...,m).
i#j

k! ycn0BM171 TeopeMbl ciledyeT, uTo Haiimercd Taxkoe ko > 0, 4To X €
€ U Us/a(yi) m [|xp — Xpp1]| < 9/4 nnsBeex k > ko. Ecau xp, € Us/4(y1)
npn HeROTOpOM k1 > kg, To nias moboro ¢ > 2 6ynet
lyi = Xpe+1ll = 1(yi —y1) + (y1 — Xp,) + Xk, — Xpe1) || 2

2 |lyi = yull = (lyr = x|l + %0 — %k, 41ll) > 06— 2(6/4) = 6/2,

T. €. Xj,;+1 He NIPUHAMJIe;KUT HU OAHON U3 OKPECTHOCTEHl TOUeK Y2, ..., Ym,

a 3HauMT, Xp,+1 € Us/4(y1)- llo unayrnuu crenyer, uto xx € Us/4(y1) npu

Beex k > ki. Tar war p(xg,Y) — 0, T0 klim X, = y1. Takum o6pasoM,
— 00

BCAl TIOC/IEI0BATENbHOCTh {Xj} CXOOUTCA K OMHONH M3 TOYEK KOHEUHOI'O
MHO#ecTBa Y. A
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9.2.10. Teopema. Ecau gynryus f(x) svinyraa u duddepenyupyema
Ha evinykaom mroxecmee X, a mnoxcecmeo Y = Argmin {f(x): x € X}
02PaHUYeHo, Mo

Ve>0 36=0(c)>0: V¥xeX\U.(Y) [[VFx) =,

20e U.(Y) = {x: p(x,Y) <e}.

NorazaTteabcTBo. OGo3Hauum dyepe3 (G TpaHUIy MHOKECTBa
U.(Y). MuosectBo G; = G N X orpanunyeno u 3aMkHyTo. OUeBUAHO, YTO
A mo6oro guicuposaHHoro y € Y oygmer ( = rrelgl (f(z) — f(y)) > 0.

z 1

ITycte x — mob6as Touka MHoxecTBa X \ Uz (Y), ay € Y. OueBuaHo, 4T0
Ha oTpeske [y, x| Haiigercs Touka z € (G, u npu 3toM ||z — y|| = 1 < oo,
nockonbky MHomecTBO X N U (Y) orpanuyeto.

Nlns BeimyRI0# dyHKUMK onHOi mepemenHoit F'(A) = f(z + A(z —y))
crnpaBeiuBo cootHomenue F'(0) < F'(A) mna Bcex A > 0, u, ciemoBa-
teabHo, (Vf(z),z —y) < (Vf(x),z —y). Tak rar

(< f(2) = f(y) <(Vf(z),z-y) <(Vf(x),z-y) <
<IVIEz =yl < 0l V)]

nas aoboro x € X \ U:(Y), to mpu 6 = (/n noiaydyaeM yTBep:;IeHue
TeopeMbl. A

O6cy s aenue. [IpeanosossuM, 4To I HEKOTOPOTO pejlaKcalloH-
HOro Tmpolecca MuHuMmuzauuu (cMm. Teopemy 9.2.6) mokasaHo, YTO
klim p(xp, X*) = 0. Ecin MmHOecTBO X ™ TOUEK JOKaIbHBIX MHHUMYMOB
— 00

GYHEIUN @(X) KOHEYHO W BBINOJHSETCA yCIOBUE klim [|xx — xgr1]] =0,
— 00

TOo U3 TeopeMbl 9.2.9 ciemyer, 4To BCA MOCIENOBAaTEIbLHOCTL CXOLUTCA
K HEKOTOpOW TOuke X* JIOKAJIbHOr0O MUHMMYyMa. ECTecTBeHHO, UTO 3Ta
npefeibHasg TOYKA MUHUMU3MPYIOWEN MocieqoBaTensHocTu {X} 3aBu-
CHUT OT BbIGOpA HAYAILHON TOUYKHU Xg. 3aMETHM, UTO COOTHOLIEHUE ||X; —
—Xpt1]] = 0, k = 00, BBINOJHAETCA M MHOTUX pelaKcallOHHbIX MpO-
neccoB MMHUMU3aunu. Husme paccMaTpuUBaloTCA YCIOBHUA, MapaHTUPYIO-
1I1€ BBLINOJHEHHE 3TOr0 COOTHOLICHNUA.

9.2.11. JIuHeitHO HemocToAHHbIe GyHKUUH. DyHKEUMIO P(X) By-
IeM HasblBaTh JAUHEHO HenocmoawHot Ha MHomecTBe X, eciid He Cy-
LIECTBYET [IBYX TaKUX Da3iMYHbIX To4uek X, y € X, uro [x,y] C X u
¢(z) = p(x) Vz € (x,y].

B kavecTBe mpumepa JMHEHHO HENOCTOAHHBIX (GYHKINUHA MOAKHO IPH-
BECTHU CTPOro BBIMYKJIbIe QYHKINH, a TaKkAe (yHKINH, yI0BIeTBOPAIOIIE
YCIOBUIO

p(z) < max{p(x),p(y)} Vze (x,y],
— TaK Ha3bIBaeMbIe cmpoeo KBUSUBblnyH./the prHRLII/II/I

9.2.12. CuibHO NOHUKaIOINHe NocjeaoBaTelbHOCTH. a1 QyHK-
uuu p(X), onpefieleHHON HAa MHOMeCTBe X, M0CIe[0BaTelbHOCTh {xk} C
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C X OynmeM HasbIBaTh CUAbHO NOHUMcAOWel, eCliu

Xk, Xpt1] C X u @o(xx) 2 0(2) > @(Xpt1) V2 € [Xp, Xpt1]-

BoapmuHcTBO MeTOZOB MUHUMMU3ALKUU, KOTOPhIM MOCBAILIEHbI HOCTe-
IOyoliye naparpadbl, CTPOAT NociefoBaTelbHOCTH, ob1afaolre yKa3aH-
HBIM CBOMCTBOM.

9.2.13. Teopema. Ecau dynruus @(x) HenpepvisHa u AuHElHO He-
NOCMOAHHA HA 3AMKEHYMOM U 02DAHUYEHHOM MHOoXcecmee X, mo w0001
CUAbHO NOHUMcawWas nocaedogameavrocms {Xy} ydosaemsopaem ycao-
suiw

lim ||xx — Xg4+1|| = 0.
k—o00

TokaszaTenbcTBo. lIpeanonosum, 4To HalileTcA Takas MOANOCITe-
I0BaTelbHOCTD {Xp; }, UTO

Xk, 41 — Xi; || 2 >0 Vix0.

Mockonbry {xj,} orpaHuueHa, To, He MeHsAsA O0OGO3HAuUeHUil, Oyrem
CUUTATD, YTO

Torpa ||x —y|| > € > 0, u U3 3aMKHyTOCTH MHOMecTBa X U yCJIOBHUA
[Xk, Xp11] C X caenyert [x,y] C X. I3 MOHOTOHHOCTH U OrPaHHYEHHOCTH
nocnenoBarenbHoctd {p(xy)} monyuaem

kli_fgo(@(xk) — p(Xk+1)) =0,

cliefioBaTelbHO, p(X) = p(y), OTKyAa B cury ycaoBus o(xi) = ¢(z) >
> ¢(Xj+1) TPUXOAUM K COOTHOLIEHHUIO

o(x) = p(z) = p(y) Vze€[xy],

MPOTHUBOpeYalleMy HPEeINON0H#EHNIO 0 TOM, YT0 GYHKIUA (p(X) JIHHEHHO
HenocTofiHHaA. A

JlokazanHas TeopeMma, ecili y4ecTh CKa3aHHOe B NIpeJIbIAyIeM MyHKTe,
yTBepskJaeT, YTO MHOIMe MeTObl MUHUMU3alU1 NOPOAAAIOT Nocie0Ba-
TeIbHOCTH CTATUBAIOMINXCA OTPE3KOB [Xj, Xg+1]-

9.2.14. lemma. Ecau wucaosas nocaedosameavnocms { .} makosa,
Ymo

Ik — Mkt = Telg, e >0, 7>0, k=0,1,..,

m—1 -1
:u’m<1u'0|:]-+:u'027-k:| ) m=1727"‘
k=0
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,H oKkasaTeabcTBO. U3 yCﬂOBI/Iﬁ JeMMEI caeiyeT, 4To
M Hi
>14+7
HE+1 HE+1

> 1.

B cuay sToro
1 1 —
I Mk Mk+1 2 Tk K 2 Tk
M1 HE Hi k41 M1

CyMMUpYSl 3TO HEPABEHCTBO 110 k, TONYUYUM

m—1 1 1 1 1 m—1
B R T 3L
=0 Hk+1 HE Hm Ho =0

OTKYyZa U cilefiyeT UCKOMas OoLeHKa. A
9.2.15. JTemma. Ecau wucaosan nocaedosamenvrocms {uy} marxosa,
Ymo

My — Mkl 2> TRk, Mk >0, 73,20, k=0,1,..,

m—1
Mmgﬂoexp{—ZTk}a m:172a"'
k=0

Hoka3aTenbCTBO ¢ OYEBUIHOCTLIO cjlelyeT U3 YCIOBUA y > 0, mo-
cronbry 0 < 1 — 7, < 1 1, cregoBatenbHo,

m—1
Hm < (1 - Tm—l)ﬂm—l < Mo H (1 - Tk) =
k=0

m—1 m—1
= HoeXP{ Z In(1 - Tk)} < ﬂoexp{ - Z Tk}. A
k=0 k=0
9.2.16. Teopema. Ilycmv gynryus f(x) evinyraa u dufdepenyu-
pyema Ha swvinyraom muomecmee X, a muomecmeo Y = Argmin {f(x):
x € X} oepanuueno. Ecau nocaedosameavrnocms {x} C X makosa, umo
IVF(xi)l] = 0 (k = o0), mo lim p(x,Y) = 0.

TorasaTenbcTBO. BHauame [goka#eM, UTO MOCIEJOBATEIbLHOCTD
{x1} orpannuena. Ilpeamonoxum, uto ||xx|| = co. Toraa Haiimerca Ta-
Koe ¢ > 0, yto MHosecTBO X \ U.(Y) Hemycro, u Takoit Homep ko, 4TO
xr € X\ U(Y) nans Bcex k > ko. Ilo Teopeme 9.2.10 B 3ToM ciryuae cy-
mecTBYeT Takoe d = d(¢) > 0, uto ||V f(x4)|| = 6 npu Beex k > ko. Ilpuian
K IPOTHBOPEUHIO.

0O6o3HaYMM uepes3 Py, NPOEKIHIO TOUKU X Ha MHOmecTBO Y. B cumy
OrpaHUYeHHOCTH MHOKeCTBa Y U MOC/Ief0BaTeNbHOCTH {Xy } CylecTByeT
taroe yuciao 7 > 0, uto ||xg — prl| < 7 < 0o. Tar Kak f(x) BeIIyKIa, TO

0 < f(xk) = F(y) = f(xn) = f(Pr) S (VF(xr), Xk — Pr) <
S IVFE)xe = prll < nllVF (i)l
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3 coornomenus f(xy) — f(y) (kK — o0o) u orpaHuyYeHHOCTH HOCIE0Ba-
TeldbHOCTH {Xj} caegyer klim p(xx,Y)=0.A
gl

9.3. TeopeMsb! 06 oLleHKaXx

9.3.1. B aTom naparpade paccMaTpuBalOTCA OLEHKU CKOPOCTU CXO-
IUMOCTU pejlakcallMOHHBIX IPOIeCCOB MUHMMM3alMu oO6Illero Bujaa He-
3aBHUCHUMO OT KOHKPETHBIX peanusanuii 3Tux mnporeccoB. CyllecTBEHHO,
YTO 3TU OIEHKHU CIpaBeIJIMBLI JUIIb [Jf 3afad BBITYKJIOr0 MPOrpaMMu-
poBaHuUs.

Hrak, Bciony B a3ToM naparpade OyaeM mnpeanoiaratb, 4YT0 MUHUMU-
3upyemasi GyHRIUSA @(X) U JOMYyCTUMOE MHO#ECTBO X BBIIYKIbL.

0603HaUYNM

*=argmin{p(x): x € X}, X"={x"€ X},
" =o(x"), e =) =@, pGa, X7) = Ixk — Pil;

Pj — NpPOeKUMA TOYKM Xj Ha MHO#ecTBO X *.
N3 BoimykaocTy GyHKIMU @(X) cileayeT HepaBeHCTBO

0 < pr < (@' (Xk), Xk — PE), (9.5)

CclpaBegjuBoe OJf BCeX TOUYEK X, B CUJIY IIpPedrnoJioxreHuf

(xk) # "

B ocHoBe GoJbIIUHCTBA JadbHEHIINX UCCIeI0BAaHUI CKOPOCTH CXOMM-
MOCTH peJaKCallMOHHbIX METOMI0B MUHUMU3ALUHN JeHUT clegyiomasn Teo-
peMa o0 olleHKe.

9.3.2. Teopema. Fcau:

1) dynryus p(x) svinyraa u dufdeperyupyema Ha BbLINYKAOM U 3AMK-
Hymom muoxcecmee X ;

2) mroxcecmseo X* Henycmo,

3) nocaedosamenvHocms {Xy} peaakcayuonta;
mo umeem Mecmo oueHKa

-1
p(xm) = ¢* < po [1+M0 Z (Sf((’:“k xt(f’;;; . (96)

lNorxaszatenbcTBo. Tak Kak (cM. (9.5))

e — Pk = ©(Xx) — @(Xpg1) =
— p(xg) — ‘P(Xkﬂ). (QOI(Xk)yxk —p;;)? > <

o(xp) = P(Xps1) 2
(¢! (x), X — PE)? '

<P'(Xk)7 X — p;;)Z
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TO, MMPUMEHAA K 3TOMY HepaBeHCTBY JeMMYy 9.2.14, mpuxoguM K OleH-
e (9.6). A

Bpocaercs B riasa HEeKOHCTPYKTHUBHbBIN xapakTep oieHku (9.6), mo-
CKOJIbKY B NpaBoii ee YyacTU NPUCYTCTBYIOT HeM3BeCTHbIC BEIMUUHLI Py
OpnHako ycTaHOB/IEHHE OLIEHOK CKOPOCTH CXOAMMOCTU KOHKPETHBIX MeTO-
JIOB pellleHusl 3aau BBIMYKIOr0 MpPOrpaMMUpPOBAHUA CYNIECTBEHHO OMU-
paeTcsl Ha JOKA3aHHYIO Teopemy.

OueBUOHO, UTO €CIH MPU M — 0O PAIl, CTOALINI B NpaBoil YacTH He-
paBenctBa (9.6), pacxoguTcs, TO UMeET MecTo ciabasi CXOOUMOCTh (T. e.
©(Xm) = @* — cxoouMOCTh Mo PYHKIMOHAILY) pelaKkCalUoOHHOr0 IpoLec-
ca. CuiibHas ke BBITYKIOCTh GYHKUUM ¢(X) rapaHTUpyeT B 3TOM Clydae
(cM. m. 2.5.5) cubHYIO CXOAUMOCTD Mpoiiecca (T. e. CXOAUMOCTD MOCIIe0-
BaTelbHOCTH {Xj} K peleHuio x*). Takum o6pasom, [/ HcCCleIOBaHUA
CXOIMMOCTHU peNaKkcallMOHHBIX TMpolieccoB mpu momoinu ¢opmyasl (9.6)
cleayeT yMeTh OILIEHUBAaTh CHU3Y BEIUYUHY

o(xk) = p(Xpi1)
(¢'(xp), Xk — PR)?

3ametum, uto (' (Xp), X — p,";)2 — 0 npu p(x) = @*.

JTo 06CTOATENBLCTBO AJIA ONpe/eleHHbIX KIaccoB pelaKkcalllOHHBIX Me-
TOJ0B N03BOJAET HAXOAUTh Takylo Beaunuuny C > 0, He 3aBUCAIIYIO OT
yycaa utepaquii k, 4to

(1) — p(x4.)
oz —p) 2 O

¥, CIe[JoBaTeNbHO, MOAYYaTh OLEHKH Buaa ¢(X,,) — ¢* < O(1/m).
9.3.3. Teopema. Fcau:
1) X = E,;
2) swinykaan gynryus p(x) duddepenyupyema;
3) mmomcecmso Xo = {x: p(x) < p(x0)} oepanuxeno: diam Xy =
= 1(x0) =1 < 00;
4) nocaedosameavrocms {Xy} pesarcayuonua;

mo cnpaeeaﬂuea OUEeHKa 1

o (%m) — " uo[uuo Z“” eta)  ptua)]

P 9.7)

. m = 1,2,...,

2de 1o = p(x0) — ¢~
JlorazaTeabCcTBO €CTh OYEBUAHOE cliefcTBIE olleHKH (9.6), MOCKOIbKY

(@' (xk),xk — Pp)* <Pl (xp)[>. A

3ameuaHnue. Ecan cymecTByeT Takoil HOMep Mg, YTO @(Xp,) >
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> O(Xmg+1), TO U3 (9.7) crenyeT HepaBeHCTBO

(%) — o < Esa(xk)—w(xm -
plxm) =7 <o’ PEDE ’

m =mg + l,mo +2,.. (9-8)

Il1a BBIMYKIBIX GYHELUMI n3 kaacca C11(E,) TpeGoBaHue orpannyeH-
HOCTH MHOKecTBa X MO}HO 0c1abUTh, 3aMEHUB ero yCJIOBUAMU Teope-
MbI 9.2.6.

9.3.4. Teopema. Fcau:

1) X = Ep;
2) evinyraan Gynryua npunadiescum xaaccy CH1(E,);
3) X* #£ o
4) dan w6020 & > 0 Hatidemea makoe § = §(g) > 0, umo ||¢'(x)|| = 6

0as 8cexr X MAKUX, 1Mo
p(x, X7) =[x = p*[[ > &

5) nocaedosamenvrocms {Xj} peaarcayuoHHa;
mo cnpasedausa oyenka (9.7).

NoxkaszaTenbcTBO. YeaoBus 1)-4) cyThb ycaoBus treopembl 9.2.6, u3
KOTOpOIi cileayeT HepaBeHCTBO ||xy — Pl <7 < 0o, Ha KoTopoe onupaeTcs
ounenka (9.7). A

9.3.5. Teopema. Ecau X = E,, dynkyua p(X) cuibHo evinyria
u dufdepenyupyema, a nocaedosameavnocmv {Xp} peaarcayuonna, mo
cnpasedaussl HepaseHcmeaa

P(xXm) — ¢* < po exp{ p Z Pxk) = p(Xpa1) }’

||<P xp)|]?
m:12“. (9.9)
m—1
[[xm —x*[I* < Zwmexp{ p fl————fgﬁﬂl},
, L
(9.10)

m=12, ..,

2de p — napamemp CuAbHOU BbINYKAOCTU.
Jlokas3aTeabCTBO ¢ OYEBHIOHOCTHIO ClleIyeT U3 CBOWCTB CHIBLHOI BbI-
nykaoctu (cM. m. 2.5.5):

1 .
i < ;||<P'(Xk)||2,

“II? < %[w(xk) — o(x"),

llxr —x
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u u3 aemMmbl 9.2.15:

o(xg) — P(Xpp1) || 2 o(xg) — P(Xpp1)
e et = e 17 ORI P

9.3.6. Ouenrn (9.8)—(9.10) nO3BONAIOT B mpolecce BbIYUCICHUI
HaKalINBaTh MHGOPMALMIO O CKOPOCTH NPHUOIIIKEHUA (X)) K ©*, a B
cllyyae CHILHON BBIMYKIOCTH — O CKOPOCTH MPUOAMMKEHUA X, K X*.
3aMeTuM, 4TO [0 TeX MOp, MOoKa MOPANOK BETUUMHbBI

o(xk) — p(Xp41)
lle’ (xp)II?

He Huze, yeM O(1/k), perarcalliOHHBIN IpoliecC MUHUMU3aLIN 0CTaeTCA
cxomAmuMcA. B pealbHBIX CUTYaIUAX UCHOJIL3YIOT CAEAYIOMIUI MpUeM.
Bri6upator Bemuuuny ¢ > 0 (Hanpumep, BbIGpaHHYIO HAa OaHHOM STale
TOYHOCTHIO BBIUMCIEHUi) ¥ MPOJOMKAIOT MpOLece 0 TeX Iop, HoKa He
HapyIIUTCA HepaBeHCTBO

p(xp) — p(Xgi1)
GOl ~

Ho kak Toabko HauMHaAeT ycTaHaB/MBaTbCA CUTyaluAa

€.

w(xp) = P(Xp41)
I’ (xx)II?

U JanbHelillee NpUMeHeHHe BEIOPAHHOr0 aAropuTMa MUHUMU3aLUY He Cy-
JUT ee U3MeHEeHUS, UTepalluu ocTaHaBiauBaioT. llpomomeHue mpouecca
MUHUMHU3aLUK CBA3AHO JU60 ¢ U3MEHEeHNeM MapaMeTpoB anropuTMa (Ha-
npyMep, C MOBBINIEHUEM TOYHOCTU BbIUMCIEHMI), JUO0 ¢ MEepexoioM K
opyromy, 6ojee 3ppeKTUBHOMY B JaHHOM cllyuyae METOmdy.

<e

9.4. MeTobl cnycKa

9.4.1. O6maa cxema. Bce MeTombl cmycka pelleHUA 3aaadyu
6e3yClIOBHON MUHUMU3AIWU pasjuyvaloTcA Jub0 BbIGOPOM HarpaBieHUf
crycKa, Ju6o crnoco6oM OBUKEHUA BOOMbL HalpaBleHUil cmycka. To Mo3-
BOJIfIET BbIMKCAThL OOLIYIO CXeMYy METOJOB CIycKa U HCCaeloBaTh A Hee
BOIMPOCKI CXOAMMOCTHU U yCTONUYUBOCTH.

Urar, pemmaercs 3agada MuHMMH3auuu QyHKOUM @(X) Ha Beem
npoctpaHcTBe F, MeTombl cmycka cOCTOAT B ciedyiolneii mpoleaype
NoCTpOeHUs MociefoBaTenbHocTd {X;}. B KayecTBe HauanbHOro mpuo-
JAUeHus BbIOMpaeTcs, BooOIle roBops, Jiobasa Touka xXg € F,. llocneno-
BaTe/lbHble NPUGIMMEHUA Xi,Xs2,... CTPOATCA MO clegyiolleil cxeme:

1) B TouKe X} BbLIOMpAIOT HANpABIEHUE CIYCKA —Sj;
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2) Haxonat (k + 1)-e npuGnikeHue mo Gpopmyie
Xk+1 = X — ﬂksk. (911)

9.4.2. Bei60op HanpaBiaeHHA. Kak yie roBopuioch, MeTOAbI pa3au-
4yaloTcA, B MepBYIO o4yepeib, BLIGOPOM HallpaBleHUA CIycKa, HO Bceria
B pellakcalOHHBIX MeTOjAaX HallpaBleHHe —sj BbIOUPAIOT TakuM obpa-
30M, 4TOObI 0GECIIEUNTh HEPABEHCTBO (X 41) < ¢(X}) [0 KpaiiHeil Mepe
IJIA ManbIxX 3HauyeHuil BenuuuHbl Bj. [locKonbKy B peaqbHbIX 3agauax,
KaKk MPaBUIO, UMeeTCA UHPOpPMAaUs JULIb O oBeAeHUN GYHKIUU p(X) B
JOKaJbHON OKPECTHOCTH TOUYKHU Xy, TO FrapaHTUpPYeT yObIBaHUe GYHKIUU
IpU MepeMelleHUH U3 TOUYKU Xj BHOJMb HaIlpaBleHUA —Sjp COOTHOLIEHHE

(' (xk),s%) > 0.

B GoabInnHCTBE METOIOB CIIyCKa BLIOOD HaMpaBIeHUA CBA3aH C BLIUKC-
JeHUeM rpajiieHTa MUHUMU3UPYeMoil GYHKIUU B TOUKe X, (HCKIIOUeHUe
COCTaBJIAIOT, HATIPUMED, METO/bI MOKOOPIUHATHOrO CIIyCKa U MHOTHE Me-
Tobl ciayyvaiiHoro croycka). [Ipouenypa Borumcaenus ¢ (Xy) BecbMa Tpy-
noemka. Ha mpasTuke rpagueHT oOLIYHO NMPUXOAUTCA OMNpedelfATh MpU-
GIMMEHHO, HapUMep, MOAb3YACh Pa3HOCTHLIMKM CXeMaMM, UTO TpebyeT
BbIUNCIEHUN 3HA4YeHUs GYHKIUM @(X) N0 KpaiiHeil Mepe B 1+ 1 Tou-
Kax Ha KamIoi uTepauuu. 3aMeTUM, YTO BbIYKMCICHUA 3HAUEHUN (YyHK-
unu @(X) B GOJbUIMHCTBE CJIy4aeB CONMPSAMEHO CO 3HAYUTEIbHBIMU TPY -
HOCTfIMM, OCOOEHHO ec/ii 3T 3HA4YeHUs ONpeeNfloOTCA B pesyjbTaTe
HEKOTOPOro HKCINepUMeHTa.

Ha Bomnpoc, KakoMy U3 cnoco60B BLIGOpa HATPaBIEHUA CITycKa CleayeT
oTIaTh MpeanouTeHHe MpY pelleHUHd KOHKPEeTHOW 3amayu, 0JHO3HAUHOTO
OTBeTa HeT, eC/Ii TOJbKO OHA He ABJIAETCA XOPOIIO U3BECTHOW TeCTOBOIA
3agaueii. [eso B ToM, UTo “nieanbHbIM” HalpaBleHUEM B TOUKE Xq fBJS-
eTcAl HallpaBJleHKe B TOUKY X*: s = Xg — X*. I B 3TOM cMbIcie Bce Apy-
rve HampaB/eHus Xyse. Ilpeanonosum, 4To Mel obiagaeM onpeaeleHHo
uHdopMaImeit 0 Biae MUHUMU3UPYEMOil PYHKIIUU; CKaMeM, HaM U3BeCT-
HO, UTO 3Ta (YHKIUA BBIMYKJIasg U IOCTATOYHO riagxas. Ho u B aTom
clyyae OTBEeT Ha MOCTaBJIEHHBIM BONpPOC BecbMa 3aTpyaHuTeneH. [emo B
TOM, UTO ¥ MHOTHX METOJIOB CIIyCKa allpUOpPHbIE OLIEHKU CKOPOCTU CXOMU-
MOCTH MMEIOT BUL ¢(X;,) — ¢* < O(1/m), BcleacTBUe Yero 3TH OLEHKH
He MO3BOJIAIOT OTAATh MpeANouYTeHne TOMY WU MHOMY MeTtony. MmenHo
Ha HTOM 3Tarne MpuobpeTaeT BajiHOE 3HaUEHMe HAKOIJIeHHbIN onbIT. Tak,
Ha HauyaJbHOW CTAAMM MUHMMM3aAlWKM OTHAIOT MpEeAnoYTeHHe MeTodaM,
CBfI3aHHBIM C HE3HAUUTEJIbHBIMU 3aTpaTaMy YCUIU Ha BBIYUCIEHUSA Ha-
IpaBieHuil cnycKka, HallpuMep MeToJaM MoKOOpAMHAaTHOro ciycka. Korga
npollecc MUHUMU3AUUU ¢(X) CylleCTBEHHO 3aMeIfeTCA, IepexXoisaT K Me-
ToJaM, CBfI3@HHBIM C BBIYUCIEHUAMU TpagleHTa, — K TaKk Ha3bIBaeMbIM
MeToaM I'paJUeHTHOro cliycka. B manbHeiimeM, eciu mociefoBaTelbHble
IpUGTUAEHNA MPUBEIU HAac B OKPECTHOCTh TOYKM MMHHUMYyMa, HO TOU-
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HOCTb Hac ellle He yCTpauBaeT, BCTYNAIOT B CUJY JONOJHUTEIbHbIE CO00-
paskenus. Tak, eciu nmoBefeHUe BbIMYKION GYHKINN B OKPECTHOCTH TOY-
KM MUHHMyMa HOCUT XapaKkTep NoBelJeHUf KBaJpaTU4HON (YyHKLUUU, TO
IpeInounTaloT BhIOUPATh OJUH U3 METOJO0B CONPAKEHHbIX HalpaB/eHuil,
NIOCKOJIbKY M3BECTHO, YTO 3TU MeTO[bl MUHUMU3UPYIOT KBaJjpaTU4Hble
(DyHKIMU 32 KOHEUHOe YHUCJI0 UTepaluii.

CrazaHHoe Bblllle cllefyeT paccMaTpUBaTh JUIIb Kak MpUMep, Kak He-
YTO BpO[le Nlepe/layuu ONbITa, HO He Kak “pyKoBoAfAlIee yKkazaHue” [ CIo-
coba BbiOopa HampaBieHuil. [loka ele onbIT, UHTYUIMA, UCKYCCTBO MpPU
YHCJAEHHOM pelleHWU pealbHbIX 3aJad UrpaloT BecbMa CyILIeCTBEHHYIO
poib. OTcyTCTBUE perynsapHoro crnocob6a BbIGopa HampaBleHUil Ge3ycloB-
HO 3aTpyAHAET NMPOLEeLypy PeUIeHUA SKCTpeMalbHbIX 3agay. ¥ TelleHueM
MOKeT CIYKUThb JHUIIL TO, YTO 3TO “Oejioe MATHO” OCTaBAfAeT INPOKOe
noJie IJfA JadbHERUX uccieqoBaHuil.

9.4.3. Bei6op aauHbl mara. Yucao (3 ¢ TOUHOCTHIO 10 MHOMKUTENS
||sk|| onpemensier paccTosiie OT TOYKU Xy OO TOYKHU Xpy1. MbI Gymem
3[ech MPUAEpPRUBAaTbCA NPUHATON TEPMUHOJOTUU U HA3bIBaTh 3TO YUCJO
0AUHOLl Ulaea WY TIPOCTO WLA20M.

OcHoBHasA 3ajavya NpU BbIOOpPE BeJUUUHBI [ B pelaKkCalMOHHBIX
npoleccax MUHUMM3aUud — 3TO 00ecleuyuTh BBINOJHEHHE HepaBeHCTBA
(k1) < @(xp)-

EcTecTBeHHO, YTO TPY/I0EMKOCTb BLIYUCIEHUI BEIUYUHDBI () CleayeT
COrJIacOBBIBATh C TPYAOEMKOCTHIO BBIYHCIEHUI HampaBieHUusa —sy. Ecan
Ha BbIOOp HaIpaBleHUAl 3aTpauuBaeTcA MaJjblii TPy, TO, KaKk IPaBUIIO,
3TO ke MOMMHO OTHOCUTCA U K 3ajaye Bbibopa [i. OOHUM U3 BieMeH-
TapHbIX CNOCco60B, pealrn30BaHHbIX B 3HAYUTEILHOM YHC/Ie CTaHIapTHbLIX
nporpaMM MeTO/I0B MUHUMU3ALUU, ABAAETCA CNOCco06 yABOEHUS.

9.4.4. Crioco6 yaBoeHUAa AJjA BbiOopa AauHbI mara (. Briou-
paiot By = Br—1. Ecau npu atoM ¢(Xp11) < p(Xg), TO 1u60 MEPeXomsT
K caenyiomeit, (k4 2)-it utepauun, au6o BeiGupaiot [ = 20_1. Ecan
3HavyeHHe ¢(X) MeHblle NMpeIbIAYIIero 3HaYeHus, TO MPOLEeCC YABOEHUs
MOKHO MPOJOJKRATh 10 TeX Iop, Moka yObIBaHUe He npekpatutca. Ecau

1 1
@(Xk+1) = ¢(Xr), TO BRIGUpaIOT B = 3 Br—1- Ecan ‘P(Xk -3 5k—15k) <

1 .
< @(X}), TO MOJAralOT Xk 41 = X — = Br—1Sk U NEPEXOIAT K CileAyIoulei,

k + 2)-it urepauuu. Ecnu e o xj — L k_1Sk | = ©(Xy), TO BEIOMpaAOT
P 2 4

Br = Br-1/4u T 0.

9.4.5. Bri6op oiuHbl mara (3 MeToaaMHW OJHOMEPHON MHHU-
Musanuu. Eciy Ha BeluncieHre sy, 3aTpayuBalOTCA 3HAYUTENLHLIE yCHU-
auA, TO [3; OOLIYHO BBIYMCIAIOT OAHUM M3 METOJOB OJHOMEpHOH MUHM-
muzauuu Gyuruun ¥ (5) = p(x — Bsk) (em. ria. 8). Ilpu aToM TouHOCTH
BLIYKMCIEHUA TOYKM MUHUMYMa (GyHEuuu 1(3) clemyer coriacoBbIBaTh
C TOUHOCTHIO BBIYMCIEHUH 3HaueHuit gpyHxuuu @(x). Kpome Toro, Tou-
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HOCTh BBIUHC/JEHUA OJAHOMEPHOIO0 MHUHUMYMa OIpefeseTcs YUCIOM Bbl-
yucneHnit 3HaueHuit GYHKUUN @(X) BAOMb HANpaBleHUA —Sg, T. €. YUC-
JIOM, BBIOOP KOTOPOr'0 CBA3aH CO crocob6oM BLIGOpA HaNpaBleHUA CIIyCKa.
Tar, npeacraBnfseTca MajnoonpaBOaHHBIM, YTOObI Ha ONpeeieHUe BeJu-
YUHBI S 3aTpauynBaioch n + 1 BbIYMCIeHUH 3HaUeHUH QyHRIUN ¢(X), a
TOYKa OJHOMEPHOI0 MUHUMYyMa olpefefsiach B pe3ylbTaTe BbIUMCIEHU
3Ha4YeHu#l (X), YMCIO KOTOPLIX HA MOPSAJOK OTJIAMYAIOCh Obl OT YHUCiIAa
n + 1. XoTd 3To yTBep:IeHNe He OECCIOPHO, HETPYIHO MOCTPOUTDL HPU-
Mep ¢ “uneanbHbIM” crioco6oM BbIGOpa mIara, HUKak He COTIacyIONUMCH
C TOYHOCTBLIO ONpefeleHs TOUYKM OJHOMepHoro MuHuUMywma. Bo BcAkoM
clydae, B pe3yibTaTe NMpoOleqypbl OAHOMEPHONH MUHUMU3AIUU BEIMYU-
Ha () OoMHa GbITh OmpefeleHa Tak, UTOObI 3aBeOMO BBIMOJHAIOCH He-
paBeHCTBO ¢(Xg+1) < @(Xi). BoinumemM oCHOBHOe COOTHOIIEHWE, rapaH-
Tupyiolee yobiBanue GyHKUNU p(X), KOTOPOMY AOMKHA YIOBIETBOPATH
BeauuunHa (, BbIUMCIEHHAA B pe3yibTaTe MPOLEAYPbI OJHOMEPHONH MU-
HUMU3aINU:

©(xp — Brsk) < (1= Ap)p(Xk) + Apwy. (9.12)
3Iech
— inf -
Wi ég()(ﬂ(xk Bsk),
a uneao g < Px) = P(Xi11) € (0,1] xapakTepu3yeT TOYHOCTb BBIYKC-

(xg) — wy,
JeHUs TOUKH OJHOMEpHOro MuHUMyMa dyHruuu ¥ (5) = o(xy — fsg). U3
(9.12) caeayer, uto

o(xk) — Pp(Xk+1) = M (p(xk) — W)

Otciona u u3 ouensu (9.7) momydaem

m—1 1
P(xm) — (x*) < po [1 +83 w] <

2 ! 2
P P

m—1 ( ) —1
<umoli+™ 3N w] _
S "0[ 7 ,; [EEDIR

AT OLI€EHKHM IMOKa3bIBaloOT, YTO OO TeX IIOp, MMOKa OTHOIIeHUe

p(xp) —wi
lle! (i) |17

OCTaeTCsl CPAaBHUTEIbHO GOJbIIMM, UUCIO BBHIYMCIEHUN 3HAYeHWi ¢(X)
MOKHO CORpPaTUTh, MOHU3UB TOYHOCThH OJHOMEPHOI MUHUMMU3aLUU, T. €.
YMEHBUIVB AONYCTUMYIO BEIUYUHY Aj.

YacTo B mpoliecce cueta, HeCMOTPSA Ha TO, UTO allPUOPHbIE OIIEHKU CBU-
IeTeIbCTBYIOT O CXOAMMOCTH MeToda O CKOpOCThIO, ckameM, O(1/m),
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o0Hapy#UBaeTCA, UTO C YBeJWUYeHHeM 4uciaa urepauuil au6o yMeHblla-
eTcsA CKOPOCTh CXOAMMOCTH, TUGO Mpoliece BOOGIe MepecTaeT CXOAUThCS.
OnHol 13 IPUYNH ATOTO MOKET 0Ka3aThCA MOTEPA TOYHOCTU MPU BbIUKC-
JEeHUU OJHOMEpHOro MUHUMyMa. W3 MpuBefeHHBIX BbIlIe OIEHOK BUIHO,
4yTO HeGiaronpuATHasA CUTYyalus, Korjaa

o(x) — p(Xp41)
ll" ()12
MOKeT HnHorga OBITH ucIpanJ/ieHa 3a CYeT IOBbIIIEHWMA TOYHOCTU OOHO-
MepHO MUHUMMU3ALHHK, T. €. 3@ CYeT TAKOro AOMYCTHMOrO YBeIUUCHHUA
mapaMerpa Ay, IPH KOTOPOM GyIET BLINOAHATHCA HEPABEHCTBO

<e,

P(xk) = p(Xki1) S

o' Ge)lIP -~

HeobxoguMocTh NOBBIIIEHNA TOUHOCTH OJIHOMEPHOI MUHUMU3alUK 00bIY-

HO BO3HUKAET B OKPECTHOCTYU TOYKU MUHUMYyMa U MPU MONaJaHUU TOUKU

Xj B TaKk Ha3bIBaeMbINl 08pae, T. €. KOTAa 0 HEKOTOPBIM HalpaBleHUAM
npousBoaHas 6au3ka K HYJIO.

9.4.6. YucneHHo peanusyeMblie yCJI0BHUA BbiGopa BeJIUYUHBI G
6e3 mpoueaypbl OJHOMepHOIlI MHHHUMH3anuu. B kauectBe [ > 0
Gynem Beibupath () = 3} — Hanboabiuee U3 uucedn (3, yJOBIETBOPAIOMIIX
HEPaBEHCTBY

ploxi) = plx = i) > afllsel 52, g >0 (0.13)

e.

B 10 Bpems kak ycaoBue (9.12) He ABIsAeTCA KOHCTPYKTUBHBIM [JIS OMpe-
JeneHus [JIMHBI Iara, HepaBeHCTBO (9.13) mo3BoiseT BOCMONL30BAThHCSA
OOHUM U3 3JEeMEHTapHLIX METOAOB [JIf BLIYHCIEHUA BEJIUYUHBLI [(f, Ha-
npuMep, MeToaoM yaBoeHus (cm. 1. 9.4.4). 3aMeTum, UYTO MOCKOIbKY
BBIGOD S rapaHTHpYeT JOKajibHoe yObiBaHue OYHKUUU p(X) OpU Iepe-
MeIeHUN U3 TOYKHU X BIOJNL HANpaBieHUf —Sg, TO

0
lsell 2258 — (4 (1), 54 > 0.
k

[oxraskeMm, 4TO CYIIECTBYET MOJ0KUTENbHOE YHCIO | (|, yOOBIeTBODA-
1omee HepaBeHCTBY (9.13). JleficTBuTeNbHO, eciy BbIGPATH

T, =20 - pEalnn,

TO, TOJAb3YACH JeMMoit 9.2.3, nonyydaem
— — L =2
o(xk) — p(xk — Bysk) = Brlp' (Xk),sk) — 5/3k||sk||2 =
— L — — 0
= B (40 0cu)s58) = ZBullsull?) = 0B (xu), 50 = aBellsil] 260,

8Sk
(9.14)
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npu 0 < ¢ < 1 Byger Ek > 0. [locronbKy 3amavya O HaXOM{AEHUU Hau-
Gonblero Yucia, yA0BIeTBopsAolero HepaBeHeTBY (9.13), pemaeres npu-
6IMHEHHO, TO MOMKHO BBINKUCATh COOTHOIIEHUE, KOTOPOMY YIOBJIETBOpPAET
HalileHHOe 3HayeHue [; B KauecTBe HauGOJbIIeN BEIMUUHLI IPY HEKOTO-
pom 3HaveHuu napametpa g € (0, 1),

©(xk) — @(Xx — Brsk) = arBr{@' (X1),Sk)- (9.15)

3ameuanue. B mobaBienun (cMm. [.1) moxasbiBaeTcsi, UTO YHCIO
YABOEHWI U BbIGOpA HA KakJOW WTepaluu BeIUYUHBI [ U3 yClIo-
BuA (9.15) KoHeuHo.

9.4.7. O603HaYNM Uepe3 (, BeIUUUHY KOCHUHYCA YTJia Meskay Harmpas-
JdeHueM aHTUrpagueHta —¢'(xy) (T. e. HampaBleHHWEM HauCKopeiiiero
yObIBaHUA GYHKIUKM @(X) B TOUKE Xj) U HalpaBleHUEM CIyCKa —Sp U3
3TON e TOUKM: ,

ap = (90 (Xk)7sk> . (916)

ll" i) Il
OueBuaHo, uTO f > 0, TaKk Kak 3TO ABJIAETCA HENPEeMEHHBLIM YCIOBU-
eM BbIGopa HampaBieHus. Teopembl 0 CKOPOCTH CXOAMMOCTH METOI0B
6e3yCI0BHON MUHMMU3aUUK OyaeM J0KasbiBaTh B IPEANONOMEHUAX, YTO
IoC/Ie0BaTeNbHOCTL {Xg} cTpoutcsi no ¢opmyae (9.11), ax > 0, a S
ypoBaeTBopsieT aubo ycaosuio (9.12), mubo ycaosuio (9.15).

9.4.8. lemma. Ecau gynruyua o(x) npunadaencum gaaccy C11(E,),
a nocaedosameavrocmy {Xy} cmpoumes no gopmyae (9.11) u ydosaemso-
paem ycaoguio (9.12), mo cnpasediuso nepasencmeo

1
p(xk) = p(xir1) > 57 Awaille’ eI

NorkazaTenbcTBo. U3 (9.12) misa a00bix 3HaveHuit mapamerpa § >
> 0 cnpaBeIMBO

o(xk) — p(Xp+1) = M (p(xk) —w) = A (p(xk) — (XK — Bsk)).

Otciona, noab3yach JeMMoit 9.2.3 u onpefeneHreM BeAUUUHbBI (v, TPUXO-
OUM K HEepaBeHCTBY

1 .
elxk) = p(xis1) = M (Bl (ki) 30) = 5 LB e =
1 .
= e (Bl Geu)lllsell = 5 LB sil),
cripaBeIMBOMY [Jfl MIOObIX 3HaueHuit (3. IlpaBasa yacTh 3TOro HepaBeH-
cTBa fAIBAfeTCA KBagpaTU4YHOIl (yHKuUUell mapameTpa (3, mocTurawoiieit

CBOero MarncumMyma Inpu

!
8= ag [l il
L skl



9.4 Memodel cnycka 167

Tarum 06p330M, noacTaB/afAA 3TO 3HaYeHUe, MbI IToJy4dyaeM

1
O(Xk) — @(Xpy1) = ﬁ/\kaiﬂwl(xk)ﬂz- A

9.4.9. lemma. Ecau ozpanuuennasn cHusy gynryus o(Xx) npunadie-
swcum kaaccy CY1(E,), a nocaedosameavnocms {x,} cmpoumcsa no gopmy-
ae (9.11) u ydosaemsopaem ycaosuio (9.15), mo cnpasedauso Hepasencmeo

1
p(xi) = p(xk41) 2 7 ol u)ll* v = 205(1 = qi).

HoraszaTeabcTBo. llockonbKy () — HaubGomblliee U3 YKCel, YI0B-
JeTBopsOIKUX HepaBeHeTBY (9.15), a

B, = 2(1 — g ECu)58)
k Llsgll* ~
Kak mbl Bugeau (cMm. (9.14)), y@oBreTBOpsieT 3TOMY HepaBeHCTBY, TO
Br = B, n us (9.15), yunTbiBas onpeneleHue oy, UMeeM

p(xk) = p(Xpr1) = p(xk) — @(xXk — Brsr) > aBi(P (Xk),sk) >
! 2
> 0B (ae) si) = 204 (1 — i) 1 EUIRIE = Lo o2 A
L skl L

9.4.10. Husxe 6yayT noKasaHbl TEOPEMbBI O CXOAUMOCTH pejlakcallioH-
HBIX [polleccoB MUHUMU3aUKU. IIpexssae yeM IpUCTynuTh K popMalbHbIM
JoKasaTelbCcTBaM, clefyeT BbIcKazaTh pAJ coobpaxenuii. Iaa raagkux
HeBLINYKJABIX (YHKIMIA OymeT JokasaHo, 4TO pelakcaldoHHbIE IOc/eno-
BaTEJIbHOCTH CXOOATCA K MHOskecTBY {x* € X : ¢'(x*) = 0}. Ilockoabky
nocjefoBaTenbHOCTh {(X))} MOHOTOHHO yObIBaOIasl, TO PelaKCalloH-
HbIii TIpolLlecC HUKOTa He MpUBeJeT Hac K TOYKe JIOKaIbHOr0 MakcuMyMa
(ecTecTBeHHO npenonarath, uto ¢’ (Xg) # 0). lanee, npeacraBagerca Ma-
JOBEPOATHBIM, YTOOBI TpOIece MPUBelI U K TOYKaM CeJI0BOro Tuma (3To
HOATBEp:iJaeTCA HAKOIIEHHBIM OINBITOM NPUMEHEHUA pejlakcalllOHHbLIX
MeTog0B MuHUMU3anun). Takum o6pasoM, B peanbHbIX CUTYaLUAX UMEET
MECTO CXOJUMOCTb K MHOMECTBY JOKaIbHbIX MUHUMYMOB, @ B GOJIbIINH-
CTBe CiIyyaeB — K HEKOTOpO# TOUYKe JOKaJbHOr0 MUHHMYMa, TeM Goliee,
YTO NPU pelleHUM KOHKPETHBIX MPUKJIAAHLIX 3aJay OObIUHO U3 TeX WU
UHBIX “pusnueckux” coobpaxseHuii ObIBaeT U3BECTHA HEKOTOPasA OKpecT-
HOCThL MCKOMOMH TOYKM X*, I'/le U BLIOMPAIOT MCXOAHYIO TOUKY Xo. M x0T
Ipy HaUX (GOopMaibHBIX PACCMOTPEHMAX U3 MHOKECTBA CTAlMOHAPHBIX
TOYEK Mbl He MOEM HCKIIOYUTHL 3TH TOYKM, CKa3aHHOE BbILIE CJedyeT
YUUTBIBATh, aHAJIU3UPYA TEOPEMbI O CXOAUMOCTH.

9.4.11. MHosKecTBO cTallUOHApPHBIX To4deK. [l1s 3agau 6e3yciaoB-
HOM MUHUMHU3AUUK IMagkux GYyHKLUA MHOECTBO

X7 ={x": ¢'(x") =0}
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6yoeM Ha3bIBaTb MHOHECMBOM CMAYUUOHAPHLLY modek. ONpeneauM TaKk:ke
mHomecTBa Xo = {x: ¢'(x) < p(x0)} u X = X*N Xo.

9.4.12. YcinoBue, rapaHTUpYyloOllee cX0AUMOCTb. [[i1g HeKOTOpPO-
ro uucnaa € > ( onpegenauM MHOKeCTBO

Us = {x: p(x,Xg) < e},

rae

p(x, X5) = x*igg(g [Ix — x*||2.
YcnoBue, rapaHTUpYIOLlee CXOAUMOCTh pellaKCalliOHHOHN MocIe10BaTelhb-
HOCTH, COCTOUT B cledylolieM: dasa ecakoeo € > 0 Hatidemca makoe § =
=d(e) > 0, wmo dan scex x5, € X5\ U: 6ydem || (xx)|| = 0.

9.4.13. [lns GyHKUuii, orpaHUYeHHBIX CHU3Y Ha MHOkecTBe Xj (a
MMEeHHO JIfl TakUX GYHKUUH U 6yOeT UCCIeI0BaThesA CXOAUMOCTD ), JEerKo
NOCTPOUTHL MpHUMep, Korjga oTcyTcTBUe yciaoBua 9.4.12 MCKIIOUUT 3aBe-
JOMYIO CXOOMMOCTDb pejlakCal[MOHHOW MOCAeN0BaTeIbHOCTU K MHOMECT-
By X* (puc. 9.2). YenoBue 9.4.12 BbINOJAHAETCA Ui JOCTATOUHO IUPOKO-

{F———

Puc. 9.2

ro kaacca gpynruuii. Tax, ecan ¢(x) € CY1(E,), a Muomectso X, orpa-
HUYEHO, TO CripaBedanuBoCTb yciaoBua 9.4.12 BoiTekaeT U3 TeopeMbl 9.2.7.

9.4.14. IIpeamnonoskenuna. OtHocuTenbHo GYHKUUU @(X) Oyaem
npeanojarath, 4To:

1) p(x) € C11(E,):

2) X; # &;

3) p(x) orpaHuyeHa CHU3Y Ha MHOMECTBE Xj.

OTHOCUTeNBHO HocienoBaTelbHOCTH {X) } GyaeM mpedmnoaaraTh, 4To:

4) xo — mobas Touka;

5) X1 =X — Brsg, k=0,1,..;

6) ap >a>0, k=0,1,..;

7) BbImosHAETCA 160 YCIOBHe

(xi = Brsk) < (1= Ar)p(Xk) + Apwr
npu 0 < A< Ay, <1, £=0,1,..., nubo ycioBue
o(xr) — p(xk — Brsk) = quBr(P (xk),sk)
mpul<e< g <l—¢ k=0,1,.., e<1/2



9.4 Memodul cnycka 169

9.4.15. Teopema. FEcau swnoanswomcs npeonoaoxcenus 9.4.14 u
ycaosue 9.4.12, mo

lim p(xx, X3) =0. (9.17)
k—oo

NorkaszatenbcTBo. U3 mpenmonosenusa 7) u aemMm 9.4.8 u 9.4.9
caenyer, uto 0 < vy =22 <1 < 1/2n

o(xr) = p(xr+1) = Clle' (xi)II”

1 . 1
npu C' = I o® min {5 /\,7}‘ MocnenoBatenabHocThb {p(X))} MOHOTOHHA 1

OrpaHUYeHa CHUZY, NO3TOMY
p(xk) — p(Xg+1) = 0 mpu  k — oo,

f(xp) = ||<p'(xk)||2 —0 npu k — co.

B cnpaBemiuBoctu coornomenus (9.17) yGesaaemMesa Ha OCHOBaHUU
teopembl 9.2.5mpu X = Xou Y = Xj. A

9.4.16. O6cy:saenue. U3 moxazaHHO TeopeMbl BUIHA BajiHaf PoJb
BbIGOpA HAYAILHON TOUKM Xg. Eciu aTa Touka BbiOpaHa ygadHo (Hamnpu-
Mep, TaK, YTO MHOKeCTBO X COOep:iUT eIUMHCTBEHHYIO CTallloHapHYIO
TOYKY — TOYKY TJI00aibHOr0 MUHUMYyMa GYHKIUU (X)), TO U3 COOTHO-
wenus (9.17) caenyer, 410 Xj, — X* npu k — 00. [Las BRINYKRIBIX GYHKRUNIA
OYeBHHA CXOAUMOCThL MOCIEI0BATEILHOCTH {Xj} K MHOMECTBY TOUYEK
r106albHOT0 MUHUMYMa, a IJIf CTPOTO BBIMYKILIX (YHKIUI — CXOOU-
MOCTb K eJUHCTBeHHOI Touke x*. Ilpuuem B o6Goux 3TUX cayyafax GanT
CXOOMMOCTH He 3aBHCUT OT BbIOOpA TOUKHU Xg, XOTA HeyJauyHbIN ee BLIOOD
MOKET CYIIeCTBEHHO 3aMeIUTh BeCh MpOoIecC MUHUMUBALNH.

9.4.17. O HapylmIeHUAX pejaKcallMoHHocTH. Ha npakTuke B mpo-
1jecce MUHUMU3ALUKM 4YacTO BO3HMKaeT CUTYyalUf HapylleHUA pejaKca-
LIMOHHOCTH, T. €. MOHOTOHHOIO yObIBaHUA HOCIefoBaTeNbHOCTH {¢p(X))}.
Nuorpa Ttaxkue HapyIlleHHs OelaioT CO3HATeNbHO, C Ielbio U30ekaTh 3a-
MeJieHUA npoliecca MUHUMU3auK. O6LIUHO B TaKUX CAydaaX MpuoeraioT
K TeM WU UHBIM 3BPUCTUYECKUM IpHeMaM, KOTOpble MO3BOJAIOT dyepe3
KOHEUHOE YHCJIO0 3TaNoB BOCCTAHOBUTD pefakcallMOHHOCThL. O4eBUIHO, UTO
TeopeMa 0 CXOOUMOCTHU OCTaeTCA ClpaBeMJUBOH, 0HAKO Yy:e He I/ Bceit
Moc/ie0BaTeNbHOCTH, a AJIA TOH ee YacTH, KOTOpasa OCTAeTCA IMOCie BbI-
YyepKHUBaHMA BCeX TOUYeK HapyIIeHUS pelaKkcalloOHHOCTH.

9.4.18. IlepeiizeM K BBIBOAY OILEHOK CKOPOCTHU CXOAUMOCTH METO-
IIOB CITyCKa [IJIfl pelieHus 3afaay 6e3ycaoBHON MUHUMU3ALUY BbITYKJIbIX U
CHJILHO BBIMYKJABIX (GYHKIUH. ITU OLEHKU [/ BBIMYKJIbIX QYHKIUN yaa-
€TCfl IOCTPOUTh MPU JOBOJbLHO }KECTKOM YCJIOBUU OTPaHUUYEHHOCTU MHO-
secTBa Xg. 3aMeTUM, YTO B 3TOM CJyvae BBIMOJHAIOTCA MPEeNoJosKe-
uua 2) u 3) uz n. 9.4.14 u ycnosue 9.4.12, KoTOpbIe Urpalyl CyMIECTBEH-
HYIO poJb MpHU A0Ka3aTelbCTBE MPeAbIAYIleil TeopeMbl.
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9.4.19. Teopema. Ilycmes:

1) evinykaas Pynryus o(x) npunadaescum raaccy CH1(E,);
2) diam Xy = n < oo;

3) nocaedosameavrocms {Xy} cmpoumca no gopmyae (9.11);
4Ha,>0, k=0,1,..

Ecau svinoansemes ycaosue (9.12), mo

m—1 -1
(xm) — p(x*) < po [1 +Cuo Y Akai] ., m=1,2..., (9.18)
k=0
das awbozo 0 < C < 2L1—° Ecau se svinoansemea ycaosue (9.15), mo
7
m—1 -1
P(xm) — ¢(X") < po [1 +Cuo Y vkai] , o m=1,2,.., (9.19)
k=0
das aboz0 0 < C' < L,}
Ln?

HorazaTeqbCTBO C OYEBHUIHOCTBHIO cieayeT us jemMMm 9.4.8 u 9.4.9 u
Teopembl 9.3.3. A

9.4.20. 3amevaHue. YciaoBue 2) TeopeMbl 9.4.19 MO#HO 3aMeHUTD
yeaoBusmu 3) u 4) teopemsr 9.3.4: X* # & u nas mo6oro € > 0 Haiigercs
takoe d = d(e) > 0, uto ||¢'(x)|| > d ana Bcex x Takux, 4yto p(x, X*) > €.
IIpu sTom Teopema 9.4.19 octaercs crnpaBeqnuBoil. JokasaTelbCTBO ee
onupaetca Ha JeMMbl 9.4.8; 9.4.9 u Teopemy 9.3.4.

9.4.21. Teopema. Ilycmes:

1) cuavro evinyraaa gynryua p(x) npunadaescum xaaccy CHL(E,);

2) nocaedosameavrocmo {Xy} cmpoumca no gopmyaan (9.11);

3) ap >0, k=0,1,..

Ecau svinoanaemen ycaosue (9.12), mo

m—1
o(xm) — p(x*) < o eXP{ - 2L Z )\kai}, m=12,..,
k=0
9 m—1
llxm —x*||? < /—),UO eXp{ - % )\ka%}, m=1,2,..
k=0

Ecau sce svinoanaemesa ycaosue (9.15), mo

m—1

o(xm) — p(x*) < o eXP{ - % ];) %ai}, m=12,..,

[

m—

2
[[%m — x*[|? < ;po exp{ - % ykaZ}, m=12,..
k=0
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HoraszaTelbCTBO C OUYEBHUIHOCThIO cieayeT us JemMMm 9.4.8 u 9.4.9 u
Teopembt 9.3.5. A

9.4.22. 06c¢cy:xaeHue. O4eBUAHO, YTO B cMbIcie cooTHoMeHuit (9.18),
(9.19) HauGosee GraronpuATHbLIE OIIEHKKM BO3HUKAIOT TPU af U Aj, 6au3-
KUX K eJUHHULle, U Yk, O6au3koM K 1/2. OpHako 3To TpeGyeT BBICOKOIL
TOYHOCTU BBIYMCIEHUA rpagueHTa GyHKOUM @(X) B TOYKAaX Xj, BBICO-
KOM TOYHOCTH OJHOMEpPHOW MWHUMU3ALUM, a TaKyse BBICOKOW TOYHOCTU
B ompepeineHny HauGoabinero 3uadenus (3 us coorHoumenus (9.13), urto
4yacTo cHUKaeT 3(P¢GeKTUBHOCTb BbIGPAHHOIO Mpollecca MUHUMU3AIUU.

[Ipeanonosum Tenepb, YTO MpU BbIGOpe HaNpaBlIeHUs CIyCKa BbIMOJ-
HfeTcsA ycloBHe j > « > 0, a TOUHOCTb BLIUHCIEHUA [ TakoBa, UTO
0< A< A <1mubo 0<e < qr <1—e.BaTom ciyyae U3 COOTHOLIEHUI
(9.18) u (9.19) caenyer oleHka Buzaa

@(Xm) - @(X*) < C%ﬂ m = 1727 ey
a u3 Teopemsl 9.4.21 —

QD(Xm) - QD(X*) < Ho exp{—Cm}, m = ]-a 27 ooy
* 2
||Xm - X ||2 < ;/'LO exp{—Cm}, m = 1727 (A

rae B kauecTBe C' QUIypUPYIOT KOHCTAHTHI, HE 3aBUCAIINE OT HOMepa m
Y BEJINYUHBI Ug.

9.4.23. Bomnpocs!l kiaaccuduranuu. Bribop crnocoba moctpoeHus
0C/e0BaTeNbHOCTH {X,} CYLUIECTBEHHO 3aBHCHT OT CBOHCTB MHHHUMU-
3upyeMoil GyHKUUU, OT UH(POpMalMK, KOTOPOH MOJb3YIOTCA Ha KasI0i
nTepaury, a Take OT TeX TeXHUYEeCKUX CPelCTB, KOTOPbLIMU MbI paclio-
jlaraeM [JIfl OCyLIeCTBIeHUA BbIYNCIUTENbHBIX IPOLEaYp.

MeToabl MOHO MOAPa3AeNUTb Ha TPU PYIbI:

— Memodsl HYae8020 nopadka, UCHOIb3YIONINe TOAbKO 3HAYEHUA MU-
HUMU3UPYeMOi GyHKLUU;

— memodsl nepeozo nopadka, WUCHONb3YIOLINe, KpoMe TOro, IepBble
NIPOM3BOAHBIE;

— memodvl 86mopo20 nopadka, UCIOIb3YIOIINe TaKk#e U BTOPbIE MPO-
WU3BOAHbLIE.

9.5. MeToabl NepBOro U BTOPOro MOpAAKOB

9.5.1. MeTton rpaaueHTHoro crmycka. OnHum u3 Haubojee pac-
MpPOCTPaHEHHbIX pelaKkCcalllOHHbIX MeTOJ0B MUHUMM3aLUU, CBA3aHHbBIX C
BbIUMCJIEHUEM TpajueHTa, ABJAAETCA MeTOJA CIIycKa [0 HalpaBJeHUIO
aHTUrpagueHTa MUHUMHU3UpyeMoil ¢pyHKuuu. B moab3y Taworo BbiOOpa
HampaBjJeHWA CIyCKa MOKHO TPUBECTH Cledyioliue coobparkeHus.
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[MocKoAbKY aHTUTPAOUEHT, T. €. —¢' (X} ), B TOUKE X, YKa3bIBaeT HaNpaB-
JeHVe HaucKopeiimero yopIBaHUA QYHKINY, TO €CTECTBEHHBIM IMIPECTaB-
JfIeTCA CMECTUTHLCA U3 TOUYKHU Xy 10 3TOMY HaMpaBleHUIO.

Metoxn cmycka, B KOTOpoM sy, = ¢'(Xy), HA3bIBAIOT METOIOM 2padu-
eHIMHO020 CNYCKA.

Benuuuna (3 B MeTo[e IrpaiueHTHOrO CIyCcKa TPaJUIMOHHO BBIYUCIA-
eTcsl IIyTeM NpUMeHeHUA OAHOT0 U3 MeTOAO0B OAHOMEPHOIl MUHUMU3aLUU
dynrwan ¥(3) = o(xp — B’ (x)).

9.5.2. Boicokyio apheKRTUBHOCThL T'pagueHTHbIN MeToa mpuobpeTaet
B COUeTaHUU I'paJIMEHTHOro0 Cllycka ¢ BbIOOPOM BeJUYMHEI IIara, yaoBie-
TBopsoedt yeaoBusaM Buga (9.15):

Xp41 = Xk — Br' (X)), (9.20)

p(xk) = p(xr — Bry' (xk)) = ﬂk”‘ﬂ ()17 (9.21)

Taxroit BoiOOp IIara rapaHTHpyeT MOCTPOEHHE MOCIeN0BaTeIbHOCTH TO-
ueK {xy }, obragatomeii CBOHCTBOM MOHOTOHHOTO YObIBaHUA OTHOCUTENb-
HO T1060T 0 BieMeHTa y € X*.

9.5.3. Teopema. Jaa svinyraoti duddepenyupyemoii gynryuu p(x)
makoi, umo X* # &, nocaedosameaviocms {Xy}, ydosaemsopsawwasn co-
omnowenusam (9.20), (9.21), makosa, wmo Oan 4106020 PurcuposarHHozo
anemenma y € X* cnpasediusvl HepaseHcmea

kst =yl < e =yl k=0,1,... (9.22)

u cywecmeyem
lim x, 2y € X™.

k—o0

NoxaszaTenbcTBo. U3 BoimykiocTu p(x) u ycaousa 9.21 caemyer

(! (k). % = ¥) > (1) — 9 (y) > 0(xk) = 9(x41) > 5 Belle! ()2,

nostosy —2p1 (¢! (x4)s %1 — ¥) + B2l (xe) I < 0, u, crenopatensio,

nojgy4daemM
lIxk+1 = yII* = l1xx = yII* = 281(0" (xx), %0 = ¥) + Bill' ®)II* <
< ||xk_Y||27 k:0717

13 MOHOTOHHOCTH 1 OrpannieHHoCTH nocnefopatenbHocty {|x; — y|[} n
orpaHuuyeHHocTH {||xk||} ciemyer cymecTBoBanue y = hm X, € X*, Tan

Kar ¢'(y) =0. A
3ameuaHnue 1. II3 npepbiayiero HepaBeHCTBa CleyeT, YTO PaBeH-
CTBO B mociefoBaTeabHocTy (9.22) nocruraerca aumb npu @' (xg) = 0.
3ameuanue 2. OueBuaHo, uro Teopema o6 onenxax (9.4.19) mpu
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BbIGOpe 1ara u3 yciaousa (9.21) ocTaeTcA clpaBelINBOM, ecln ycloBHE
diam Xy = 1 < oo 3aMeHUTL ycioBueM X * # O.

9.5.4. I'paguenTHaA caMmoperyaanud. B kiaccuyeckoil moctaHoB-
Ke MeTOJ peryiapH3aliyl paccMaTpuBalcA NPHUMEHUTEIbHO K JMHEIHO
anreGpanyeckoii 3agaye o peteHny cucteMbl Ax — b = 0, rie MHOMECTBO
pelleHuit npefcTaBfaio coboii auHeliHoe MHOrooGpasue — Tak HasbIBae-
Masi HeKOppeKTHasA 3afaya (cM. Ii. 7).

HanomuuM, 4To B MeTode peryiapusaluyl BBeJeHHe NapaMeTpHuec-
Koro crabuinsatopa of) MO3BOJIANO MonyyaTh Npu o — 0 IpUGINAKEHHbIE
3HAUYEHNA HOPMAJLHOIO PELIeHUsd, T. €. PelleHus, OausKaiiero K 3a1aH-
HOI TOUKe Xg.

B oTanune ot ykasaHHoro crnoco6a, cBoicTBo (9.22) rapaHTHpYeT CXo-
OUMOCTb {X}, } K HOpMaIbHOMY DELIeHUIO, He TpubGeras K Npuemy peryis-
pusaunu. BasHeiimeit 0c06eHHOCTHIO IPaJIMEHTHOr0 METO/1a IPU BHIGOPKE
urara u3 yciaosus (9.21) ABaseTcA ero cTabUIM3UPYIOIIe CBONCTBA, KO-
TOpbIE MO#HO Ha3BaTh CBOMCTBaMU CaMOPEryIALNN.

JleficTBUTENbHO, [ HEKOPPEKTHBIX JMHEHHBIX alrebpandyecKux
ypaBHeHuii Buga Ax —b = 0 MHOMecTBO X* MUHUMYMOB (GYHKIUU
¢(x) = ||Ax — b||* ymoBrerBopsier TpeGoBanuaM Teopembl (9.5.3), u mo-
3TOMY IOC/IEI0BaTEeIbHOCTh TOYeK {Xj}, mocrpoenHas MeTtogoM (9.20),
(9.21), o6nagaeTr cBOICTBOM NMpOEKLUHOHHOIN cxogumocTH (9.22). A umen-
HO, PACCTOAHUA KamKIOil M3 ATUX TOUEK [0 HOPMalbHOrO peIeHHs OT-
HOCHUTENBHO Xg, T. €. 0 Mpoekuun ee Ha X* pg = Px«(Xo) MOHOTOHHO
cokpamaeres: p(Xg,po) 4 0, k — oo.

9.5.5. Teopema. Ilycms {x;,} C X marosa, wmo 045 4106020y, npu-
Hadaexcauiezo aunelinomy muoeoobpasurw Y C X, cnpasediusvt coomHoule-
nun (e — ¥l < e -y Vy €Yok € fx) u 3y = lim xi.

Toz0a y = Py (x) 2pr, k=0,1,...

NokaszaTenbcTBo. Tak Kak Py — OPTOroHaAbHaA NPOEKLUA TOU-
Kux,HaY uy €Y, 10 (Y — pr,y — Xi) = ||px — ¥||?, u, yuursisas mo-
HOTOHHOCTb {||X; — y||} oTHOCUTenbHO M106G0H Touku u3 Y, B ToM uucie
u Tourn v(a) =y + a(pr — y) npu puxcupoBaHHoM ducie o > 0, uMeeM
llo(a) =yl < llv(a) — x| MosTomy
llo(@) = ¥1I” = llv(e) = xkll* = 2(v(a) — xk, ¥ — xx) + [I¥ — xx]]* >

> [[o(a) = ¥* = 2(v(@) — xk, ¥ —xx) + [ —xx]1%,

OTKYyJa
Iy — %kl < 2(v(@) = x4, ¥ — xp) = 2(y — X4, ¥ + (P — ¥) — Xp) =
:2”?_)(]0“2 _2a<(§_pka§_xk>a

nin
1Y — xkl* > 20y — pr, ¥ — xx) = 2ally — pll*.
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CaemoBarennho, ||pr — ¥||? < %H? — x||* nas moGoro o, oTkyaa pr =y
a

npu Jr06oM QuKrcupoBaHHOM k. A

CanemnctBue. Bece Touru xj JdemaT Ha chepax cemeiicTBa ¢ ILEHT-
pOM B TOYKe y, NPUHAAIEKAIIX OPTOrOHAJLHOMY AOMOMHEHHIO Y K
MHO3KecTBY Y. 3aMeTuM, 4To eciu Y npuHamie:kut E™ u umeeT pasmep-
HOCTb N — J, TO BCE TOYKM Xy JieaT B FUIEPINIOCKOCTY pasMepHOCTH j,
npoxoasmeil yepe3 j + 1 auHeHHO He3aBUCUMBIX 3JIE€MEHTOB IOCIeI0Ba-
TeIBHOCTU {Xj}. DTO CBOICTBO ClledyeT YUUTHIBATH [PU PEUICHUU DK~
cTpeMalbHbIX 3afay, rje Y fABAfeTCA MHOMECTBOM pelleHui.

9.5.6. [Ipunnun Jd-pacmupenud. [[ia 3agay ¢ NpubIUKEHHON MH-
cpopMaLu/Ieﬁ a uMeHHO o MuHHMMuzauuu P(x) = ||[Ax —b|]?, roe ||A —
Al <6, ||b—=b|| < J, WUPOKO NPUMEHSAETCA TaK HA3BIBAEMBI TPUHIMIT
5—pacwupeuuﬂ

Cxema MeToOfa:

Xp1 = Xp — B (xk), k=0,1,..; (920)
G(xk) — Pxp — B (z1)) > ﬂk||</J (xi) 1% (9.21)
ecin @(Xp) >0, TO BBIYUCIAECTCA TOYKA Xpt1; (9.23)

ecan $(xy) < d, TO npolecc MUHUMU3ALUN 3aKaHYNBaeTCA.

YKasaHHBIA poliece MOKHO 3aMKUcaTh B CleAyIoleM Bujie: HaliTH TOY-
Ky X € Y = Argmin ($(x) — d)4, rae Z4 03HAYAET MOJOKUTENBHYIO YacTh
BEKTOpa z, T. €. (z4); = max{z;,0}, i = 1,n.

JemmMma 1. Cywecmsyem makoe 6> 0, umo po € Y dan 6cexd € (0, 5]
Nokasateabctso. Homomnm 6 = (||pol| + 1)~2. Toraa ama Beex
0 € (0, 6] cnpaBeAaNBbI COOTHOLIEHUSA

1 4po — u|l” = || Apo — Apo +u — 1|l < ([|(A = A)pol| + [[u - 1l))*
< (14 = Allllpoll + [lu = @l)* < @Gllpoll +6)* = 6*(llpoll +1)° < 6. A

Mycts {ei,...,e,} — Gasuc B mpocrpaHctBe E,, L(ey,...,ep_1) —
NOMNPOCTPAHCTBO, NOPOHIEHHOE BEKTOPAMIL (€1, ..., €y—1).

Hemma 2. Mycms Apo = u, ||A — A|| <6, |ju — || < 6 u dan awbozo
v e Lley,...e,_1), r > 1, eenoansemea nepasencmeo ||Av|| > s||v||, 2de
» >0 — Hexomopasa KoHcmanma.

Toz0a dan docmamouno maavix § > 0

diam M; < 01(51/ C; >0, Cy = const,
20e B
M; ={x|x=po+vV, vELep,..,e_1), ||[Ax —1|* < J}.
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NoxkasaTenbcTBo. leficTBUTeNbHO, A5 dtoboro v € L(ey, ...,e,_1)
TaKoro, YTo X € My, cripaBeIIuBbI COOTHOIIEHUSA

V6 2 | A(po +v) — | = (A - A)po +u— T + Av| >
> [|Av]| = (A= po + u— || > [|Av]| = C26 > x||v]| — Cs9,
Cz = [[pol| + 1.

CaemoBatennHo, ||v]| < %(61/2 + 09), T. e. diam M; < C16'/%2. A
Mycts {ey,...,e,} — Gasuc mopnpocrpanctBa Ker A = {x|x € E,,
Ax =0}, a {ey,...,e,_1} — 6asuc (Ker A)* — oproronansnoro monos-
HeHUsl K AAPY MaTpUlbl A.
Teopewma. Jasa docmamourno marvix § > 0 cnpasedausa oyeHka

|1 — pol| < C36"/2.

NorkaszatenbcTtBo. [as moboro x € (Ker A)J- cripaBelIMBO Hepa-
BeHCTBO ||Ax|| > 5||x||, rae » — HeroTOpas MoMOMUTEIbHASA KOHCTAHTA,
He 3aBucAman ot x. Toraa npu gocratouHo Manabix 6 > 0 1A BO3MYyILIEH-

HOIt MaTpulbl A 6yaeT BbIMOJHATLCA HEpPaBeHCTBO
~ P
[[Ax][ = 3 [Ix]] (9.24)

naa mo6oro x € (Ker A)+
3amMeTHM, UTO [IPY MajbIX BO3MYIIEHUAX 6 oas Beex €; (i =1,...,7 — 1)
u3 (9.24) cnenyet HepaBeHCTBO ||Ae;|| > »/2 > 0, T. e. Ga3ucHbIe BEKTO-

poi (Ker A)* ocratorea B (Ker A)*. OTHOCHTenbHO BeKTOPOB {e,, ..., €, }
BOBMOKHBI JIBE CUTYalUMU:

a) Ae,,; = 0 1A Beex i € {0,1,....,n—r};

6) gerﬂ' # 0 mas Hexotopeix ¢ € {0,1,...,n —r}.

B cayuae a) X € My = {x|x = po+v, V€ L(er,...,e,1), ||Ax—
—1|? < 6}. o nemme 2 diam My < 0161/2 CnemoBarennbHo, ||X — pol| <
< 0151/2.

B cayuyae 6) mycTh Ais onpegeleHHOCTH AeT #0u gerﬂ' =0ngna1q=
=1,...,n—r. Torma

XeMs={x|x=po+w, weLlep,..e), |Ax—ul|?><d}.

[lycTs q — oOpTOroHadbHas MpOEKUUsA TOYKW X Ha npaAMyto P, =
= {x|x =po+e,, ¥ € Er}. Torna q = po + y4€,. llycts masa ompe-
JEJIeHHOCTH g 2 0. PaccmoTpuM Touky z = po — C4d~/2e,. Tak kak
[ e, || = [[(A = A)e,|| <8, T0

|Apo — @ — Apo +u — C46~/? Ae, || <
< |4 = Alll[poll + lla — G|l + C46"> < 8([|poll + 1) + C46"/>.
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Caenosatensho, ||Az — 1| < 6'/2 npu gocratouno mambix 6 u 0 < Cy <

<1/2,1.e.2€Y.
BekTop X — q mpuHagiaesuT M; 1 opToroHaldeH e,. IIoCKONbKY IO
aemme 2 diam My < C16%/2, to

1% —ql| < C16"2. (9.25)

B C1J1y MOHOTOHHOCTU MI/IHI/IMI/I3I/IpyIOI_I_IeI7I nocjaegoBaTeJbHOCTH I Z
ClipaBeJIMBO HEepaBeHCTBO

[|xo0 — 2z|| > ||X — Z|| (9.26)
Takr Kak BeKTOp (pPo — Xo) OPTOrOHANEH €., TO
lIxo — 2> = [I%0 — poll* + 2(x0 — Po, Po — 2) + [[Po — 2|* =
= llxo = poll* + [Ipo — I,
T. €.

2 2
|Ixo — poll < lIxo — pol| < 5012,
lIxo — 2|l + [lpo — 2| ~ [lpo — z|

lIxo = zl| = [lpo — zl| =

(9.27)
U3 onpepenenus Touku q U TOro, uto z € P,, ciaexyet, uto ||q — z|| <
< ||x — z||. Takum oGpasom, yunteiBasa 9.26 u 9.27, nomyudaem

lla -zl < [Ixo — zll < [lpo — 2| + C56"/7.

[TockonbKY TOYKU (, Po U Z JeaT Ha OOHOU mpsAMoOil P., To B CUIy
BbIOOpA Z CIIpaBedJNBO PaBEHCTBO

lla —zll = lla = poll + [lz — pol|,

Mo3TOMY
lla = poll + |1z — poll < |lpo — z|| + C56/2,

1. e. ||q — pol| < C50'/2. C yuerom 9.25 noryuaem

1% = poll < [IX = all + lla — pol| < C36"/2,
C3=Ci+Cs. A

B zakiaiouenue 3aMeTHuM, 4YTO IocjaeJoBaTeJbHOCTb {Xk}, MUHHUMU-
3upyromasa rpaaMeHTHbIM MeTOOOM IIO npeunomeHHoﬁ cxeMe Q)yHKLII/IIO

P(z) = ||Ax — 11||2, npunagnesut muomectsy M = xo + (Ker ATA)L,
aBasomemyecs capurom noanpoctpancta (Ker AT A)L na Bentop xo,

rae kBagpaTHuHas (GyHKIEA B(x) = |[Ax — ul|? cuabHO BRIMyKIa. Ios-
TOMY MJIfl $(X) cnpaBelKBa OlleHKa CKOPOCTH cxoqumocTu (cM. 1. 9.5.8)

lIx —X||*> < A texp(—Ck), C = const > 0,



9.5 Memodsl nepsozo 8 8mopozo nopsaodkos 177

roge A\ — MUHHMalbHOE U3 OTIAMYHBIX OT HYJA COOCTBEHHBIX 3HAUEHUII
matpunel AT A, a X = argmin $(x). CrenopaTeasHo,

~ ~ _ Ck
i = poll < IIxi = Xl + (1K = poll < A™/2exp (= ZF) + Co0'/2.

Takum 06pa3oM, rpafUeHTHBIH METO[ CO CIeLHalbHbIM CII0COO0M BbI-
Gopa Irara o6iagaeT caMOperyafpusyomuM cBoiictBoM. OueBHAHO, YTO
uneso maros k, Heobxoaumoe A gocTHsenus Tounocta O(6'/?), moms-
HO GbITh mopszaka |Ind|.

3ameuaHnune. OueBUAHO, YTO BCe BbIYKMCIEHHA B Ipoliecce MUHUMU-
3allUK MPOBOIUTH C TOYHOCTBIO, MPEBBLIMAIONEH MOPANOK BEANYHHBI /9,
6eCCMBICIEHHO.

9.5.7. Kak KOHTPOJIMPOBaTh CXOAUMOCThD IIpoijecca rpagueHT-
HOMl MUHHUMH3aUU. MOHOTOHHOE CTpeM/IeHHe K HYJIIO MOC/Ief0BaTeb-
nocru {||¢'(x)||} ABAseTCA BecbMa mone3HBIM CBOMCTBOM ISl PELIEHIS
BOIpOCA O 1[eJeC000pa3HOCTH MPOIOJIKEHNA 160 NpeKpalleHns NpoLec-
ca rpagueHTHoro cmycka. Jias 3Toro, Bo-IepBBIX, cileqyeT yOeauThca B
CYNIECTBOBAHMM COBMECTHOTO pEIIeHUs] HepaBeHCTB ¢(Xi) — ¢(Xgy1) =

1
> L Bille' )l 1 [l (ep)l| < Il (eIl M menanaen 9.3.2 momysaens

pxk) = plxir1) > B(1= SLB) ! (xi I,

1
u, cleoBaTelbHO, IePBOe HepaBeHCTBO BLIMIOMHAETCA NpH 3 € (O, Il Has

MCCeloBaHNA BTOPOro HepaBeHCTBa BOCIOAb3yeMcsl cBoicTBOM (M. [4,
c. 175])

Lig'(x) —¢'(y), x—y) 2 l¢'x) —'WIP Vx,y € E,,  (9.28)

CcrpaBelIUBBIM [JIf BBLIMYKAbIX QyHEIMi n3 kiacca OV (E,).
TakuMm o6pazom, npu JA100bIX [ > 0 BhINONHAETCA HEPABEHCTBO

' (xpg1 |l = (2 = BeL) (@ (xrs1), @' (x1)) + (1 = BrL) || (x1)|* < 0.

2
[Ipennososenue, uyto [y € (O, f]’ MO3BOJIAET BOCHONb30BaThCA HEpaBeH-

CTBOM EOLLII/I*ByHHKOBCHOFO, KROTOpoOe MpUBOAUT K COOTHOLIEHHIO

lle" (raal* = (2 = Be D)l (0 e’ Gei)ll + (1 = BrL) " Ge) I < 0.

HepermcaB 9TO HEepaBeHCTBO B 06oJiee HarJAOHOM [JiA Hallell 1eJu BUIe

oGl -\ < e Gl . el
L ([~ Y) 2 sl Ty 220

2 1
crpaBefauBoM i [ € (O, f] u TeM Gonee s 3 € (O, f)’ ybex gaeMesa

B CylieCTBOBaHMH COBMECTHLIX pemeHm‘/’I oboux HepaBeHCTB.
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9.5.8. 060611eHHbII MeTo IrpaJueHTHOro ciycka. Yacrto 6niBa-
eT 1eJecoo0pa3HbIM BLIOUpPAaTh B KauecTBe HallpaBJIeHUsA CIycKa He aHTH-
rpagueHt GyHKUuM ¢(X), a

—sp = —Are'(x1),

rie MaTpuilbl Ay cUMMeTpUYecKUe U MONOKUTENbHO OlpeeieHHbIe s
Bcex k = 0,1, ... CymecTBYIOT pasinuyHble CIOCOObI BbiGopa MaTpull Ay.
Huse GyayT usMoseHbI HEKOTOpPbIE U3 HUX, HO BHauaje HCCIeIyeM CXO-
OUMOCTh Tpoliecca.

HUrak, nocienoBaTelabHOCTh {Xy} OyZeM CTPOUThH 1O GopMyIe

Xk+1 = Xk _/BkAk(pl(Xk)a k:0717“‘7

a uncia (j BbIGMpaTh TAaKUM 00pasoM, 4TOObI OHU yOOBJIETBOPSIN JUGO
yeaosuio (9.12), mu6o (9.15).

CxomuMocTs. [Ipeanonomum, 4To HopMa MaTpull Ay paBHOMEPHO
orpanuuena cBepxy: ||Ax|| < ¢ (k =0,1,...), a Bce coGCTBEHHbIE YUCIa
HTHUX MaTpUIl OFpaHMYeHbl cHU3y uucioM v > 0. Torma mas a06bIX X
oynet *)

(Apx,x) > vp(x,x) 2 v|x|[%, k=0,1,..,

rge vy — HauMeHblllee co6CTBEHHOE UMCIIO MaTpulbl Ak. B CHJTYy 3TOro

_ o (), Are (x1)) vlle! Gep)|I” v
U = TR Gl ~ T eolTANE Gl ~ € N

N3 Teopembr 9.4.15 ¢ 0UEBUAHOCTBIO CllelyeT CXOAUMOCTh Ipoliecca, a u3
TeopeM 9.4.19 1 9.4.21 — olleHKU CKOPOCTU CXOIUMOCTH.

9.5.9. MeToa HaucKopeiilliero crnycka. 9To TpaaullMOHHOe Ha3Ba-
HUe MeToja I'paJMeHTHOrO CIycKa, KOTrJa BeJWUYMHa IIara BbIUUCIAETCSA
MyTeM OJHOMEPHON MUHMMU3ALUU:

X1 = Xk — Bpe’ (X1),
Br = argmin{y)(3) = @(x), — Bsg): B > 0}.

9.5.10. MeTtoa usmeHeHusa Macmrta6oB. Paccmorpum mpocroit
npumep. Ilycts

n
p(x) =Y aa?, >0, i=Tn
i=1

Ecnu unena o; cyuiecTBeHHO pasiuyYHbI, TO MOBEPXHOCTU YPOBHA (DYHK-
KU p(X) BLITAHYTHI 110 TeM KOOPAUHATHBIM HAMpPaBJIEHUAM €;, KOTOPbIM
COOTBETCTBYIOT Mailble 3HaUeHHUA ;. B 3TUX ciyuaaX o6bIYHO TOBOPAT,

*)3To Tak Ha3bIBAEMOE YCAOBUE YCMOUNUEOCTL, IMPOKO UCIOIb3YeMOoe B HUCCIefio-
BaHUM NPUOGIMKEHHBIX cXeM (ypaBHeHHUIt).
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4yTo QYyHRKIMA ¢(X) UMEeT OBPaMHbIA BUI C MOJOIMMU CKJIOHAMU, COOT-
BETCTBYIOIIMMY MajbIM 3HaUYEHUAM @y, U C KPYThIMU CKJIOHAMHU, COOT-
BETCTBYIOIMMY OOJBIIUM 3HAaYeHUAM «;. Ecnu Touka Xj pacrosoeHa
Ha KPYTOM CKJOHe BGiU3U “AHa oBpara”, TO CIyCK BIOJb aHTUTpagUeHTa
YyacTo NMPUBOIUT K TOMY, UTO TOUKA X4 NONagaeT Ha MPOTHUBONOJIOHBII
CKJIOH. 1 nocKodbKy aHTUTpagueHT NOUTH NepleHIUKYJIApeH AHY oBpara,
TO CXOAMMOCTD IIpollecca MUHUMU3AIUK OyAeT cyllecTBEHHO 3aMelIAThb-
cA. 3aMeHOH MepeMeHHLIX MOMHO JOOUTBLCA TOr0, YTOObI MOBEPXHOCTU
YPOBHSA cTanu UMeTh chepruyecKuil BU, rapaHTUPYIOUINI BBICOKYIO CKO-
pOCTh CXOAMMOCTU TpPAJUEHTHOro (HampuMmep, HAUCKOPEHIIero) CIyCKa.
B HameMm mpuMepe s 3TOr0 HY:KHO B3ATh y = A7!x, rae

Mocroasry ¢'(y) = Ap' (Ay) = Ay’ (x), To, eciu ciyCcK paHee MPOUCXOANIT
no popmyne Xg4+1 = X — Br' (Xg), Tenepb oH GyAeT OCYIIECTBIATHCA 110
(popmyiie
Yi+1 = Yi — A (Y1)
Ecau ¢(x) — raagkas BeinyKiaas GYHKIUSA, BHIOMPAIOT

Fo(x)

a; = LX)
‘ 0x3

B TOUKE X OJHOMEpPHOro MUHUMYyMa BIOJb HalpaBJeHUA €;, U XOTH 3TO
npeoGpa3oBaHUe He IPEeBPATUT [IOBEPXHOCTU YPOBHA B cepbl, HO YMEHb-
IUT UX BBITAHYTOCTDb ¥ T€M CaMbIM OGIErdyuT NpUMeHeHUe I'PagleHTHBIX
MEeTOJ0B MUHUMM3AIUH.

2

Benuunnbr aa(p—w(zx) BBIYMCJAIOT MPUGIUEHHO, TOIb3YACh UX KOHEUHO-
pa3HOCTHOI annpoﬁcnmauneﬁ. [TocaemoBaTenbHble MPUOMMMEHUA BeJIU-
YUH MacITabHbIX MHOMKUTENEN ; 0OBIYHO MOJYyYaloT B pe3yJ/bTaTe MpU-
MeHEeHUsl MeTo[a UMKINYEeCKOro MOKOOPAUHATHOrO crycka (eM. 1. 9.7.8).

Hrakr, MeTon u3MeHeHUs MacuITaboB B cOYETaHUU C METOAOM CIIycKa
BIOJIb @HTUTPaJUEHTa MOKHO MUHTEpPIPeTUPOBaTh Kak 0O0OOGIIEHHBIN Me-
TOJ 'pafueHTHOro CIyCcKa, I'le B KauecTBe Aj BbIGUpaeTcsa quaroHaibHas
MaTpula A BTOPLIX IPOU3BOMHBIX.

9.5.11. MeToa HaBunmona—®iaetuepa—Ilayanna. B stom meTtonme

nrepanr OoCymecTBJIAIOTCA IO cneny}omeﬁ cxemMe:

Xpt1 = Xk — BrAre’ (X)),

T T
Arar)(Arar)
Apyr = Ay + 20k G A = E,
i M ek ap) (Arar, ar) 0
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Tk = Xpp1 — X,  Qp = @' (Xpt1) — <P'(Xk%

Br = argmin {¢(8) = p(x — BAre' (xx)): B > 0},
E=0,1,..

ITUM MeTOIOM 3ajlaua MUHUMU3AILUU CTPOro BBIMYKJONH KBaapaTuy-
HOU GYHKIUU pellaeTcA 3a KOHEUHOe YKCI0 UTepaluil, He IPeBOCXoAlIee
yucsia n — pa3MepHocTu npocTpaHcTBa F,,. [lockonbKy yacTo ObiBaeT ec-
TeCTBEHHBIM IIPEeNoJo}eHe, UYTO B OKPECTHOCTH TOYKM MUHHUMYyMa Io-
BefleHre GyHKUUU p(X) GIM3KO K MOBEJEHUIO CTPOro BBIMYKION KBajpa-
TUYHOI GYHRIUU, TO puMeHeHUe MeToa [JaBugona—®@iaetuepa—Ilayaina,
Kar U OPYTUX MEeTOOOB, 00JaJalouuX yKasaHHbIM CBOHCTBOM KOHEYHOC-
TH, ORA3bIBaeTCA yAaUYHBIM Ha MOCJeIHEM 3Tale IIpolecca MUHUIMU3AIH.

Kar mpaBuiio, B MeTole OCYIIECTBIAIOT OOHOBIeHUe (MHOTOA TOBO-
PAT — BOCCTaHOBIEHNE) MaTPUIIbI A Uepe3 KOHEUHOe YMCIO UTeparuii:
IJI1 HEeKOTOpOro HoMepa kg momaraiotT Ay, = Ap.

Meton [laBumona—®@aetryepa—Ilayanna MoskHO paccMaTpUBaTh Kak
OIVH U3 BapUAHTOB METOJa CONPHAKEHHBIX HalpaBIeHUN.

9.5.12. CxogumocTb. Byznem nmpeanonarats, uto GyHROUA @(X) U3
kaacca C11(E,) obnanaer ciepyiomuM CBOHCTBOM:

A) (SDI(X)_SOI(Y)ax_Y> >0 VX,YEEn, x;éy

3aMeTUM, UTO YKasaHHbIM CBONHCTBOM 00/alalOT CUJILHO BBLINMYKJbIE
pyHKIUU.

OueBupHo, yTo MaTpulbl Aj cuMmMmerpudeckue (Jerko H0Ka3bIBaeT-
ca mo uHaykuun). Hokaskem, 4yTo maTpuua Ay MOMOMUTEILHO ONpee-
JIeHHas, IpU UHAYKTHUBHOM IPEANOJOMEHUN CUMMETPUYHOCTH U TOJ0KU-
TeJbHON ONnpeneJeHHOCTH MaTpUllbl Ay.

Bri6epem m1060it X # 0 1, yYUTHIBasA CylleCTBOBaHe CUMMEeTpPUUYECKOit

MaTpUI[bI A,lg/Q, 0003HAUUM y = A,lg/Qx Z = A,lc/qu. Torpa

(Arx,x) = (A 4%, %) = (4%, 4,°x) = (y,y),
(Arqr, qr) = (Al/Zq Al/z(lk) = (z,2),
(Apar, x) = (A *qi, 4,%x) = (z,y).

Hanee,

_ (I'k, )j _ <Aqu7x>2 —
B) <Ak+1X, X) = <Akx7 X> + (rkqu> <Ak(]k7qk> B

_ _ (Zay>2 <I‘k,X>2 — <y,y><Z,Z> — <Z7y)2 <rk2ax>2
=0 G T e o A

N3 HepaBencTBa Romu—byHsAKOBCKOrO

(2, y)| < llzIlllyl
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clenyer
2
<Y7Y><Z7Z) - <Z7Y) 2 03
IpuyeM paBeHCTBO [JocTUraeTcd Jullb, ecin y = az. Ho B a3ToM ciayuae
A% — qAL/? 412 g _
¢ x=aA; qi, ¥ B culy HEeBLIPOAIEHHOCTH MaTpulbl A,' " Byaer x =
= aqy,. 3ameTum, uto « # 0, Tak Kak x # 0. I3 ycaoBua A) nmomyydaem

(ak,rk) > 0, BerencTBue uvero (ripXx) = a(rpqg) > 0, U 0JaA mocaeqHero
¢llaraeMoro npaBoif 4acTu CooTHolleHus B) numeem

(rkax)g
——_ > 0.
(ry, qg)

N oxonuatenbro uz B) momyyaem, uro (Agy1x,x) > 0 npu x # 0, T. e.
HOJOAUTENbHY O OMpeIe]eHHOCTh MaTpUIlbl Ay 1.

Eciu nTepaloHHbIi TpOLEeCce OCYMECTBIAETCS ¢ 0OHOBIEHUEM, TO JJIf
CUJIbHO BBIMYKJION OBaMkIbl quddepeHnnpyeMoil GyHKINN MONKHO JOKa-
3aTh, YTO

”Ak” <Cu <AkX,X> 2 V||X||2a v>0, k=0,1,..

Moatomy u3 teopembr 9.4.21 (cMm. Tarske n. 9.5.3) ciaeayer, 4To
* (12 2
[|[%Xm — X" < /—)exp{—Cm}.

9.5.13. Metoa Herorouna. Eciu gyHruus () cTporo BbIyKaas u
JOCTaTOYHO riaakas B okpecTHocTH U Touku x*, To anda x;, € U pyHRUMNA

Y(x) = p(xr) + (! (Xk), X — ) + (0" (%4) (X — Xp), X — X.)

2
OyZeT ¢ M[OCTaTOYHO BBLICOKON CTENEHbIO TOUYHOCTH ANIPOKCUMUPO-
BaTh (x). MunumyM dyHEmuM (x) (pedb UAET O JOKAILHOM MUHU-
MyMe B okpecTHocTH U) mocTuraerca B TOUKE

x =x; — (¢" (x1)) " ¢ (xx),

nockonbky ¢’ (x) = ¢’ (xx) + ¢" (xx ) (x — x). Taxum o6pasom, B Kauect-
Be HalpaBleHUs CIyCKa l1el1ecoo6pasHo BbIGUpaTh

—si = — (9" (x1)) 7'’ (%)

Ilo cyTu mena, B MeTole I'PaIMEHTHOrO CIYCKA Mbl OIPaHUUYMBAIUCH
nMHeHHON annpoxcuMauunedi pyHRUMN ©(X) U B KadecTBe HalpaBleHHs
crycka BbIGMpaiu HanpapileHue yObIBaHMA IuHeiHo# (yHmumu 1)(x) =
= o(xg) + (¢ (Xk),x — Xg), T. . =9/ (x) = —¢'(x¢) = —sp. B merone
HbioToHa MbI puberaem K KBapaTUUHON annporcuManny GpyHRIud ¢(x),
M TO3TOMY MOMHO HaleAThCA, YTO B Clyuae, ecid TOYKA Xj PacroJo-
AeHa B 0CTATOYHO Maloil OKpeCTHOCTU TOYKHM X*, HampaBieHune —Sj =
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= —(¢"(xx)) "¢’ (xx) oBecneunt Gomee BBICOKYIO CKOPOCThL CXOAMMOCTH
UTepalloHHOro mpolecca.

Jlns BbIBOJA OLIEHKM CKOPOCTH CXOAMMOCTU GydeM [IOMOJHUTEIbHO
npeanojarathb, 4To MaTpuia ¢''(X) HeBbIposaeHa mis Beex x € U.

O6osnaunm F(x) = ¢'(x). B meroge HbioToHa mis pemieHus ypas-
Henus F(x) = 0 pekyppeHTHOe COOTHOLIEHNE 3allUChIBAETCA ClIeLyFOUIUM
o6Gpasom:

Xp4+1 = Xi — (Fl(Xk))_lF(Xk).

CrenraeM npeoOpa3oBaHus:
Xpp1 — X* =xp — X* — (F'(x)) " F(x) =
= (F'(xi)) " (F" (%) (x = x7) = F(xp)) =
= (F'(xx)) ™ (F" (3x0) (3 = x7) = (F(x3) = F(x7))).

Mocroabry F'(x) u F''(x) HenpepbIBHbI B OKPECTHOCTU TOYKU T* U, 3HA-
YUT, OrpaHUYEeHbl, TO

Fl(xp) = F'(x") + w(xe,x7),  [lw(xp, x"|| < Crllx, — x7,
F(xp) — F(x") = F'(x") (x¢ — x") + &(x4,X7),
lleGer, x| < Colxr —x*|12.
[loaTomy
1F(xx) = F(x*) = F' (i) (x = x7)|| = [[F"(x") (36 — x")+
+e(xp, x7) = F'(x7) (x — x7) — w(xp, x7) (x — x7)[| <
< Mle e, x|+ llw(xr, x| 13k — x| < Csllxp — x|
OroHuaTenbHO MOMyUYaeM
k1 — x| < Cllxi —x*|.

9.5.14. Moauduranua metoga HeroToHa. [lockoabry mnporecc
BBIUNCIEHUA Ha Kakaoi uTepauuu matpunbl [ecce ¢''(x;) u ee obpa-
IWeHusl TpebyeT 3HAUMUTENbHBIX BbIYMCIUTENbLHBIX 3aTPaT, 0ObLIYHO IMO0Jb-
3yIOTCA PasiuYHbLIMU MoaubukanuaMu Meroaa. IIpocTeiimas us HUX 3a-
KJloyaeTcd B ciaepyiomieM. 3agaioT 4ucao m > 1, omnpenensioniee MUK,
cocrofamui U3 m urepauuii. Ha KamagoM [-M LuKIe Bce uTepanuy ocy-
IEeCTBAAIOT ¢ MOCTOAHHOH MaTpuuedt (" (x))™1:

Ximtitl = Ximti — Bim+i (0" Xim)) " @ (Ximti),
i=0,m =1,

TI0CJIe Yero NepexoiT K cllefyIomeMy HUKIY ¢ MaTpuULei (go”(xl(mﬂ)))*l
CKOpOCTDb CXOOMMOCTHU NPU 3TOM CHUKAETCSA, HO 06IIe BLIYMCIUTEIbHbIe
3aTpaThl HA KamkJ0i UTepaluy cylleCTBeHHO COKpallaloTCo.
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9.5.15. YckopeHnHbiii Metoa HbioToHa. B metone HnioTona mo

TOYKe X M3 JOCTaTOYHO MaJlloid OKPpEeCTHOCTHU U toukn x* CTPOUTCA TOYKa

y =x — (¢"(x))"1¢'(x), 11a KOTOpOii clpaBelInBoO COOTHOMIEHNE

ly —x*[| < Cllx —x*|*.

Hike paccMaTpuBaeTcsl MeTo NOMyUYeHUA TOYKHN Yy, (p > 1), 4us KoTopoit
BBINIOJIHAIETCA COOTHOIIEHHE

lly, — x*[| < Cljx — x*[|P*. (9.29)

Rak u B . 9.5.13, 6ymeM mpeanonaraTh, YTo GYHRIUA p(X) CTPOTO BbI-
OyKJIafd U JOCTaTOYHO riaaras B okpecTHOcTU U TouRrU X*.
[IpounmiocTpupyem MeTon Ha nmpuMepe ciaydasa p = 2. Paccmorpum
ypaBHeHUe
F(x)=¢'(x) =0. (9.30)

Bocrnonb3zoBaBuiuck popmydoit Teitnopa
1
F(y)=F(x)+ F'(x)[y — x] + §F”(x)[y —x)? +w(x,y),

rze ||w(x,y)|| = o(||x — y]||*), 6ynem Bbibupath B KauecTBe y NpUOIUKEH-
HOe pelleHre CHCTeMbl HeJINHEHbIX ypaBHeHuii

Fx) + F(0)ly = x] + 3 F'(x)ly - x]° = 0. (9.31)

[las oTbickaHUA 37deMeHTa y JuHeapusyeM cucTeMy (9.31) ciemyromum
06pasoM: B TPEThe claraeMoe BMECTO HEM3BECTHON BEIUUMHBL Yy — X MOI-
craBum BekTop —(F'(x)) ™! F(x) us raaccuueckoro Metoaa Huiotona. Ta-
KUM 006pa3oM, [oIyyaeM JTMHEAHYIO CUCTeMY YPaBHEHU OTHOCUTENLHO y:

F(x) + F'(x)ly —x] - %F”(X){(F’(X))’IF(X)}[Y —x]* =0,

pemiennemM KOTOpOI‘/'I ABJIAETCA

-1

y=x—{F(x) - L F"0{(Fx) " F)} Fe).

Bosspamasch & pyHRUINN @(X), Moayydaem GOPMYITy A/ BHIYUCIEHUS OUe-
penHoro npubauKeHnA

1 _ —1
xin = x6 = {6 (k1) = 3" ()" (k) M ()} (k)
(9.32)
B sTom Cllydae TaR:;ke OKRa3bIBaeTCA CHpaBeHJII/IBOﬁ OLleHKa

[Ixk+1 = x| < Cllxi —x*|.
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Mepeiigem K onucaHuio MeTofIa s obuiero caydas p > 2. Pacemorpum
MaTpuibl Py (X) u si1eMeHTbI g (X), YIOBIETBOPAIOIINE PEKYPPEHTHBIM
COOTHOIIEHUAM

P(x) =F(x), 6 =(Px) " FK),
Pu(x) = 3 5 F O ()lgm 1 (1,
k=1
g () = —(Pu(x) "' F(x), m=Tp.

Bynewm npeanonarath, 4To B okpecTHocTU U TOYKU X* NMPOU3BOHbIE
F®)(x), k = T, m, orpanuyensl B COBOKYNHOCTH, a MaTpuua F'(x*) He-
BBLIpO#KIeHA.

Teopewma. /Jaa ecex mouek X, docmamouHo OAuU3KUL K X*, mampu-
ubt Py (x) Heswiposcdenvl U 8bin0AHACMCA YCA08UE

X" =x+ gr(x) + wp(x",x), (9.33)
2de |lwi (x*,x)[| < Cllx* —x|[[*** (k =1, p).

HorazatenabcTBo. [IpoBegeMm uuHaykuuio no yuciy k. Ilpu k =
= 1 BcleACTBYE HeBbIpO#JeHHOCTH MaTpuubl F'(x) yciaoBue (9.33) ecthb
OlLleHKa CKOPOCTHU cxoAuMocT MeTona HrioToHa.

Mpennoaoxum, uto mis Beex k < m — 1 marpuibl Py (X) HeBbIpO:sIe-
HbI U BhInonHseTcs cootHomenue (9.33). lMyets k = m < p. U3 dpopmyist
Teitnopa u onpenenenus P, (x) umeem

0=F(x")=F(x)+ P (x)[x" —x]+

+3 SFW b — x4 v(xx) = F(x) + Pu(x)x —x]+

k!
k=2
+3° SAFO G =X = FO (x0) g1 (] " = x]} 4 (x", %),
= (9.34)
rae [ 0l < ooy i [IFCD (O = x|+,

(m+1)! eelx,
[To npeamnoo;keHUI0 UHIY KUY
gm-1(x) = X" =X — win—1(x*, %), [Jwn-1(x", x)[| < C[[x* — x|,
[o3TOMY
F® (x)[gm— (X)]kfl[x* —-x] =

—ch PO )5 = 3} o (7, %)) =

— PO x5 G PO — oy b )

i=1
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3HayuT,

> HFP 0B =5~ PO o1 00 - )| <
k=2

m

k—1
<X £t O x| 039)

k=2 i=1

Tak Kak B CHJTY NpeNoNoeHnii TeopeMsl npoussoanse FF) (x) ne-
NpepbIBHbI B OKPECTHOCTU TOYKM X*, TO

IF® (0 [2]* P vIPll < Nzl P|lvIP, N >0,

1A mo6bIX z, v u p = 0, k. [loaTomy npabas yacTh HepasencTBa (9.35) He
npesocxoaut Beanuunbl Cl|x* — x||™*! rpe C > 0 — nexortopas orpa-
HUYeHHas KOHCTaHTa.

Takxum o6pasomM, cooTHomeHue (9.34) samucbiBaeTcs B BUIE

F(x) + Pa(x)[x" —x] +6(x",x) =0,
rae
160", x)[] < Cllx™ — x||™*;
KpOMe TOro, Nockombky P, (x*) = F'(x*), a 10 NpeAnoo#eHuI0 NHIY K-
i |gm—1(x)|| = ||x* — x|| + o(||x* — x||™~!), To us onpenenenus P, (x)
caenyer, uto P, (X) ¢ TOUHOCTBIO 10 BeAWYMHbBI HOpsAKa ||x* — x|| coBna-
naet ¢ F'(x*). 3Hauut, npu Beex X, JOCTATOYHO GIM3KUX K X*, MATPUILIbI
P,,(x) HeBbIpO#/eHbI U yciaoBue (9.34) BieueT paBeHCTBO
X" = X = g (%) — Py (x)0(x", %),

m

KOTOpOe U J0Ka3biBaeT yTBep#aenue. [lonaras y, = x + gp(x), noayuaem
HepaBeHCTBO ||y, — x*|| < Cljx — x*||PT. A

3aMeTuM, 4TO npu p = 1 MeTof MOCTPOEHHA TOYKH Yy, COBMAfaeT C
06b14HbIM MeTofoM HpioToHa.

PaccmoTpenHbiit MeTon mmeeT npu p > 1 B pAfe ciydaeB onpepe-
JeHHble NPeMMYIecTBa M0 CPaBHEHHUIO ¢ 0ObIYHBIM MeTogoM HeloToHa;
B yacTHOCTH, ecan mpoussomuble F(*)(x) umeror mamoe uucio Hemye-
BbIX BIEMEHTOB, TO TPYHOEMKOCTb MpPENJIOEeHHOro MeTofa OyAeT TOro
e mopsAnka, 4To u B Meroge Hepiorona. Kpome Toro, cymectByloT 3a-
Ja4y, B KOTODBIX CTaplide MpousBofHble GYHKUIMU F'(X) BBIUMCAAIOTCA
CYLIECTBEHHO Tpolile, Heean 3Havenusa F(x) u F'(x). Tak o6crout ne-
710, HaNpPUMep, B TPaAULUOHHON 3ajayue aareGpbl — HaXO:KAEHUM KOpHen
MHOT'OUJICHOB BbICOKHMX CTEIEHEil.

9.5.16. B BBICOKOIl CKOPOCTH CXOAUMOCTHU 3aKJIOYaeTCAd BUAUMOE
nperMyuiecTBo MeToza HbioToHa nepen Apyrumu UTepaliOHHbBIMUA MeTO-
namu. OfHaKo TPyHOEeMKOCTb 04HO# nTepanuu Metoaa HuioTona, nepexo-
1a OT Xy K Xjt1, CBfI3aHA C BbIYMCIEHNEM U O6pallleHneM MaTpPHLbl BTO-
PBIX IPOM3BOAHBIX ¢ (X)) U MOMKET OKa3aThCA CTONb BBICOKOI, UTO HUKAK



186 I'a. 9. Peaakcayuonunvie memodvl peuleHus

He GyJeT KOMIIEHCHPOBATh HOCTU;KEHHE 3HAYEHUA ((Xjy1) HECKOMbKU-
MU UTepalufiMu Ipyroro, MeHee TpyaoeMKoro Metojaa. Takum obpas3oM,
BOIIpOC O Ilejiecoo6pa3HOCTU NMpuMeHeHUA MeTona HbioToHa Hepa3pbIB-
HO cBfi3aH ¢ mpo6ieMoil 3pheKTUBHOCTU BCero UTepallMoHHOT0 Tpollecca,
T. €. ¢ OOLUIMM KOJIMYECTBOM BBLIUMCIEHUI, 3aTpaulMBaeMbIX Ha pelleHue
3aJauul ¢ onpeaeneHHoll TOYHOCTbio. MeHHO B CHIy 3TUX H3BECTHBIX
cooOpaskeHnil BO3HUKIa HEOOXOIUMOCThL CO3[aHUA METOA0B, MeHee Tpy-
JOEMEMX, HO 06JaaiolX CKOPOCThIO CXOAUMOCTH, GIU3KONH K CKOPOCTH
MeTona Hriorona. Tax BO3HMKJIM MeTOIbl KBa3WHLIOTOHOBCKOIO THIIA.
Metogom HbioToHa 3agaua MUHUMU3alKU CTPOTO BBIMYKJION KBagpaTUy-
HOU (YHKIUU peliaeTcA 3a ONHY uUTepaunuio. B MeTomax KBasWHbLIOTO-
HOBCKOI'O THIIA MaTpUllbl Aj CTPOAT M0 peKypPpPEeHTHLIM COOTHOUIEHUAM
TakuM 06pa3oM, 4TOObI MOCHeAOBaTeNbHbIe NMPUOIMMEHUA Xgi1 = Xp —
—Br Ak’ (X)) MUHUMU3HPOBAIM CTPOr0 BBINYKIYIO KBaApaTUUHYIO
(pyHKLIMIO 3a KOHeYHOoe 4uciao utepauuii. Mzmnomenuoit B n. 9.5.11 meTon
— TUNWUYHBII MeToJ KBa3UHLIOTOHOBCKOI'O THIIA.

B cnenylomem naparpade paccMaTpuBalOTCA METOObI, TaKie 00Ja-
Jalolire CBOMCTBOM KOHEYHOCTU JIA 3aJay KBagpaTUUYHON MUHUMU3a-
I[UU, U C TOI TOUKHU 3PEHUA UX cleqyeT OTHECTU K MeTofaM KBa3UHbIO-
TOHOBCKOI'O THIIA.

9.6. MeToa conpA;eHHbIX HalnpaBJeHUil
9.6.1. Cxema MmeToja.
Xk+1 = X — ,Bksk, k‘ = 0, 1, ceey

so = ¢ (X0), 8k = ¢ (x1) — &ksp—1, k=1,2 ..., (9.36)
Br = argmin{p(x, — Bsg) : >0}, k=0,1,.. (9.37)
Pazianunble BapuaHThl METO[a COMPSMMEHHBIX HaMpaBIeHUH OTAMYAlOTCA
criocobamu BbiGopa mapamerpa . 3aMeTuM, uto npu & = 0 MeTon BbI-
poskIaeTcsA B METO[ HaWCKOpeiilero cnycKxa.
Ycnosue (9.37) BbiGopa Bedn4HHbI ) ONpPEAeNsieT CleAyIONe JBe 0CO-
GeHHOCTH MOC/e10BaTeNbHOCTH {Xy }.
9.6.2. llemma. Jan dugdepenyupyemoii dynryuu o(x) nocaedosa-
meavHocmy {Xy, }, nocmpoennan no cxeme (9.11), (9.36), (9.37), maxosa,
YIMO GbINOAHAIOMCA CACOYIOUUE COOMHOULCHU:

(¢ (Xpt1),8K) =0, k=0,1,..., (9.38)
<90I(Xk)7sk> = ||()0/(Xk)||27 k= 07 17 (939)

NorkaszatenbcTBo. U3 ycaoBus (9.37) caemyer, uto npu B > 0
oyneT

d
@w(xk — Bsk)|s=p, =0,
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a nipu B = 0 6ymet

d,B o(xx — Bsk)|p=0 = 0.

Ecau g > 0, To
0= 75 xi = Bse)l o=, — (¢ ek = Busi).se) = = (o' (i) o)

JlokazaTenbCcTBO TOro, uTo cooTHomeHue (9.38) crpaBenauBo U A
Bk = 0, 6ynem mpoBoauth no unaykuuu. Ecau By = 0, To U3 X3 = Xg U
so = ¢'(X0) noayuaem

0< 75(x0 = Bso)l =0 — (@' (x1).50) = = [l¢' o)l

OTKyZa clleflyeT PaBeHCTBO
(' (x1),50) = 0.

ITycts cnpaBenauBo cootHoutenue (¢'(xy),sg—1) = 0. loraxem, 4To

(@' (Xk41),86) =0

npu B, = 0. Tak Kak X1 = X, T0 u3 (9.36) monyyaem

0< % P(xi — A1) 5=0 = — (' (Xe41),58) = — (9 (1), 8) =
= —(¢p' (x1), ¢ (xk) — &xsr—1) = — || (x) I,

oTkyna u caenyet (9.38).

Haxonen, coornoumenue (9.39) ABaseTcA 0YeBUIHLIM CJIEACTBUEM pa-
BeHcTB (9.36) u (9.38). A

9.6.3. Ilemma. Ecau

!
6o <o NGl gy o (9.40)
[Is%—1l

oas neromopozo C' > 0, mo

(@' (x1), k) 1
e Gollsell = T+ C° (9.41)

JlorazarenbcTBO, OYEBHOHO, ciaeqyeT u3 cooTHomenuit (9.38)
u (9.39). A

9.6.4. CxoaumocTb. U3 TeopeMbl 9.4.15 ¢ oueBUIHOCTbIO cleayeT
CXOAMMOCTD IIpoliecca, a u3 TeopeMm 9.4.19 u 9.4.21 — oleHKa cCKOpoCcTHU
CXOOUMOCTHU.

ap =
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B rauecTBe mpuMepoB peanusalud MeTOda CONpPAMEHHbIX HalpabJie-
HUil paccMOTpUM [IBa crnocoba BbIGopa mapaMeTpoB &, 06ecleunBaonnx
KOHEYHOCTh MeTo[a B KBaJpaTUYHOM cilydae.

9.6.5. Cnoco6 1.

& = !

TP (@' (x1), 0" (x1) — @' (xk-1))-

ITokameM, 4TO AaA CHIBHO BBINYKIOH GYHKUMU (X) U3 Kiacca
CY(E,) Boimoausercs ycaosue (9.28). U3 nmpeamonoseHus o cUIbHOI
BBIIYKJIOCTH HMeeM (cM. m. 2.2.5)

(' (xk) — @' (%k—1), Xk — 1) = pllxp — xpa|l?,
oTkyza, yunutemBas (9.11), (9.38) u (9.39), momryuaeM HepaBeHCTBO
P _allsk—1ll> < =Br—1(#' (k) = @' (Xk—1),85-1) =
= Br-1(@' (xk—1),8%-1) = Br—1lle’ (xx—1) |-

Tar Kak Mbl Bceria npeanosaraeM, 4rto mis Beex k = 0,1,... Gymer
@' (x¢) # 0, To u3 gorasatenbcTBa JeMMbl 9.6.2 BoiTekaet, 4To [ > 0,
nockonbky u3 fB;—1 = 0 cnenyet ||¢'(xx—1)|| = 0. Utax,

o' (xk—1)I1> = pBr—1llsk—1]*
qu/ITbIBaﬂ To u yCHOBI/Ie
lle' (xx) — @' (xr—1)Il < Lllxx — xx—1l,

OLIEHUM BeJINYNHY fk :

661 = gy 169 00)- ' 0x) = ¢ Grum )} <
< oy 19 ol (o) = Gl <
< oy 1 ool e = i =
m”@ (x| Br—1llsk—1l <
L L llpbeo)l
S 0Be_1lsE_1 P ”QO () |Br—1llsk—1 = p ”Sk AT

Takum o6pasom, Boinoansercs yciaosue (9.40), u moaTomy u3 Teope-
MbI 9.4.21 nonyyaeM OLeHKU

(xm) — p(x*) < po exp {—Cim},

B — X2 < 2 po exp {—Cym},
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P

2L(p+ L)*"
9.6.6. Cioco6 2.

roe 0 < C7 <

¢ = (P k)1, 9 (k0))
(0" (X1)Sk—1,Sk—1)

Xors B 9TOM criocoGe BbiGopa napamerpa & MPUXOAUTCA Ha KamJon
UTepaluiy BLIYUCIATL MaTPHUIY BTOPLIX MPOUSBOAHLIX, HO, B OTINYUE OT
Mmertoga HeioTona, He TpeGyercs ofpammaTh 9Ty MaTpHIly. 3aMeTUM, YTO
YHCI0 YMHOMKEHUH IpY 00paleHnyl MaTPULbl N-ro NOpAAKa IPONOPLIO-
HAILHO N>,

JeMeHTapHBIH aHaIN3 CXOAMMOCTH IMOJNe3eH CBOell MeTOANYEeCKOH
CTOPOHOM, TMOCKOJIbKY aHaJOrMYHas METOAMKa MpueMiIeMa Uil OLEHOK
CKOPOCTU CXOAMMOCTU METONOB KBa3MHbIOTOHOBCKOTO THUIA, MHOTOYHUC-
JeHHbIe BapUaHThl KOTOPBIX COMIEpKATCA B Pa3iMYHBIX CTAThfX U HE
nepecTaoT MOSIBIATLCA B MaTeMaTHYeCKON JIUTepaType [0 MOCIeIHEro
Bpemenn. IIpeanonoskuM, 9YT0 CHILHO BBIMYKIasa GYHRUUA (X) B IbI
HeNpepbIBHO IuddepeHunpyemMa ¢ paBHOMEPHO OIpaHHYEHHOH HOPMOii
MaTpuis! ¢ (x) Ha orpaHnyeHHOM MHOMkecTBe X = {X: ¢(x) < ¢(x0)}:

lle" (x)[| < v < oco.
Taxr raxr
(@' (x+ey) —¢'(x),y) =e{p"(x +eby)y,y), 0<O<1,

TO, YYUTHIBasAg CBOWCTBO CUIbHON BhImykiaocTu (2.5.5), moiydaeMm, 4TO
(" (x +eby)y,y) > pllyl|*. lepexona B 3ToM HepaBeHCTBe K Mpedemry
npu € — 0, IPUXOOUM K COOTHOIIEHUIO

(" )y, ¥) = llyllP, (9-42)

ClipaBeJuBOMY OJA 1006010 y € En BCHeJ]CTBI/Ie 9TOI'o MuMeeT MeCTO He-
paBeHCcTBO

16| = " Cer)s—1, " G Dl Nl el llle" Cep)ll v [l (e
(" (X1 )Sk—1,Sk—1)] Plise—1ll* S e lsell”

U Mo3TOoMy U3 TeopeMbl 9.4.21 moayyaeM OleHKU
P(xm — o(x*) < po exp {—Cam},
2
[[xm — x*||* < 5 Mo exp {=Com},

rue
5

< ——.

0<C<5prop
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9.6.7. O6cysaeHue. XoTA NprBeJeHHble OlleHKU CHpaBelduBbI I
Bcex m = 1,2, ... U rapaHTUPYIOT ONpEeIEeNeHHYIO CKOPOCTh CXOIUMOCTH
MeTOJa CONpPAKEHHBIX HANpaBleHUil, KaK yKe TOBOPUJIOCH, OHU He BBIAB-
JAIOT CJeIYIONEro NperuMyIlecTBa MeToda: AJA CTPOro BBIMYKJION KBai-
patuuHol GYyHKIMM (X) KamAblii U3 NPUBEJEHHBIX CIOCOGOB ONpeede-
HUA BeJIUYUHBI § TPUBOIUT K TOMY, YTO METOJ JaeT pellleHUe 3agadyul 3a
KOHEYHOe YMCIIO IaroB, He IPeBOCXOfAllee BEIUYUHbI 72 — pa3sMepHOCTH
npoctpaHcTBa E,,. 9TOT paKT urpaet cyuecTBEHHYIO POJIb B UCIIOIb30Ba-
HUU MeToJa AJA pelleHuA 3afad MUHUMHU3AIUM HeKBaJpaTUYHbIX (QYHK-
quil. A UMEHHO, [0 METONIY COIPSAKEHHLIX HalpaBlIeHUN [OenaioT 71 UTe-
parnuii, mocjie yero Npous3BOAAT TaKk HasbIBaeMoe 00HOB.AeHUEe MeTOofa, Mo-
aaras &, = 0, T. e. OCyIIeCTBIAIOT IpaJueHTHbIN ciyck. Takum oGpasom,
cxeMa MeTofa B 3TOM ciay4dae GyJeT BLIMIALETh TakK:

X1 = Xk, — BkSk, Sk = @' (Xk) — E4Sk—1,

E _ gka k € II7
k=10, kel ={0,n2n3n,..},

Il ) 12 = {07 17 }7 @(Xk}-‘rl) = gl>lg QO(Xk - ﬁsk)7

=
a BeluuuHa & omnpefenseTcA U3 cooOpaeHUil KOHEYHOCTH MeToda B
KBaJIpaTUYHOM cjyuae, HallpuMep OJHUM W3 NMPUBEIEHHbIX BbIIIE CHOCO-
60B. TO TaKk HasblBaeMafl N-wa208asa cremd.

Hakownen, cieqyeT oTMETUTH, UTO METO/ CONPAMEHHbIX HaIlpaBJeHU
BecbMa UyBCTBUTENEH K omuOKaM, BOBHUKAIOUWINM B Ipoliecce cueTa, I10-
croIbRy mpu Ap # 1 B (9.12) HapymaeTcs CBOWCTBO OPTOrOHAlIbHOC-
T (9.38) U TeM cambIM HapyliaeTcsi CBONCTBO KOHEUHOCTH MeToja B
KBaJIpaTUYHOM ClTyyJae.

9.6.8. O compsaMeHHbIX HanpaBjJeHUAX. PaccMoTpuMm cuMMeTpu-
YEeCKYIO MOMOKUTENbHO onpeaeneHHyio maTpully A. BekToph! sg, sp, ...
.., Sp—1 Ha3bIBAIOTCA CONPANCEHHbLMU OMHOCUMEAbHO Mampuybl A, eciau

(si, Asj) =0, i#].

Mo:HO fmoKasaTh, 4TO [l 3adayd MUHUMU3AUUM KBaJpaTHUUHON
dyuruun p(x) = (Ax,x) + (b,X) ¢ CUMMeTPUYECKON U MOJOKUTEILHO
ompefeleHHON MaTpuueil A BEKTODHI Sg, S1, ..., Sp—1, TOCTPOEHHLIE Me-
TOJOM COMPAKEHHBIX HAMpPABICHUI, ABIAIOTCA COMPMEHHBIMU OTHOCH-
TeabHo matpuubl A. To jke camoe KacaeTcsi U BEKTOPOB Sg, S1, -.., Sp—1,
BbIpabaThIBAEMbIX B METO[E NePeMEeHHON METPUKH, U B 3TOM CMBICIE €ro
MOJKHO paccMaTpuBaTh Kak MeTOJ CONPSKEHHBIX HalpaBleHH.

9.7. MeToabl Hy/IeBOro nopsaka

9.7.1. IlokoopauHaTHbIl cnyck. Ilo-Bugumomy, HauGoljee mpoc-
ThIM U3 AeTEePMUHUPOBAHHBIX CIOCOGOB OMpeaeNeHusl HapaBieHus CIIyC-
Ka ABJSETCA BBIGOP B KA4yeCTBE Sy OMHOIO U3 KOOPAUHATHBIX BEKTOPOB
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+e;, +es, ..., te,, BcleAcTBUe Yero y X Ha KaskAoll MTepalluud U3MeHs-
eTcA JUIIb OfHA U3 KOMIIOHEHT.

CyliecTBYIOT MHOT'OUMCJIEHHbIE BapUaHThl MOKOOPAUHATHOTO CIYCKa,
U3 KOTOPBIX JIUIIL HEKOTOpble GYAYyT paccMOTpeHbl B 3TOM mMaparpadge.
Cpa3y OTMETHM, YTO B JII0OOOM M3 3TUX METOJIOB BbIOMpAIOT B KayecT-
Be —sj TO M3 ABYX HampaBjeHUuil +e;, —e;j, KOTOPOMY COOTBETCTBYET
HepaBeHCTBO

(¢'(xx),sk) > 0.
Op(xt)

-
pauuu. I[JI]H IIPOCTOTHI U3JIOKEHUA ITOT CIydail Mbl UCKIIOUUM U3 pac-
CMOTpEHUS, IOCKOJbKY CYIIecTBa fela OH He MeHseT, TeM Gosee, YTO MbI
npeanonaraeM ¢’ (x) #0 (k=0,1,...).

9.7.2. IlokoOpAMHATHBIN CIYCK ¢ yJBOeHHeM Iuara (mepBbIii
BapuaHT). Onuinem MepBblil HUKI MeTOa, COCTOALINIT U3 N UTepauuii.

B npousBombHOIT TOYKe X( BbIGUPAIOT Sg = te€; U ONPENeNsioT Be-
anunny fp cnoco6om yaBoenus (cMm. 9.4.4) tak, 4T0oObI GblI0 @(X1) =
= p(x0 — Boso) < p(Xo). 3areM BbIGUPAIOT s1 = teo u, noxaras [ = [y,
yBOEHUEM BBIYUCAAIOT (B1 U T. A. IIpy 3TOM Ha Kak[oi UTepalyu CTpe-
MATCA Olpe/leieHre BeIUYUHbI iara MeTOJ0M YIBOEHUS OCYIIeCTBIAThH
C HAUMEHDbIIUM YUCIOM BbIUUCICHUN 3HaueHUil pyHruuu ¢(x). luka 3a-
KaH4YMBaeTcs Npu kK = m — 1, HoCIe Yero HaYMHAIOT CIAEYIOMUI LUK,
nojaraf s, = ey, U T. A.

9.7.3. IlokoopaAHMHATHBINA CIyCK C yABOeHHeM Iara (BTOpoOii
BapuaHT). Ram/ablil IMKI MeTona XapaKTepu3yeTcsl TeM, YTO BelUdKHa
miara B TeueHUe BCeX 7 UTepaluil [MKJIa ocTaeTcsi NOCTOAHHOM. I[ukm
COCTOUT B BBIUUCIEHUU TOYEK X, Xgt1, -y Xktn—1- IPEANOIATAETCH, UTO
B pesyibTaTe 3aBeplLIeHUs NpeIbIAyIero HUKIa NolyJyeHa BeandynHa 3 =
= Bk-1-

(i+1)-1 urepanuna nuukiaa (0<i<n—1). Ecan

A) p(Xk+i — Beit1) < @(Xk+i)s
TO TOJAraI0T Xptit1 = Xp+i — €41 U NEPEeXolfaT K ciefylomeil urepa-
1Uu.

Ecan

B) p(Xk+i — Beir1) = o(Xk+i),

TO BBIYUCIAIOT Q(Xg+i + S€it1)-

Ecnu

C) o(Xk+i + Beir1) < p(Xpti),
TO MOJAra0T Xptit1 = Xp+i + B€;41 U NEpexolaT K cieaytomeil urepa-
110508

Ecnu ke

D) o(xk+i + Beit1) = ¢(Xk+i),
TO MONATAIOT Xgti+1 = Xkt ¥ MEPEXOIAT K CICAYIOUeN UTepaluu.

Ecan = (0, moaaraioT Xj4+1 = X U IepexoJAT K cleayloleit ute-



192 I'a. 9. Peaaxcayuonnvie Mmemodvl peuleHUs

Ecan nepaBenctBa B) u D) wumeror mecto maa Beex 0 < @ <
< n — 1, To yMeHbWAIOT Beauuuny (3, Kak npaBuio, nonaras 3 = B_1/2,
U 1epexoAT K CleqyIomeMy HUKIY, T. €. IOBTOPAIOT BCe MPOIeIyPhbI pe-
OBIAYIIEro LUK/, HO YiKe C BABOE MEHbBIIUM IIaroM.

9.7.4. llpeanonoxieHud. llpu ucciegoBaHuM CXOAMMOCTH MeTo-
na 9.7.3 6ynem mpeanonaraTh, 4To:

1) p(x) € CT(Ep);

2) Xy — orpaHuyeHHOE MHOM{ECTBO.

9.7.5. CxoqumocTb. Buauane gokazmem, uyto B — 0 npu k — oo. Ec-
JU 3TO He TaK, TO HaiimeTcA HoMep kg Takoil, uTo mad Bcex k > ko Gyner
Br = B > 0 u, cnenoBarenvto, p(Xpt1) < @(xr) Vk > ko. ockoabry
[|Xk+1 — Xkl =8 >0 VEk > ko, To uncio Touex, nomnagarolix B orpa-
HUYEeHHOe MHOecTBO X, KOHEUHO, U HaiifeTcA Takoil Homep ki > ko,
HaYMHAfA C KOTOPOro HacTynuT cutyauus Xi € Xo Vk > ki, npotuBope-
yaias onpeaeneHuio MHoxecTBa Xg. A

PaccmoTpuM Bce LUKIBI, AJMA KOTOPBIX OJHOBPEMEHHO BBINOJHAIOT-
cs1 HepaBeHcTBa B) u D) mpu Beex 0 < 4 < n — 1. Tak kak JuuHa mara
CTPEeMUTCA K HYJIIO MpU k — 00, TO YMCIO TaKUX IUKJIOB GECKOHEUHO.
[lepeHymepyeM 3TH HUKJIbI TAKUM 06pa3oM, UTOObI GbLIO

O(Xm + Bmeitr1) = ©(Xm), i=0n—-1, m=0,1,..,

QD(Xm _6mei+1) > QD(Xm), { :O,N—]., m:0715"‘
Torpga

©(Xm + Bmeit1) — 0(Xm) = B (' (Xm + 01Bmeit1), €ir1) 20,
1=0,n-1, m=0,1,...,

©(Xm — Bmeit1) — ©(Xm) = B (@' (Xm — 026meir1), —€iy1) =0,
i=0n=1, m=0,1,..

U3 nocnegoBatenbHOCTH {X,,} (BCIOMHHM, YTO OHA MPUHAMIEHUT Orpa-

HUUYEHHOMY MHO#eCTBY X() BbIGEpeM CXOAAMYIOCHA MOANOCIeN0BaTe b-
. i : - p

HOCTb Jlgglo Xm; = X. IlockoabRry llglo Bm; = 0, a dynkuua ¢'(x) Henpe-

pbIBHA, TO U3 MOCJIEJHIUX HEPABEHCTB B pe3yabTaTe MpeelbHOro nepexoia

nomgy4daeM COOTHOLIEHUA
(Sol(i)ﬂe“rl) 2 07 (Sol(i)’ _ei+1> > Oa i = Oan -1

Taxum o6pasoM, ¢'(x) = 0 B m0G0i IpeelbHON TOYKE MOCHe[0BATelb-
Hoctu {X}}, OTKyZa cieayer

lim p(xi,X3)=0. A
k— o0
9.7.6. Rimaccuyeckada cxema. B sToM paspeine mpUBOOUTCA cXe-

Ma MeToJa MOKOOPANHATHOrO CIycKa, He o6iaaomas JOCTOMHCTBOM He-
3aBUCUMOCTHU BbIOOpa HalpaBJeHUA CIycKa OT rpagueHTa (QYHRIUU, HO
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3aTO uUMelolad OlleHKH, rapaHTUpYIONINe [ BBIMYKIbIX QYHRIUI cX0-
OMMOCTD Tpollecca MUHUMU3ALUUK co CKopocTbio mopsaaka O(1/m). dtu
OLIEHKW WHTEpPEeCHbI TeM, UTO OHU CYIIeCTBEHHO 3aBUCAT OT 4ucia N —
pasMepHOCTHU MpocTpaHcTBa F,.

IlycTh xj, y#e usBecTeH; 0003HaAUUM

max | 22Ck) ‘ _ |9¢(xk) ‘
i:l,z,...,n ox; Oz
MoHO cuUTaTh, YTO
0
5%

Tak KaKk B MPOTUBHOM ciaydae ¢’ (xy) = 0 1 mpolecc MUHUMU3ALUY OKaH-
YKMBaeTCA.

B dopmyne Xg11 = X — BkS;, B KauecTBe HalpaBleHHs CIycKka —Sg
BbIOMpaeTcs TO U3 HalpaBileHnii e; 160 —ej, BIOAb KOTOPOro (yHK-
uus p(X) JoKalbHO yObIBaeT.

OTHOCHUTENbHO BeJAUUYUHBI [ GyaeM MpeanoiaraTh, YTO BbINOJIHAETCA
au6o yeaosue (9.12) npu 0 < A< A\ <1, k=0,1, ..., au6o ycaosue (9.15)

mpu 0 <e <A <1—¢, k=0,1,.. OueHum Beanuuuy aj:

(&p(xk))z (aw(xk)f
ol = (' (xp),sk)*  _ \ 0z > Oz; _1
oGPl = TGP =y (266)?
i=1,2,...,n ox;

9.7.7. CxopumocThb. Ecau Boinoausiores ycnoBus 1)—4) us npearmno-
aoskennit 9.4.14 (ycaoBus 5)—7) TOro e MYHKTa BBINOJHAIOTCA B CHILY
npeabiaymero) u yeaosue 9.4.12; To us teopemsr 9.4.15 cremyer, 4yTo

lim p(xi, X3) = 0.
k— o0
Ilaa BeimyKaIoH Gynkunu (x) us kiacca C11(E,) npu ycioBuu, 4to
diam Xy = 1 < oo, u3 teopembl 9.4.19 (cMm. (9.18) u (9.19)) caenyior

OLIEHKH:
ecau BoinonHaercd (9.12), To

m—1 —1
* 1
©(Xm) — o(x*) < po (1 + CNOE kz(:) /\k) <

-1 1 n _
<H0(1+CNO’YW) < oxm’ m_1727 )
eciau ke BbInonHsercs yciaosue (9.15), To
1 m—1 -1
o(xm) — 0(x") < Ho(l WSS wk) <
k=0
< <1+C lm)71<iﬂ m=1,2 0<C g2
Ho Ho n C’)/ m — L, 45.. X an
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Ocraetca B cune u 3amevanue 9.4.20, ocaabasioniee yciloBUe OrpaHu-
YeHHOCTH MHosKkecTBa Xj.

ObpaTuM BHUMaHUe Ha TO, YTO MMOCTOAHHBIIT MHOKUTENb IPU BelUYU-
He 1/m B olleHKax CKOPOCTH CXOOMMOCTH 3TOT0 METOfa B 1 pa3 Golblie
COOTBETCTBYIOIIEr0 MHOMKUTEINA B OIlEeHKaX MeTOo1a 'paJueHTHOr0 CIIyCKa.

B cayuae cuabHol Beimywkioctu ¢yHruuu ¢(x) us 9.4.21 ciegyrot
OLIEHKU BU[a

P(xm) — p(x") < uoeXp{ - C%}
% 2
[|xm — x ||2 < ;,uoexp{ — C%}

[IpY COOTBETCTBYIOIIEM BbIOOpe KOHCTaHTbl C' B 3aBUCUMOCTH OT YCJIO-
Buit (9.12) u (9.15).

9.7.8. Iukin4yecKkuili MIOKOOpAUHATHBIN cnyck. B aTom metone
BbIGOp HalNpaBieHUS CIIyCKa OCYILIeCTBIAAETCA TaKk e, Kak U B TIOKOOPAU-
HATHOM CITyCKe C yIBOeHHeM Iara:

sk = *ejx), J(k)=k(modn)+1, k=0,1,..

Boi6op Benuuumbl () ocyiiecTBasgeTcs Aubo myTeM 0JHOMEPHOH MUHUMU-
3aluy, ¥ B 3TOM cllyuyae INpeJIojaraeTcd, YTO BBINOJHAETCA HEpaBEHCT-
B0 (9.12), 1u6o cnoco6om, usioskeHHbIM B 1. 9.4.6, 1 Torga mpepnogaara-
eTCfl CpaBelINBOCTh cooTHomeHus (9.15).

9.7.9. Iipeanonoxsenua ™). CxoQuMocTh MeToAa UUKINYECKOTO M0-
KOOpIMHATHOrO clnycka GyaeM [1oKa3blBaTh, Npejlojarasg OTHOCHUTEIbHO
byusuun p(x), 4T0:

1) p(x) € C11(E,);

2) X§ # @ (eMm. (9.16));

3) ¢(x) orpaHuueHa CHU3Y Ha MHOMECTBE X.

OTHOCHUTENBHO MOCIe0BaTeNbHOCTU {Xy } GydeM mpeldmonaraTh, uTo:

4) xo — a0bas TOUKa;

5) Xp+1 = Xk — BSk, sk = Eej), j(k) = k(modn) +1, k=0,1,..;

6) BoimoaHsiercsa au6o ycaosue (9.12) mpu 1 > Ag > A > 0, aubo yciao-
Bue (9.15) npu 1/2 > A\ > X\ > 0;

7) lim ||xg+1 — xx|| = 0.

k—o0
Teopema. FEcau sunoaunaomcs npednoaoxcenus 9.7.9 u  ycao-

sue 9.4.12, mo
klim p(xk, X5) =0. (9.17)
—00

NoraszateabcTBo. [loab3ysace aemmoii 9.2.3 u onpenenenuem [y,
nonyydaeM (@HaIOrMYHO TOMY, KaK 3TO [enanoch B 0. 9.7.6)

%)\ 2 ,
o(xi) — p(Xir1) = C(%ﬁ’“)) — O (x4), )

*) Cp. ¢ npennonomenuamu 9.4.14.
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BCHe}ICTBI/Ie MOHOTOHHOCTH KW OI'PaHM4YeHHOCTH II0cC/jieqoBaTe/bHOCTU
{o(xk)} umeem
. 12 _
i (' (x), ej(r)) = 0.
Ilasi 3apannoro € > 0 BoiGepeM HOMeD ko TaK, 4TOOLI
e

(e (xk); €j(ry)| < Le u [[xpi1 — xp]] < — Yk 2> ko

Torga
£ .
1%+ = Xel| % = Xepima |+ [Ixp1 =il < —i e

npu ¢ < n.
Us ycaosus ¢(x) € CH1(E,) nonyuaem

[l (xpri) — @' (xp)|| < Le, i=1,2,...,n.
Hanee,

(@' (1), enri)l = {0 (xk) = @' (Xnti), @) (@' (Xhri)s €ra)| <

< @' (xk) = @' (Kpga) | + {0 (Kb 1), €nti)| < 2Le,
i=1,2,..,n,
", ciaegoBaTelibHO,

max (¢’ (x1),ex+s)| < 2Le.

i=1,2,...,n

[MosTomy
o' (i)l < v _max (¢ (xk), exri)| < 2v/nLe,

OTKyZa ¥ BbITekaeT, 4to lim ¢'(x;) = 0.
k—o0

B cnpaBemnuBoctu coornomenus (9.17) yGesaaemesa Ha OCHOBaHUU
teopembl 9.2.5mpu X = Xou Y = Xj5. A

Ob6cymaeHue. 3mech YMeCTHO BCHOMHUTbL TeopeMy 9.2.13 o6
YCIOBHAX, FapaHTUPYIOMUX BBIIOJHEHNE MPEAINON0MKEeHNs 7), a UMEHHO
yCIOBHE IMHEHHOro HEMOCTOSHCTBA (DYHKUMM (X) HA OrpaHUYeHHOM
MHOMecTBe X (3aMKHYTOCTbH €ro OuYeBHMIHA) M YCIOBHE, YTO MOCIEIO-
BaTENbHOCTh {Xj} fAIBAAETCA CHIbHO MOHM:KaIOLIeH. 3aMeTUM, YTO NpH
ATUX YCIOBUAX MpebIAyIias TeopeMa OCTaeTCA CHpaBeJuBOi, HO yike
Ge3 npexnonoskenuii 2), 3), 7) u 9.4.12. HaxoHel| yKasieM, 4TO €CIH MHO-
3KeCTBO X COCTOUT M3 KOHEYHOI'0 YHucia CTAalOHAPHBIX TOYEK, TO Teope-
Ma 9.2.9 060CHOBBIBAET CXOAMMOCTh MOCIEOBATENbHOCTU {X;} K TOUKe
MHoecTBa X .

3ameuanue. B goGaBmenun (cm. [I.2) moxasbiBaeTcs, YTO METO[
IUKJINYECKOT0 ITOKOOPIUHATHOrO CIyCKa C BLIGOPOM IIara M3 YycCio-
Bus (9.15) oGnagaer auHENHOI M0 GYHKIUOHATY CKOPOCTHIO CXOAUMOCTH:

(xm) — p(x*) < %

rae C' > 0 3aBUCUT OT Xg U OT pa3MepHOCTHU 1 MpocTpaHcTBa F,.



I'TABA 10

PEJAKRCAIIMOHHBIE METOIbI PEIIEHUA
DKRCTPEMAJIBHBIX 3AIAY C OTPAHUYEHUAMMN

10.1. XapakTepucTHKa MeTO/10B

10.1.1. B sroli r1aBe paccMaTpUBAIOTCA METObI CIIyCKa IJIf pelleHus
3a1a4yi MUHUMU3aUU ragkoil GyHKINN o(X) Ha MHOMecTBe X .

IlepBrie oBa MeToma, MeTOJ NPOEKIUU U METOJ YCIOBHOTO TI'paau-
eHTa, NIPUMEeHUMbI JAUIIb AAA 3aJady MUHUMHU3aUUU Ha BBIOIYKJIBIX MHO-
JKecTBax, MpUYeM B cilyyae HEBBINYKION GYHKUMM Lead CXOOUMOCTh
nocjefoBaTelbHbIX NPUOMMMEHUI MOMKHO rapaHTHpPOBaTh JMUIIL K MHO-
JKECTBY CTAIL[MOHAPHBIX TOYEK — TOYEK, B KOTOPBIX BBLINOJHAIOTCA He-
00X0IUMBbIe YCJIOBUA JOKAJbHOrO MUHUMYMa. Eciau ucxonnas 3agava fB-
JseTcA 3aJaveil BBIMYKJIOr0 MPOrpaMMUPOBaHUA, TO AJA 000UX METOI0B
CylIeCcTBYIOT alpUOpHble OLIEHKHU CKOPOCTU CXOAUMOCTH, T. €. OIpefeleH-
Hafd XapakTepUcTHKa KauecTBa MeTOMOB.

B MeTomax 6e3yci0BHOI MUHUMM3AINY MbI HE BCTPEYaIUCh ¢ MPUHI[U-
NUaTbHBIMY TPYIHOCTAMU B OThICKAHUM HampaBieHus crnycka. Haubonee
TpYyIoeMKoll yacThlo ObLIO BbIUKC/IeHNe IpadueHTa LieleBoil ¢pyHKRIuu. B
3ajayax C OrpaHMYeHMAMU [pu BbIOOpe HampaBleHUA CIyCKa
NPUXOIUTCA YUUTLIBATh ABa 0OCTOATENbLCTBA: HANPaBIeHNe JOJAHO ObITh
BO3MOMKHBIM M [JOJMHO [apaHTHUpPOBaTh YyObIBaHME MUHUMHU3UPYEMOI
¢yurnuu. [Ipu sTomM BbIGOp HampaBieHUA CIIyCKa CBA3aH C BBIUMCIEHU-
eM BeJIU4HHbI ¢'(X), a B pAfle METONOB U BeauuuH f/(X), 1 ¢ pelieHnem
Ha Ka[oM Ilare HeKOTOpoil aKcTpeManbHoit 3anauu. llociennee o6cTos-
TeJIbCTBO NPUBOAUT K TOMY, UTO MeTOJ YCJIOBHOIO IpajudeHTa IpUMeHs-
IOT JUIIb 1A MHOMRECTB, 3aJaBaeMbIX JUHEHHLIMYU OT paHUYEHUAMU, I10-
CROJbRY B 3TUX CIydvadX IJf BbIOOpa HalpaBieHUA CIyCKa J0CTATOYHO
pemuTs 3agavy JUHEHHOro MPOrpaMMUPOBaHNA, @ METOA MPOEKLUU I'pa-
IueHTa NMPUMEHAIOT A MHOMecTB X TaKoro BHOa, YTO 3ajgaya OThbICKa-
HUA NIPOEKINU HEKOTOPOit TOUKM Ha 3TO MHOMKECTBO fIBJIAETCA JI0CTaTOU-
HO MPOCTO! C TOYKYU 3pEHUA ee YNCIEHHO! peaqusaliy, Tak Kar pelleHue
3TOIl 3alauu U onpefelseT HalpaBleHUe CIIycKa.

Tpetuit MeTon, MeTon BO3MOKHBIX HallpaBlIeHUl, XapakTepeH TeM,
YTO A BbIOOpa HaNpaBleHUA CIyCKa pellaloT 3agavyy JUHEHHOro IMpo-
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rpaMMUpOBaHUA J160 IPOCTYIO 3a7a4y KBaJpaTUUYHOr0 MPOrpaMMUpPOBa-
HUA ¢ HeGOAbIIMM, BOOOIIe F'OBOPA, YMCIOM OrPaHUYEHUHl, U ¢ 3TON TOUKU
3peHsl METOLy MOKHO GbLIO Obl OTAATh IMpeANoYTeHHe, OJHAKO OTCYT-
CTBHe alpHOPHBIX OLEHOK CKOPOCTU CXOOUMOCTH JJIfl BBIMYK/BIX 3a1ay
3aTpyAHAET CpaBHEHUE MeTOfla C paHee YIMOMAHY ThIMU.

10.1.2. YcnaoBUA 3KcTpeMaldbHOCTHU. U310K1UM 3[eCh YCIOBUA OI-
TUMAalIbHOCTU B BHUME, YIOGHOM [Jifi pACCMOTPEHHUf METOIO0B yCIOBHOIO
rpajiieHTa U MPOeKLUU I'pagueHTa.

Bynem mnpenmnonaraTh, YTO MHOMECTBO X fABIAETCA BBIMYKIBIM U
3aMKHYTbIM. U3 1. 3.4.7 cienyer, 4To ycioBue

(P'(x*),x—x")>0 vVxeX (10.1)

ABISIETCA HEOGXOAUMBIM [Tl TOr0, YTOGBI TOUKA X* GbLia JIOKANIbHBIM MU~
HUMYMOM (QyHKIUU @(X) Ha MHOkecTBe X .

Ecau gynryua o(x) evinyraa, mo ycaosue (10.1) asasemca Heobro-
Oumbim U docmamounbim 04t mozo, 4mobel x* = argmin{p(x): x € X }.

JleiicTBUTENbHO, HEOOXOAUMOCTD CIEAYeT U3 MPeIbIAYIIero, a JocTa-
TOYHOCTb BBITEKAET U3 YCIOBHUA BBIOYKIOCTU: p(X) — @(x*) > (¢’ (x*),
x—x*) 20 A

llanee, mycTh p* fABAAETCA MpoeKluelt Touku v* = x* — vp'(x*),
v > 0, Ha MHOMecTBO X. YcioBue

x* =p” (10.2)

ABJAETCA HEOOXOAUMBIM I TOr0, YTOObI TOUKA X* GbLIa JOKAIbHBIM MU-
HUMyMOM (yHKUMM @(x) Ha MHOomecTBe X. [lleficTBurtensto, us (10.1)
caenyer —v{p'(x*),x —x*) < 0. Ho —vy'(x*) = v* — x*, cienoBareib-
Ho, (v* —x* x — x*) <0, T. e. X* B cuity TeopeMbl 2.2.3 €CTh NPOEKIUSA
Touku v* Ha X: xX* = p*. A

Ecau gynryus p(x) evinyraa, mo ycaosue (10.2) asanemen neo6rodu-
MblM U OCMAMOUHbLM OAR MO020, 4Mo0bl

x* = argmin {¢(x): x € X}.

Heo6xomuMocTh cilegyeT U3 NpeablayLIEro.
HoctatouyHocThb. Illycts x* = p*. U3 Teopembl 2.2.3 noaydaem
(x—x",v¥ —x*) <0 VxeX.
U tax rak v* = x* — v/ (x*) u v > 0, To, cregoBaTensvho, (' (x*),x —
—x*) >0, T. e. X* — Tourka MUHUMYMa. A

10.2. MeToa npoeKkUUu rpagueHTa

10.2.1. Upea meTona. Kak y:e roBopujoch, B ciydae 3aaad 0e3-
YCJOBHON MUHUMU3ALUU BechMa PaclpoCTPaHEHHbIM pelaKkcallOHHBIM
MeTOJOM fIBIAETCA MeTOA rpagueHTHoro cmycka. OgHaro mad 3agad C
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orpaHMyeHUAMHU HalpaBleHNe BIOJIb aHTUIpafleHTa He 00f3aTelbHO fAB-
JasieTcA BO3MOKHBIM. Ecan MHosecTBO X BBINYKIO, TO I OTbICKAHUSA
HalpaBleHusl B TOYKe Xj HalpalllBaeTCs MbICAb CIPOEKTUPOBATh TOY-
KY Vi = Xp — Vg’ (Xg) (Vg — HeKoTopoe GpUKCHUPOBaHHOE MOJOKUTENb-
HOe YKCJI0) Ha MHOkecTBO X U B KauecTBe HaNpPaBIeHUs CIYCKa B3AThH
—S = Pk — Xk, roe pr = Px(vy) — mpoeruus vy Ha X, mocie dve-
ro OCyIeCTBIATL CIyCK BHOJL ATOr0 HampasieHus. IIpy 3ToM BbINYK-
JOCTb MHOstecTBa X rapaHTHUpyeT, YTO HampaBieHUe Py — X OyaeT Bo3-
MOSHBIM.

Hrax, MeTol NpOEKUUU IpagdeHTa COCTOMT B BLIYMCIEHUU IIPOEK-
WU Pp TOURM Vi = Xj, — Vi (X)) Ha mHOsecTBO X U B BbIGOpe 4dHC-
aa f3, TakuM 06pas3oM, YTOObI B TOYKE Xpt1 = X — Ok(Xk — pr) ObLIO
e(xXpt1) < o(xp).-

II1A oThICKAHWA HANpPaBICHUA S — Xy — Pj CledyeT pPelluTh 3ajady
MUHMMU3AUMU KBaapaTuuHoli GpyHunuu ||[vi — x||? na muoskectse X. B
oblLIeM ciiyyae 3Ta 3ajlaua TOro e NOPAAKA CIOMHOCTY, YTO U MCXOMHaf,
OQHAKO /A 3adad4, KOrja AOMYyCTHUMOE MHOMEeCTBO UMeeT MPOCTYIO reo-
MeTPHUYECKYIO CTPYKTYpy (HampuMmep, ABIAETCA MHOTOMEPHBIM Mapasie-
JeNnunenoM), OThICKaHUE Py, OCYIIECTBIAETCA MyTeM CPaBHEHUS N YKCe.

B Merome npoexuuy rpagieHTa TOUKY Pj MOMKHO BBIYUCIATD IPUGIN-
JKEHHO, T. €. BMECTO Pj, HaXOAUTh HEKOTOPYIO TOURY yj ¥ CTPOUTh Xji1
no ¢popmyine

X1 = Xk — Be(Xk — ), (10.3)

HO IPU 3TOM OOJHIHBI BBIMMOJHATLCA CleJylIolne yCJlI0BUA:

vi € X, (10.4)
o(xk — Br(xx —yr)) < (1= Ap)o(xx) + Apwr, (10.5)

rae
wr = min p(xp — (X — Pk))-
R )

IloguepkHem, UTO NMpU MOCTPOEHHM MOCIELOBATEIbHOCTH {Xj} BbI-
60p [ U Y OOCTAaTOYHO MPOU3BOJEH, Mulllb Gbl BIMOIHAINCH TpeboBa-
nus (10.4)—(10.6).

10.2.2. MHoskecTBO cTallMOHapHbBIX Touek. PaccMoTpuMm MHO-
HKECTBO

X*={x" € X: [|x" - p"|| =0}

CTalMOHAPHBIX TOYeK (QYHKUUU ((X) Ha MHOmecTBe X, T. e. TOuek, B
KOTOPBIX BBINOJHAIOTCA HEOOXOAUMbIe YCIOBUA JOKAILHOTO MUHUMYMa.

— . *
Onpeznennm Takme MHomecTBa Xo = {x € X: p(x) < p(x0)} u X =
= X*NXo.
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10.2.3. YcaoBue, rapaHTUpyIOllee cX0OUMOCTh. [l HEKOTOpO-
ro uucaa € > 0 ompegeanm MmuomecTBo U, = {x € X : p(x,X§) < ¢},

rie
p(x,Xg) = inf [x*— x||?.
0

_x €X,

YcioBue, rapaHTupyiollee CXOOMMOCTb pefaKcaliOHHOI INocienoBa-
TeNbHOCTH, COCTOUT B clefyioueM: daa ecaroeo € > 0 Haiidemca makoe
0 =d(e) > 0, umo dan ecex x € Xo \ U 6ydem ||x —p|| = 6 npu v > 0.

10.2.4. IIpeamnoaoskenuda. OrHocurenbHo (yHROUU @(X) Gynem
npeanonarath, YTo:

1) p(x) € O (X);

2) X; # 25

3) p(x) orpaHuyeHa CHU3Y Ha MHOMECTBE Xj.

OTHOCHUTENBHO NocHenoBaTenbHOCTH {Xy } GyaeM Npeanoaarathb, uTo:

4) xo — no6as Touka u3 X;

5) BeinoausawoTea yeaosus (10.3)—(10.6) mpu 0 < v/ <y, < V' < 0.

Teopema. FEcau evnoansaiomes npednosoxcenus 10.2.4 u ycao-
sue 10.2.3, mo klim p(xk, X5) =0.

— 00

lTorasaTeabctBo. U3 nemMmbr 9.2.3 u ycaoBua (10.5) noayuaem
nas moboro 3 € [0,1]

o(xk) — P(Xpt+1) 2 A (p(xk) — wi) > Ak (p(xk) — o(xx — B(xk — Pr))) 2

L 2 _ 2
> Ak (ﬁ(@'(xk),xk —Pk) — M)
U3 1. 2.2.4 caenyet, uTo anad aiodoro vy, > 0 cripaBelinBo HEpaBeHCTBO
V(' (%), X = Pr) = 1%k — pel*. (10.7)
[loaTomy
L 2
Plxk) = o) > M (£ = 2 Yl —pul®. (109

Bri6upas § = min{l, 1/v;L}, nonyuaem npu § = 1 (c yyetoMm Toro, 4to
B aToM cayyvae L < 1/vy)

1 1, o, 1 1 1 1
—B-zLfF=——-L>—> .
I/kﬁ 2 A v, 277 2y 7 2w
Ecan e 8 =1/, L < 1, 10
1 1, 1 1
—B-ZLfF == —.
ykﬁ 2 b 2L 7 2(v")°L

" oxonuaTeabHO npuxoanM K HepaBEeHCTBY

p(xk) = p(xir1) = AA[xi — pil, (10.9)
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1 . 1
rge A= Wmln{l,m}.

TocnenoBatenbHocTh {¢(Xk)} MOHOTOHHAas M OrpaHUYEeHHAsA CHHUBY,
nosTomy p(xk) — $(Xks1) — 0 i k — 00, f(xk) = Ixk — Pill® = 0
npu k — oo.

B cmpaBemnuBocTH TeopeMbl yOexsjaeMcsi Ha OCHOBaHUU Teope-
Ml 924 mpu X =XounY = X§. A

3ameuanue. EcrecTBeHHO, UTO BBIGOP MAapaMeTpoB [3j, U vy Ompeje-
AfeT NOBefieHNe nociefoBaTedbHOCTH {X}, }. B cienyromeii Teopeme cdop-
MYyJAUpOBaHbl YCIOBUs BbIOOpA, MPU KOTOPBIX 3Ta MOCIENOBAaTENIbHOCTD
ob6iajaeT CBOMCTBOM Tak Ha3bIBaeMO NPoeKyuoHHOU cTodumocmu.

10.2.5. Teopema. FEcau muoyucecmeo X 6binykao u 3aMKEHYMO,
dynruua (x) eeinykaa u duddepenyupyema, nocaedosameavrocms {Xj}
cmpoumcs no gopmyaie

Xpq1 = X — Br(Xp — Pr),
mo npu ao6bix v > 0 u By € (0, 1], ydosaemeopsiowux coommoutenuio

o(xk) — p(Xpt1) = (@' (Xk), Xk — Pr) — %(1 - %ﬁk)“xk —pil?,

(10.10)
cnpaeet?xtuebt HepaseHcmea

lxpsr — x| < |lxe — x7|| Vx*€ X* k=0,1,..

NoxaszaTtenbcTBOo. I3 cooTHOmeHMit Vi, = Xj, — Vg  (Xg) U (Vg —
—DPr, X —Pr) <0 Vx € X caenyer npu x = x*

(Pr — X", Xk — Pr) > vi(p' (Xx), Pk — X).

I rak war (¢'(xk),xk —X*) 2> @(xk) — @(x*) > o(xk) — ¢(Xk+1), TO
(xp — X", X — Pr) — %»3k||xk —pll? =

= (1= 380) Ik = pell® + (i — X", 30— pu) >

> (1= 386) 1% = Pell® + v (x), pe = x°) =
= (1= 380) Ik = Prll® + vl (k). i — x6) + 2 (1), 36 = X7) >

> (1 - %ﬂk) lIxk — Prll® + v 9’ (xk), Pr — X&) + vi((xk) — ©(Xp41))-

0TC}0}13 1 U3 paBeHCTBa

k1 — x*[1? = [[xx — x*[|* = 2Bk (xx — x*, x1 — i) + Bicllxx — il

noiy4aeM, uto yciaoBus (10.10) rapaHTUPYIOT CNpaBelIMBOCTL A0KA3bI-
BaeMbIX HepaBeHCTB. A
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3ameuanue. CymecTBoBanue peienuit HepaBenctBa (10.10) gerko
noxyuuts s p(x) € CH(X), ecan BoidpaTh

Be=B=1 wv=ve (Ql]-
L
10.2.6. Teopema. Fcau:
a) dynryua p(x) swinykaa u duddepeHyupyema Ha BLINYKAOM U 3AMK-
Hymom mHoxcecmee X ;
6) diam Xy = n < oo;
B) nociedosamenvHocme {Xy} peaarcayuonta;
Mo umeem Mecmo OyeHKd

1
Xm) — 1+C P(xp) = p(Xk11) ,
f(xm) — ¢* uo[ NOZ T
=0 (10.11)
m=12,...

HorkaszaTeabcTBO. BHavane cienaeM cieylolile TOMIeCTBEHHbIE
npeoGpa3oBaHUA:

(' (xk), Xk —x7) = (@' (xk), X = Pr) + (¢ (1), P —X7) =
1 1

= (@' (%K), Xk — Pr) + o Vi = P X7 = k) — 2ok — P X7 — Pr)-

Otcioga u u3 yciaoBusl, uto (Vi — pg,X* — px) < 0, monyvaem
1
(' (x), xx — x*) < {9 (X1), Xk — P) — E("k — Pk, X" — Pr) <
1
< (Il Ge)ll + 5ol = piel) e = pll <
1 1
< (11 Geal -+ s =711+ -l = el ek — el

Ho u3 (10.8) cienyet HepaBeHCTBO ||xi — Prl|/vi < ||¢' (Xk)|- YuuTbiBas,

uro ||x* — xi|| < 7 u ||’ (xx|] < v < 00, modyUaeM OKOHYATEILHO Hepa-
BEHCTBa

0 < ¢! Gaadoei = x) < (24 1) i — il

cripaBeqMBble A JI000H Touku x* € X*, B vacTHOCTH, AIA X* =
= p*(X}) — IPOEKUNHU TOUKH X} Ha MHOecTBO X *. OTCIOfa 1 U3 OLEHKH
(cM. Teopemy 9.3.2)

m—1 ( ) —1
0(Xm) — u0[1+uoz At 2 ]

—~ )s Xk — P*(x))?

caenyet (10.11) npu 0 < C' < (2y +n/v')~?2
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3ameuvaHue. ObpaTuM BHUMaHMeE Ha TO, YTO B Teopemax B 1. 10.2.4.
u 10.2.6 npunagesnocts ¢(x) waaccy CH! ne Tpebyercs.

10.2.7. OifeHKa CKOPOCTU CXOJAHMMOCTHU B BBINYKJIOM ciyuae.

Teopema. Ecau Ha 8binykiom U 3aMEHYMOM MHOMecmee X

a) evinyraasn Pynryua p(x) npunadsencum raaccy CH1(X);

6) diam Xy = n < o0;

B) nocaedosameavrocmsy {Xy} onpedeasemca ycaosuamu (10.3)—(10.6)
npu 0 <v' <y <V
mo cnpasedausa ouerka

@(Xm) — " < po[l + poCm] ™t m=1,2,.., (10.12)

npu anbom

A n\"2 . 1

2de v = sup [l¢'(x)]].
xeXo

lorasaTenbcTBoO caenyer us HepaBencts (10.10) u (10.11). A

10.2.8. O cnoco6ax BbIGOpa AJUHBI Iara. MHoroe u3 TOro, 4To
crazaHo 0 Bblbope anuubl mara B nn. 9.4.3, 9.4.4 u 9.4.5, ocraerca B
cuie, HO ¢ ydeToM Toro, 4To (i € [0,1]. Urtak, 01 BbIUNCIEHUS BeIU-
YUHBI [ 0OBIUHO MOJb3YIOTCA OJHUM U3 METOAOB OJHOMEPHONH MUHUMU-
3aiuu. CyIiecTBeHHO YNPOCTUTDL MPOLeaypy BbiGopa (3 MokeT 3HaHUe
Bennuuibl L — woHcrauTs! Junmuna B HepaBeHeTBe [|¢'(x) — ¢’ (¥)|| <
< Li|x —y||.- B atom cayuae B KadecTBe [ MOKeT ObITh BbIGpaHO 11060e
13 uKced, yaoBaeTBopAomux yeaosuio 0 < 4 < By < 1, Ho mpu 5ToM Benu-
4uHa v, OO/KHA YIOBIeTBOPATH HepaBeHcTBaM 0 < v < v, < v < 2/L.
Toraa us (10.9) noayuaem @(x) — @(Xp41 = B(% - %L)ka —pi|* u
cxopumocTh (B cuay n. 10.2.5), 1 olleHKa CKOPOCTU CXOAUMOCTU (B CHU-
ay n. 10.2.6) coxpausiorea. CymecTByIOT U Apyrue crnocoGbl ompese-
JeHus BeauduHbl (, UCHOAb3YIOlMe 3HaHWe KoHcTaHThl L. Hampumep,
Br =min{l, pr/vr}, roe <e1 < pr < (2—e2)/Lu0< v <y < V' < o0.
Jlerko BUAeThb, YTO U B 3TOM ClIy4yae U CXOJAUMOCTh, U OLIEHKA ee CKOPOCTHU
COXpPaHAIOTCA.

10.2.9. YuciaeHHO peaausyemMble YCJ0BUA Bbli6opa BeJlUYU-
Hbl 3; 6e3 mpoleaypbl OJHOMEpPHOII MUHUMU3alUU. B KauecTBe

Bk, Gynem BbOUpath (j, = (3 — HauGoabliee U3 YHCel, yIOBIETBOPSAIO-
mrX HepaBeHCTBaM
1
— — — > - — 2
o(xk) — Xk — Br(Xr — Pr)) = o Brllxx — prll*, (10.13)
0< Bk <L

[Mokaskem, uto cymectByeT [ € [0,1], yaoBaeTBopsiolliee HepaBEHCT-
By (10.13). leficTBuTenbHo, eciu Boi6path (3, = min{1,1/vxL}, To (cm.
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BbIBoA cooTHotenus (10.10))
oxk) = plock = By Gei = 0a) 2 By (5 = 3184 ) ek = pi* >

1 . 1 2 1 = 2
> L 1 _ - L _ .
> 5 min {1, ykL}ka Pxll A Brllxr — prl

Ilockonbry 3amava 0 Haxom{AeHUU HAUOOJMLIIEr0 4ucia, YIOBIETBO-
psaromero HepaBeuctBy (10.13), pemaercs mpuUGIUAKEHHO, TO MOFKHO BbI-
nycaTh COOTHOLIEHUS, KOTOPBIM Y/IOBIETBOPAET HaiileHHOe 3HaueHue [
B KauecTBe Hanbonbllleit BeINUUHbBI IPH HEKOTOPOM 3HaUeHUU NapamMeTpa

qr € (0, 1/2]:
o(x) — Xk — Br(xx — Pr)) = %ﬁk“xk —pil?,

0< Bk <L

OueBHIHO, YTO CXOAUMOCTh U OLIEHKAa ee CKOPOCTH U B 3TOM ClIydae
COXPaHAIOTCA.

10.2.10. O KoHTpoJe. [lasa Toro 4To6bI B Mpolecce cyeTa Mo MeTOo-
1Y MPOEKLHH rpagleHTa KOHTPOIUPOBaTh CXOAUMOCTD, LieJlecoo6pas3Ho Ha
Kas 10 MTepanuy BoIYUCIATh Beanuuny (p(xx) — o(Xk+1))/||1Xk — Pl
Ouenra (10.11) nokasbIBaeT, 4TO /10 TEX IOP, MOKA COXPAHAETCA CUTYalNA
(o(xx) — p(xk+1))/|1xr — Pr||> = €, rne Benuunna e onpenenserca npu-
HATOI TOYHOCTHIO BBIYMCIEHWH, POLECC B BBIMYKJIOM CilIydae CXOAUTCA
CO CKOPOCTbIO, MOPANOK KoTopoil He Huzke O(1/m).

Kpome sToro, BecbMa AeHCTBEHHBIM fBIAETCA KOHTPOJIb MOHOTOH-
HOCTH yObIBaHUA nocienoBaTenbHocTd {||x; — pkl|} 4 0. das oBocHoBa-
HUA 9TOr0 [OKaeM CyIIecTBOBaHME COBMECTHBIX pelleHuii Hepa-
BeHcTB (10.7) u

[[xXk+1 — Prsall < lIxx — Prll- (10.14)
IMockonbRy mobas pukcupoBaHHasg napa By = B3=1uv, =v € (0, %]
yaoBIeTBopAoT yciaouio (10.7), To A0CTaTOYHO McclenoBaTh MOHOTOH-

Hocth {||xx — pr||}. daa sToro Bocmoabsyemca HepaBeHcTBoM (9.28) u
TeM, 4To u3 yciaoBus G = 1 caeayer, 410 Xj41 = pr = Px (Vi) = Px (xx —
—v'(xy). Uraxk,
ok = xxl* = llpk — Pr—a]® <
<ve = vi-al® = 11k = xp-1) = v(9" (x) = @' (x5-1)
= [Ixx — xp1|” — 20(xp — Xp—1, @' (X1) — @' (Xp—1)) +
+ 1219 (xk) — @' (xp—1|* <
<k = 31|17 = 221" (e = ' (eI + 22l (i) = ' (x| =

2 .
=[xk = xp1|* = v(3 = V)lle (xx) — @' (xr-2)II” <

I =

<%k — xp—1|l? = [IPr—1 — X1
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TaxuM 06pasoM, Aiaf obecredeHus HccaeayeMoli MOHOTOHHOCTH Cile-
IyeT HaXOAUTL CoBMecTHOe pelieHne HepaBeHcTB (10.7) u (10.14).

10.3. MeTon yc/ioBHOro rpajaueHTa

10.3.1. Ugea Mmetoga. B sTom MeTone BbhIGOp HampaBieHUS CITyC-
Ka COCTOMT B CledyIOlleM: B TOUKe Xy JHHeapusyioT (QyHKOuio ¢(X),
cTpod auHelHyo GyHRUMIO ¢r (X) = o(xi) + (@' (Xk), X — Xp), ¥ 3aTeM,
MUHUMU3UPYA @r,(X) HAa MHOkecTBe X, HAXOAAT TOUYKY yi. locme aToro
nojarailoT —si = Y — Xj W [ajee BIOJb 3TOr0 HalpaBjeHUf OCYIeCTB-
asAioT cnyck. TakuM o6pas3oM, [7f OThbICKaHUA HalpaBleHUA —Sj, CleayeT
pelnTh 3a7auy MUHUMU3AUUN JuHelHoi GyHKIUKM Ha MHOkecTBe X. B
oblieM ciiyyae 3TO 3aJaya TOro e MOpALKa CI0MHOCTH, UTO U UCXOAHaf,
OIHaKO, KOrja JONMyCTHMOe MHOKeCTBO 3aJaeTcs JUHEHHbIMU orpaHuye-
HUfIMHU, OHA CTAQHOBUTCA 3ajaueil JMHEHHOro NporpaMMUpOBaHus, KOHEeU-
HOMepHbIe MeTO/bI pellleHUs KOTOpOit paccMaTpuBalIUCh B II. 5.

Hamomuum, 4uTo MHOkecTBO X MpeanonaraeTcs BbIMYKIbIM U 3aMK-
HyTBIM, a GyHruua p(x) € CH1(X).

10.3.2. Cxema mMmeToqaa. B kauecTBe Xy BbIOUpaeTcd jrob6asg TouKa
u3 muoskectBa X. Toury xi4+1 (k= 1,2,...) crposat no dpopmyie

Xpy1 = Xk — Or(Xk — Y&)- (10.3)

IIpu sTom y;, BeIGHpalOTCA TaKUM 0Gpa3oM, UTO

<(10’(xk)7xk - Yk> 2 min {Uk sgg(go’(xk),xk - x)aak}a (1015)

rie «p — 3ajJaHHble yucla Takue, 4To «p > « > 0, a yucna o yaoBie-
TBOpAIOT cooTHomeHuio 0 < o < oy < 1. U, kpome Toro,

1%k — ¥l < 2 < o0. (10.16)

Yucna [y BblGupaioT, MuUHUMU3upys ¢yHxuuio (8) = @(xi) —
— B(xr — yx)) Ha orpeske [0, 1].
Bynem npennonarats, 4To (33 yIOBIETBOPAET COOTHOLICHUSM

o(xk — Br(xk —yr)) < (1= Ap)o(xk) + Apwr,

0<AS ML, 0SB <,

rae
wr = min p(xg — Xk — Yi))- (10.17)

Belo,1]
10.3.3. O6cysxaeHue. YciaoBusa BbiGopa yy u3 cootHomenus (10.15)
MOKHO TPOWIIOCTPUPOBAThL CIeAYIOMUM NpuMepoM. Ecau MHomecT-
Bo X 3ajaeTrcA MUHEHHLIMM OTPaHUMYEHUSMHU, TO 3aJaya OThICKAHUA Yy
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CTaHOBUTCA 3afaveil JMHEHHOro nporpaMMHUpOBaHUA — 3afadeil MaKkcu-
Muzanuu JuHelHoi pyurnuu (¢’ (X ), Xy — X) Ha MHOTOTDAHHOM MHO€eC-
tBe X. [Ipu pemenuu s1oit 3agauyu ycnoBus (10.15) gomyckaroT BO3MOK-
HOCTb OrPAHMYUTLCA HECKOJIbKUMU CHUMILIEKCHBIMU IIAraMu B CTOPOHY
Bo3pacTanusa GyHruu (@' (Xy), X — X).

Kpowme Toro, mHoskecTBO X MOsKeT oKasaThcA HeorpaHndeHHbIM. Ilpn
5TOM, HECMOTD# Ha TO, UTO UCXOJHAsA 3afavya UMeeT pellleHle, 3afaya Bbl-
Gopa HampaBleHHS MOMET U He MUMEeTb pelIeHUs, T. €. BO3MOMHA CUTYa-
WA, KOTJa 1A HeKoToporo Homepa k 6yaer sup {p'(x;), Xk — X) = +00.

xeX

YeaoBue (10.15) u B 3TOM ciyyae M0O3BONAET HAXOAUTh TOUKY Yi. 3ame-
TUM, YTO BbIOOp uUcCel « U MOABIEHHE YHCel 0} JTUMUTHUDPYIOTCA YCIo-
BueM (10.16). YcnoBue, rapaHTupyolee CXOAUMOCTh, OCTAETCA TEM jKe,
YTO U B MeToje npoekuuu rpaguenta (cm. m. 10.2.3).
10.3.4. IIpeanoaosenuda. OTHocutenbHo (yHRIUU @(X) Gynem
npeanojarath, 4To:
1) p(x) € CM(X);
2) X§ # 2
3) p(x) orpaHuueHa CHU3Y Ha MHOMECTBE X.
OTHOCHUTENBHO NOcHen0BaTenbHOCTH {Xy} GyaeM npeanonarathb, uTo:
4) xo — moGas Touka u3 X;
5) Bemmoauaiores yeaosusa (10.3), (10.5), (10.6), (10.15), (10.16).
10.3.5. Teopema. FEcau swvinoausaiomeca npednoaoycerua 10.3.4 u
ycaosue 10.2.3, mo
lim p(xg, X§) =0.
k—o0

lNorazaTenbcTBo. 13 memmer 9.2.3 u ycaoBusa (10.5) momydaem
nas aodoro [ € [0, 1]

o(xr) — e(Xpt1) = Ar(pxr) —wi) = Ar(pxr) — o(xe — B(xk —yi))) =
Z A (5(%0'(xk),xk —yi) — Lp’ ||Xk - Yk||')

Bribupas
. (@' (%), %k — Yk)}
=min 1, —"2— =205
b { Li|xi — yilP
!
nosyuaem, uto npu § =1 < M
L|xr — yelP
X X —
o(xp) — p(Xpa1) = Me'( k)2 k Yk) (10.18)
!
ampn B = (o (xp), X — Zk)
Lljxp — vl
1 (o' (%), %Xk — ¥1)° A 2
— > — > — .
‘P(Xk) ‘P(Xk-i-l = 2L ”xk _ yk“z = 2L%2 ((p (Xk),Xk yk)

(10.19)
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IIycTb py 03HAaYaeT MPOEKIHUIO TOUKH Vi = Xj, — ¢’ (X ) Ha MHOMKECT-
Bo X. Torpa B cuny (10.8) (' (xk), Xk — Pr) = |[xx — P||?, u, yuutsisas,
4T0 0, > 0 > 0 u a > a > 0, nonyyaem (cm. (10.15))

(¢'(xk), %k — y&) > min {oy Sgg(@'(xwmk —x),ar} 2
X

> min {0} (' (Xk), Xk — Pr)s 0k} =
> min {og||xr — pk||2,ak} > min {o||x;, — pk||2,a}. (10.20)

MockonbKy mocieaoBaTelbHOCTh {(X))} MOHOTOHHAsS M OrpaHUYEH-
Has cHu3y, 10 ¢(Xg) — @(Xgy1) — 0 npu k — 0o U, ciefoBaTelbHO, U3
(10.18), (10.19) u nociexHero HepaBeHCTBa MOy 4aeM, 4To ||X; — pi|| — 0
npu k — oo. 3HAUUT, HalimeTcA Takoilt HoMep ko, UTo 1A Beex k > ko Oy-
net o||x; — pl/?> < min {1,a}, u noatomy uz (10.18)—(10.20) npuxogum
KX HEepaBeHCTBY

p(xk) = o(xis1) < Cllxk —pell* Yk > ko,

A . o

raoe C = 5amm{1, m}

B cnpaBemmuBoCcTM TeopeMbl yOemgaeMcs Ha OCHOBaHUU Teope-
Mer 9.2.5 mpu X = Xy, Y = X§. A

10.3.6. OueHKa CKOPOCTU CXOAUMOCTH B BBINYKJIOM ciy4ae.

Teopema. Ecau Ha 8biNYyKAOM U 3AMEHYMOM MHOY¥cecmee X :

a) evinyraan Pynryua npunadsexcum raaccy CH1(X);

6) diam Xo =n < oo;

B) nocaedosamenvHocms {Xy} onpedeasemes ycaosuanu (10.3), (10.5),
(10.6), (10.15), (10.16);
mo cnpasediusa ouerka

P(xm) = ¢* < po[l + poCm] ™', m=1,2,..., (10.21)

0<C< %min{%,%}[min{o, %] }2.

NorkaszatenbcTBo. Tar Kar (p'(xg), Xk —yi) > 0 (ecan (p'(xx),
X —yk) =0, To X, = Py, U X}, AABIAAETCA TOUKOM MuHuMyMa) u (@' (xy),
xp — ¥i) < " (xe)|l[xk — yill < 22, roe vy = sup ll¢' (x)|], To us (10.18)
€
1oay4daeM, uTo \ et
o(xk) — P(Xpt1) = 27—%<901(Xk),xk —yi),

npu aw6oMm

u B cuny (10.19) npuxooum K HepaBeHCTBY

o(xk) — ©(Xps1) = Cr{@' (xk), Xk — y1)* (10.22)
(11
npu Cy = —mm{;, E}
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Eciu oy, sup (¢’ (x1),xx —x) < ag, 10 u3 (10.15) caenyer Hepa-
X
BEHCTBO *e

(@' (1), Xk — Y1) = onl@' (X1), X1 — X*) > 0(¢' (x1), X — X7).

Ecau e oy sup (¢’ (xx), X — X) > ay, TO
xeX

a o
(0" (Xk), Xk — Y&) = g = #(@I(Xk)axk -x") > %(W'(Xk),xk —x").

Iyers C> = min {0, %}, Torza (¢'(xk), Xk — yk) = Col¢' (xk), Xk —
—x*). OxoHuaTenbHo orcioga u u3 (10.22) nomxyvaem HepaBEeHCTBO
o(xr) = p(Xp1) = O (x1),xk —x*)?,  C=C1C3, (10.23)

crpaBeuInBoe 141 11060 Toukn x*€ X *, B yacTHOCTH UMl X*= p* (X)) —
MPOEKINH TOYKH X Ha MHomecTBo X*. M3 (10.23) u u3 oueHru (cm.
Teopemy 9.3.2)

m—1

o p(xp) — () 171
o) =" <[+ 3 S T

caenyer (10.21). A

10.3.7. O6cyspaenue. flcHo, uTo ¢ yMeHblleHUeM BeauuuHbl C
yXy[AllaeTcs anpropHas olleHKa CXOAUMOCTH 3TOro Mertoza. [lus Toro 4to-
ObI BBIICHUTHL BOIPOC BbIGOpA i, OLeHUM BeanuuHy C': IpuU HEKOTODPBIX
eCTeCTBEHHbIX MPEe/I0N0KeHUAX crnpaBenBo HepaBeHeTBo C' < Ca? /5%,
rae C' = const > 0. [lockombky Beanuuna ||Xy, — yx|| 38BUCHT OT BeIGOpa ¢
¥, CIIe[I0BaTeNbHO, 5 38BUCUT OT , TO COOTHOLIEHHUS, OLEHHBAIOIIIE Be-
anunny C, NOKa3bIBAIOT, YTO (v, L1eJ1eCo00pa3Ho BbIGHpPAaTh TaKUM, YTOObI
oTHOIWeHMe af /||X); — y|| He yObIBanO ¢ yBeanuenuem uucaa k.

10.4. MeToa BO3MO»HbIX HalpaBJeHUI

10.4.1. Upgea metopma. Iaa oThbICKaHUA TOUYeK JOKAJbHBIX MUHU-
MYMOB o0lleil 3agayu HeJWHEHHOro NnporpaMMHUpPOBaHUA peajbHO MpU-
MEHUMbI Te U3 pejaKkcalMOHHbIX MEeTOJ0B, B KOTOPbIX MPU BbIYKUCIEHUU
HamnpaB/ieHUuA CIycKa U3 HEKOTOPOl TOUKM X YyUMUTHIBAIOTCA JOKajlbHbIE
CBOiCTBa MUHUMUBUPYEMOIl (YHKLUUM U JOKajlbHbIe CBOMCTBA MHOMECT-
Ba X B OKPECTHOCTHM TOUKH X. I3 U3BECTHLIX METOJOB TaKUM YCJIOBUAM
YIOBJETBOpAET METOA BO3MOKHBIX HampaBieHuil. HampaBieHue crmycka
B ATOM MeTOJle HaXOAAT CledyIOIUM 00pa3oM: CTPOAT B TOUKE X KO-
HYC BO3MOMKHbIX HalpaBieHUil, KOTOpPbIil 3aJaeTcs CUCTEMOI JUHENHbIX
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HEpaBeHCTB, U BbIOUPAIOT B 3TOM KOHYCE BEKTOD KOHEUHOH [JUHBI, CO-
CTaBJAIOMIUI OCTPLIN yT0J ¢ aHTUTPaJueHTOM liejeBoil pyHRIuU. Tarum
0o0pa3oM, MeTOJ BO3MOMHBIX HallpaB/JeHUl MOKHO paccMaTpuBaTh Kak
eCTeCTBeHHOe paclipocTpaHeHle MeTola I'PaJeHTHOr 0 CIycKa Ha 3a1auu
MUHUMU3ALUUU C OTPaHUYeHUAMU. B oTauume oT OBYX MpegbIoyIIUX Me-
TOJOB, METOJ BO3MOKHBIX HampaBieHUil ob6iagaeT TeM MPeuMYIeCTBOM,
YTO [OJfl OTLICKAHUfA HAalpaBleHUfl CIyCcKa AOCTAaTOYHO PEUIUTh 3agady
JIMHEeHHOro NporpaMMHIpPOBaHusA ¢ HeOOJAbIIKMM YKCJIOM OrPaHuYeHUH aubo
IpocTelllylo 3afayy KBaJpaTU4YHOI'O NpOrpaMMUPOBaHUA.
Uraxr, paccMaTpuBaeTcd 3ajaya

»(x) = min

na muomectBe X = {x: fi(x) >0, i=1,m}.
Penakcanuonnyio nociefoBatensHocTh {x;} C X GyneM CTPOUTH 1O
(opmyie
Xk+1 — Xk — ﬂksk, k= 0, 1, (10.24)
10.4.2. 3agaua Bbi6Opa HampaBjJeHHA cliycka. PaccMoTpuM 3a-
Jady OTbICKaHUA TAKOr'o YMciIa 0 U TaKoro BeKTopa s, YTo

0 — max,
(fix),8) +0 <0, i€l
—{¢'(x),s) + 0 <0, (10.25)
(s,s) < 1.

Mocnennee HenuHeiiHoe orpaHuyeHyre n36aBiafeT 0T HEOTPAHUUYEHHOC-
T peinenus 3agaun (10.25). MHorga 3To orpaHuyeHUe 3aMeHSIOT clie-
aylomum: —1 < s; <1, j= 1,n, u Torga 3ajava (10.25) craHoBuUTCA
3afiaueil MMHeHOro porpaMMuUpoBaHuA. B manbHeix paccMOTpeHuAX
MbI orpanndumes 3agadeit (10.25), oqHaKko Bce CKa3zaHHOE BbIIIE OCTAETCA
B cuite u misA 3agadu (10.25) ¢ mMHEHHBIMY OrpaHUYEHUAMHU.

O6o3naunM uepes o (x,€), §(x,¢e) pemenue 3agaun (10.25) npu I =
=I(x,e) ={i: 0< fi(x) <&}, rle € — HEKOTOPOE MOJIOKUTENbHOE YUCIIO,
ad(x,0) us(x,0) — pemenns 3agauu (10.25) mpu I = I(x,0) = {i: f;(x) =
= 0}.

Jlas moeo wmoGst Hanpasaenue —s, ||s|| =1, 8 mouke x € X Gvl10 603-
MOIHCHBIM, docmamourno, wmobsl 0 > 0 u s ydosaemeopaiu HepaseHcmeam
(fl(x),8) + 0 <0 dan scex i € I(x,€) u xoma ObL daa 00Ho20 € > 0.

JlokazaTenbCTBO 3TOr0 YTBEp:HI€HUA aHAJOTMYHO [0Ka3aTelbCTBY
TeopeMel 3.2.6. Takum oGpasoM, MepBble orpaHuyeHus B 3amade (10.25)
rapaHTUPYIOT, YTO HaNpaBieHle —sS ABIAETCA BO3MOMKHBIM B TOUKE X, a
BTOpOe oGecneynBaeT yObiBaHUe ¢(X) BIOJb 3TOr0 HalpaBIEHUS.

10.4.3. PaccToanue ao rpaHunbl. OnpeneauM BeanuuHy ¢ — pac-
CTOfIHUE OT TOYKU X [0 Oauzkatiineil o HanpaBleHUIO —s TPaHUYHON TOU-
K1 MHoxectBa X . Ecaun —s — HampaBieHue, BO3MOKHOE B TOYKE X, TO
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cymectByeT uucio 3 > 0 Takoe, uto x — s € X maa seex (3 € [0, ].
Benuuuna ¢ = sup 3 (ecau oHa KOHeuHa) O3HayaeT AJMHY HAMOObIIEro
oTpesKa [X,X — (s, HeInKoM npuHaiexamero MuoxecTBy X . IIlpu atom
Y = x — (s ABIAeTCA IpaHUYHON Toukoil MHoxecTBa X . Ecau ( = 400,
MHOecTBYy X NpUHAMIEHUT ayd X — Bs, B > 0. llpu x = X u s = s
6ynem obosHauaThb ( = (.

10.4.4. Cxema MeToja. B KauecTBe HayaldbHOTO MPUOIUMKEHUA Xq
MoOkeT ObITb BbIOpaHa Jio6Gas TOYKa MHOMecTBa X, a €9 BbIOMPAIOT U3
nonyuntepsaia (0, 1]. Ilycts B pesyabraTe k-if HTepauuy BbIYNUCIEHDI X,
u €. OnumemM (k + 1)-10 urepauuio.

Ilar A. Peumas samauy (10.25) npu I = I(xj,€), BBIYUCIAIOT 10-
yCTUMbIE O U Sk, ||sk|| = 1, Tarkue, uto o} > &,6(Xk,er), rae 0 < € <
<& <1

lar B. Eciu o > €f, TO NepexoaAT K BbIYUCICHUIO BEIUUUHBI (.
06b1YHO (), BBIUMCIAIOT, penias 3agady 0qHOMEepPHOH MUHUMU3AUY (Y HK-
unu () = p(x — Bsg) npu 0 < B < (. Beanuuna 5, npu aTom gomHa
VIOBIETBOPATh YCAOBUAM

o(xp — Brsk) < (1= Ap)p(Xr) + Apwe,

0< A< M <1, wp= inf X — Osk). 10.26
S <L wy 0<6<<k¢(k Bsk.) ( )

Yicna (), MOKHO BBIGHpaTh Takse cledyiomuM oopasom. Iyets By —
Haubo/bllee U3 yKcel, YAOBISTBOPAIOMMX COOTHOMLEHUAM

o(xk) — p(xk — Brsik) > %/Bkaka 0 < Br < k- (10.27)
B wavectBe (3, MomHO B3ATL JM1060€ YKCIO, YyAOBIeTBopsiollee Hepa-
BerctsaM (10.27) u ycnosuio By, > a3, npu modom « € (0,1].

HaxkoHell, BEIUUCAAIOT Xg41 = Xp — [kSk, N0IaraloT €541 = € U Ie-
pexonAT K mary A.

ITar B. Eciu 0 < 0 < €, To NonaraioT Xgi1 = Xk, €k+1 = Vklk,
roe 0 < v < v < 1, u nepexonat k mary A. Ecau o = 0, To Bbiuucif-
10T 0(Xg,0), pewas 3agauy (10.25) npu I = I(x,0). Ecau 7(x,0) = 0,
TO MPOILECC OCTAHABINBAIOT. B MPOTUBHOM cliyyae MonaraioT Xgii = X,
Ek+1 = YK€k, TOe 0 < 7y < 7 < 1, 1 nepexodAT K wary A.

10.4.5. O6cympaenue. Illar A nossonser 3amauy (10.25) npu [ =
= I(X},&)) pelmaTs NpUGIIKEHHO, OrPaHUYKMBAasACh HECKOIbKUME HTepa-
IIMOHHBIMM IIaraMu B CTOPOHY BO3pacTaHusl BeduunHbl o. Yeaosus (10.27)
MO3BOJAIOT BOCIO/Ab30BAaThCA 1A BbIUUCIEHUSA (), U3BECTHBIM CIOCOGOM
YVIBOEHUS.

CxonumocTh MeTona GyleM HcClefoBaTh JUIIb AJA clydas, Korga [
ynoBiaeTBopsieT ycaoBuaMm (10.26). O3HAKOMMBIINCE C I0Ka3aTelbCTBOM
CXOIUMOCTH, YUTATelb B ClIydae HEOOXOAUMOCTU 6e3 Tpyda CMOMET HC-
clleqoBaTh CXOAMMOCTD mis caydas (10.27).
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10.4.6. IIpeanoyioxeHuA.

1) ®yuruun ¢(x) u f;(x) (i = 1,m) npunaaaemar kaaccy C11(X);

2) cymectByet Takoe uncio M > 0, uto ||f/(x)|| < M ansa Beex x €
€ Xo ={x € X: ¢(x) < ¢(x0)};

3) X*={x*€ X: 5(x*,0) =0} # 2;

4) II€1§( p(x) > —o0;

5) mocieqoBaTeNbHOCTh {Xy } orpaHuyeHa.

10.4.7. YcioBusa sxcTpeManbHOcTH. [losgcHuMm ycinoBue 3). B cuny
TeopeMbl 3.3.2 yciIoBHe, YTO B KakIoil mape o U s, yIOBlIeTBopsiolieli
cucreme

(fix),s) +0 <0, i€I(x,0), —(¢'(x),8)+0<0,

6yaet o < 0, ABIsAeTcA HEOGXOAUMBIM YCIOBHEM TOTO, YTO X €CTh TOYKa
J0KaIbHOrO MUHUMYMa (OYHKIMU (X) Ha MHOMecTBe X .

Ecau me gynsnua ¢(x) Beimyraa, ynasuuu f;(x) (i = 1,m) Boruy-
Thl, a MHOkecTBO X BroGaBok peryuspho mo Cueiitepy (cm. m. 3.4.3),
TO ¢hOpMYIUPOBAHHLIE BbIlIE YCIOBUA ABIAIOTCA JOCTATOYHLIMU IS OII-
TUMaNbHOCTH TOYKM X. JOKa3aTelbCTBO 3TOr0 yTBEPKIEHUA COCTOUT B
cnepytoiieM. IloBTopsis BhIKIAAKU [IOKasaTelbCcTBa TeopeMbl 3.4.4 (cMm.
Take M. 3.3.5), IepexoauM K COOTHOIIEHUIO

o'(x) = Z wifi(x), wu; >0, i€lI(x,0),
1€1(x,0)

KoTopoe 1o Teopeme 3.5.1 U onpegenseT ONTUMAILHOCTh TOYKU X.

O6patumes Temneps K yenoBuio X * # &. llockoabky mapa o =0,s =0
ABIAeTCA TonycTUMoi s sagauu (10.25), To B ee pemennu 7(x, 0) > 0, u,
crenoBaTelbHO, X * — 3TO MHOKECTBO TOUEK, B KOTOPBIX BBINOJIHAIOTCA
HeoOXO[IUMbIe YCJIOBUA JOKAIbHOIO MUHUMYyMa. 3aMeTUM, UTO K 3TUM
TouKkaM Ao6aBifAeTcA U PAN OPYTUX, HAOpuMep, TOYKH, B KOTOPBIX He
cyllecTBYeT BO3MO;KHBIX HallpaBJeHUIl.

10.4.8. lemma. Jas scex o u s, yooeaemeopaoujur ycao8uUIm

(fi(x),8) + 0 <0,
i€l(x,e), xe X, (s,8)<1, 02e2>0, (10.28)

CNpaseodalso HepaseHcmaeo
¢ > Che, (10.29)
ede C1 = min{l/M,1/L}.

NorazaTeabcTBo. O4eBUAHO, YTO JOCTATOYHO PACCMOTPETH CIY-
yait ( < +oo. Tak Kak Touka y = X — (s fIBAfAeTCA TPAHUYHON (COraacHo
ompeneneHuto uncia ¢), To HaiigeTesa Takoit Homep 7, 4To f;(y) = 0. Ecau B
Touke x Gyzer fi(x) > &, 1o e < fi(x) = |fi(x) — fi(y)| < Mljx — y|| = M,
OoTKya

(>e/M. (10.30)



10.4. Memod sosmomcHbix Hanpasierull 211

Mycts B Touke x 6yaer 0 < fi(x) <& 1. e. I(x,¢). 0603Ha‘{I/IM

D(0) ko) e omne s 0(5) 3 0 mom 5 € 1.8l )

Jlerro BUaOeThb, 4TO
dy (B

dﬂ:\’

a 3Hauur, (f/(x),s) > 0. U3 ycnoBus i € I(x,e) U yCIOBUfl, UTO 0 U S
ynoBaetBopsioT cucteMe (10.28), umeeM (f/(x),s) < —o; moaTomy

£ <o < —(fi(x),8) < (fi(y),s) — (fi(x),s) <
< fity) = fixollllsll < Lily — x|l = L,

OTKYyIa
¢>¢/L. (10.31)

3 (10.30) u (10.31) moayuaem ¢ > emin{l1/M,1/L}, 1. e. HepaBeHCT-
0 (10.29). A
10.4.9. lem™ma. Ecau mouka Xpy1 nocmpoena no creme memooa u
npu smom oy = € = 0, mo cnpasediuso HepaseHcmaso

o(xr) — p(Xp1) = Cocj,  Cy = AC1/2. (10.32)

NorkaszatenbctBo. U3 memmbr 9.2.3, yeaoBusa (10.26) u HepaBeH-
ctBa (@' (Xi),sk) = o (MOCienHee UMeeT MeCTO, OCKOIAbKY Of U Sj [0-
nyctuMbl A 3agadn (10.25)) momyuaem nis awo6oro S € [0, (]

e(xk) — p(Xpt1) 2 Ae(p(xk) — wi) 2 Aep(xp) — @(xk — Bsp)) >
> A (B0 () si) = LB sell?) > A (o — 328%).

IIpu 8 = min{{, 0r/L} orciona monydyaem HepaBEHCTBO

1 .
o(xp) — p(Xpt1) = )\kak min {Ck, 7 } > 5)\5—:1c min {Ck, Efk} (10.33)

1 B cuny aemwmsbr 10.4.8 npuxogum K coornouenuio (10.32) npu Cy =
=\C1/2. A

10.4.10. Temma. Jaa awboii mouku X € X Haiidymca makue uuc-
4a € =8(X) >0 u d = 0(), wmo npu scex € € [0,g] u x € Us(X) =
={xe X: ||x—X|| <0} 6ydem I(x,¢e) C I(X,0).

NorkaszatenbcTBo. O603naunm J ={i=1,2,...,m} u BoiGepem & =

= min {fi(X)}/2. 3amerum, uto € > 0, nockonbkry aad i € J \ I(X,0)
ieJ\I(X,0)

oyner f;(X) > 0.

B cuny nenpepbiBHOCTH (GyHKLMI f;(X) U KOHEYHOCTH YHCIa HOMEPOB
i, © < m HaiifeTcs Taroe 4ncio §(Z) > 0, uTo 0as Beex X € Us(X) u Beex
i € J 6yner |fi(X) — fi(x)| < & Tak wkar f;(X) > 2, i€ J\I(X,0), o
fi(x) > € nna Beex x € Us(X) n Bcex i € J \ I(X,0). Takum o6pasom, npu
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€ €[0,2] nnsa modoro i € J \ I(X,0) 6ynet i € J \ 1(x,¢), a cieoBaTensHO,
X, €

crnpaBeInBO BRIOYeHue [ ( 3 C I(x,0). A
Mycts 7 = 7(X,0), X = §(X,0) — pemenne 3anaun (10.25) npu x =X
ul=1I1(x,0).

10.4.11. Jemma. Feau I(x,¢) C I(X,0) u 7 > 0, mo cywecmsyem
makoe uucao d = 6(c) > 0, umo daa ecex x € Us(X) 6ydem o(x,e) >7/2.

NTorasateabctBo. Tak Kak ¢'(x) u f/(x) (i =1,2,...,m) Hemnpe-
PBIBHBI, TO cyllecTByeT Takoe 4ucio 6(a) > 0, yto maa Bcex x € Us(X)
byzer ¢'(% — ' (x)| < 7/2 n [I£1(x) — F(®I| < 7/2, i € I(x,0). ln
ao6oro x € Us(X) u mo6oro i € I(x,¢) C I(X,0)
0> (le(i)ag) +0 = (le(x)7§> +0+ (le(i) - fil(x)7§> 2

> (f1(x),5) +7 — 111 — LI > (f1(F),5) +7/2

¥, aHaigoruyto, 0 > —(¢'(x),8) +7/2.

Takum o6pasoM, 0 = /2 u s = § s moodoro x € Us(X) ynoBieTBo-
psoT orpannyenuam 3agaun (10.25) npu I = I(x,¢). Ho tak Kak o(x,¢)
1 s(x,€) ABIAIOTCA pelleHneM 3a1aull MaKCUMU3alUiK BEIUUUHBI 0 NPU

TeX ke OrpaHUyeHusx, 10 o(X,€) = 7/2. A
10.4.12. Teopema. Ecau svinoanenst npednoaoscenus 1)-5); mo

lim p(xg, X*) = lim lim [|xx —x*|| =0.
k—o00

k—oo x*€X*

ToxaszaTenbcTBo. OG0o3HAauUMM uepe3 K COBOKYIHOCThH BCEX WH-
IekcoB nocinefoBatensuocti {x;}: K ={k=0,1,...}. [Ipeanonoxum, 4to
€ =€ > 0 ana wexotoporo € > 0 u s Becex k € K. Torga B cOOTBETCTBUU
co cXxeMoit MeTofia HaiileTca Takoil HoMep ko € K, uto o > € > € > 0 nas
Beex k > ko. U3 (10.29) umeem ¢, > Cier, > Che, u torga B cuny (10.32)
noaydaemM p(xg) — @(Xgr1 = Coe? nas Beex k > ko. Ho mocnenosarein-
Hocth {p(xy)}, cxomAmasnca (B cuily MOHOTOHHOCTH ¥ OTPAaHUYEHHOCTH),
yeMy MPOTUBOPEUUT Tpeablayliee HepaBeHcTBO. UTak, €, — 0, k — oo.
CorsacHo cxeMe MeTofa Haiigerea Habop nHaexcos K; C K Takoii, uTo
o =0, ke Ky, k— oo.

Tenephb noKkameM, YTO Bce MpefeibHble TOYKU MOCIEI0BATEIbLHOC-
™1 {Xj} npuHagmesuT MHomecTBY X *. PaccmoTpum aBa ciyuas.

Canyuai#t 1. IlycTb X — eQuHCTBeHHas MpefeibHas Touka, T. e.
lim x; =X € X. peanonosum, uro X € X \ X*. Torna 7(X,0) =7 > 0,

k— o0
u, ciaenoBaTenbHo, nmo jgemme 10.4.10 HaitgmyTcAa Takue uuciaa € > 0 u

5(5) > 0, uro I(x,¢) C I(X,0) npu Bcex € € [0,2] u x € Us(X). Tar rar
er — 0u x5, — X, k — 0o, To HalizeTca Takoit HoMep kg, uTo X}, € Us(X) 1
er < €) mad Beex k = ko u, 3Haunr, I(xy,er) C I(X,0). Ho Torga coraac-
Ho nemMe 10.4.11 naa k > kg cTaHOBUTCA CIpaBeIIMBLIM HEPaBEHCTBO
o(xg,€r) = 0/2, npoTuBOpeyalee ToMy, 4T0 o — 0, k € Ky, k — oo.

Cnyuait 2. IlycTb cyiecTByeT mpefeibHas Touka X € X mocieo-
BaTENLHOCTH {X} }, OTAMYHAA OT X: X # X. Byzaem nmo-npesHeMy npearmno-
narathb, 4To X € X \ X*. Torga naitgercs takoe d > 0, uro X € X \ Us(X).
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B cuny Toro, uto X u X — [Be paziuuHble MpelelbHble TOUKU Hameil
HOC/IeI0BaTeIbHOCTH, 1A JI060ro HaTypaibHoro N HaiigeTcs Takoll Ho-
mep k > N u tawoe uucio m > 1, uto X3 € Us/s(X), Xpp1 € Us(X),
i=0,1,...m—1, Xppm € X \ Us(X).

Teneps BocmoibayeMcs HepaBeHcTBoM (10.33):

k+m—1 k+m—1

PO0k) —plekim) = 3 ¢06) —plxien) 2 50h 3 oimin {G;, 7},

i=k

—_

u mockombky Xx; € Us(X), i = k,k+1,.,k+m—1, 10 0; > 7/2,
i =kk+1,...,k+m—1. Kpome Toro, (; > (3; nisa Bcex HOMEPOB i;

Mo3TOMY
k+m—1

o(xk) = P(Xk4m) > ia)\ﬁ Z min {ﬁz‘, %}

i=k

3amMeTuM, 4TO
k+m—1 > k+m—1 >
s e ; min {5, 2} > min { ; B}
k+m—1
TO X = Z ;. Ecan e xoTa 6bI A1
z' k

" o
NleficTBUTENBHO, eciu Bee (; < T

ofHOro HoMmepa j 6ynet (3; > 2L’ TO ¥ > 2— MocKOABRY ||Xgtm — Xi|| =

E Bi > =, ¥ Mo3TOMY

o(xg) — e(Xp4m) = 1a)\a min {g 2JL} = const > 0.

Ilocaennee HepaBeHCTBO MPOTHUBOPEUYUT CXOAUMOCTU IOCIEI0BaTEIb-
Hoeru {p(xg)}-

Wrak, mobasg npefelbHas TOUKA [10CIEI0BAaTEIbHOCTH {Xj} NMpuHAA-
AeuT MHoecTBY X*. B cuany kommaktHocTH {Xj} oTcioma cregyer
lim p(xx, X*)=0. A
k— o0

10.4.13. Cinyyaii npucyTCTBUA JUHENHBIX orpaHudyeHuii. Ec-
AU HEKOTOpble OrpaHUYEHUA, ONpejelfAlolne MHOMKECTBO X, JTUHENUHBI,
TO LejecooOpa3Ho pa3buTh OrpaHUYeHUs Ha [Be I'PYNIbl — JHHeHble U
HeJIMHelHble:

X={x: fi(x) >0, i€, (a;,x)=>b;, i€l},

LUL ={1,2,..,m}. (10.34)
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B sTom cayuae 3amaua BhiGOpa HampaBleHMSl CIIycka MpuoGpeTaeTr
cllefyounil BUA:

max o,
(fixk),8) +0 <0, i€ Li(xg,er),
(a;,s) €0, 1€ L(xy,er), (10.35)
(¢ (x0,8)) + 0 <0,
(s;s) < 1,

rue

L(xpe) = fi € I 0 < filxe) < e,
IQ(Xk,é‘k) = {’L e€l: 0L (ai,xk) —b; < Ek}.

EcrecTBenno, 4to cxeMa MeToma B 3TOM Cjydae OCTaeTCA IMpercHell.
OcraloTca mpeHUMM U BCe pacCy:IeHUf NpU [OKa3aTelbCTBE CXOAU-
MocTu Metopa. llpu aTom TpeGoBaHUe peryJsipHOCTU B HalleM clyvae
MOHO 0CabUTh MO CPaBHEHMIO C TeM, KOTOpoe ObLIO BBeJEHO paHblIe.
A umeHnHo, MHO#ecTBO X, onpefenenHoe cooTHomeHuaMu (10.34), 6ymnem
Ha3bIBaTh pezyaapHblM, eClIU 0JA BeeX ¢ € I HaiimeTca Takoil x € X, 4To
fi(x) >0 (¢ € I). Takum o6pasom, CBOHCTBO PEryaaipHOCTH OTHOCUTCA
JUIIb K HeMUHENHLIM OrPaHUYeHUAM.

10.4.14. O pemenuu 3agaud BbiGOpa HampaBieHHuA. B ciyuae
Korjaa nocientee orpanuvenve 3agaun (10.35) umeer Bug —1 < 5; < 1,
j = 1,n, 3agaya Bbi6opa HampaBleHUS ABIAeTCA 3ajauell JMHeHOro
IporpaMMUpOBaHUA, U, CleOBaTeNbHO, 1A ee PelleHU PUMEHUMBI KO-
HeuHble anroputMmsel. Ecau ske (s,s) < 1, To 3agaua (10.25) umeer Henu-
HeliHoe orpaHudenue. [lokasemM, UTo 3Ta 3a7ada B ONpeJeleHHOM CMBbICe
SKBUBa/JeHTHa 3a/laue KBagpaTUUYHOTO MPOrpaMMUPOBaHUA CIEIUalbHOIO
BUJIA.

anumem 3anauy (10.25) ciaepyiomum o6pasom:

max o,
Qs+ oI <0, (10.36)
(s,s) < 1.
3nech () — MaTpula, cTpokaMu KoTopoii AsasioTesa Bektopsl [f1(x)]? npu

i€ I(x,e) u [—¢'(x)]T. Bo nsbemanne rpomosrocTu unaexe k — Homep
utepauun — 3aech onymen. Yepes I o6osnauen extop I7 = (1,1,...,1).
3aMeTuM, 4To NOCKOIAbRY 0 = 0, s = ( ABIAIOTCA OOMYCTUMON Mapoii,
a gomycTuMoe MHokecTBO 3amauu (10.36) orpaHuueHO W 3aMKEHYTO, TO
3Ta 3ajJaya Bcerja paspeunma.
PaccmoTpum 3agauy
min(s, s),

Qs +1<0. (10.37)
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OueBngHo, 4To eciau MHoxecTBO {s: Qs + I < 0} memycTo, TO peleHue
3To#t 3amauu cymecTByeT. O603HAUNM €ro Yepes s;. 3aMeTHM, uTo s1 # 0,
Tak Kak s = () He fABJAAETCA OOMYCTUMOI TOUKOI 3amadvi.

10.4.15. Teopewma. 1) llapa o* = 1/||s1||, s* = s1/||s1|| A6anemca
pewenuen 3adayu (10.36).

2) Ecau muowecmso {s: Qs+ 1 < 0} nycmo, mo onmumaivroe 3Ha-
yenue o 6 3adaue (10.36) pasHo Hy.o.

lloxazaTeabcTBO. Tak Kar

Qs+ 0T = (@si +D/llsill <0 (5757 =1,

To mapa ¢, s* momyctuma mas sagadu (10.36). IIpeamomoskum, uTo

HaligeTcsl mapa o, S, YAOBIeTBopsomas orpanunuenusmM 3agauu (10.36),
Takafg, 4to o > o* > 0. Torga Touka §/E OyaeT AOMyCTUMOM Ajs
3agaun (10.37):

Q=s+1 (Qs +ol) <0,

QIIH

2
nosTomy (s1,81) < < s O’S> §,5) < (01—*> (8,5 = (s1,81)(8,8), or-
Ky[a Moay4yaeM HepaBeHCTBO (S s) > 1, mpoTuBopeyailee JOMYCTUMOCTH
touku § aias (10.36). Bropas yacTh TeopeMbl ABASETCA OYEBUAHBIM Cle[-
CcTBUEM ee IepBoi yacTu. A

10.4.16. [las pewenus 3agaun (10.37) ymno6HO BOCIOIb30BaThCA Clle-
OVIOMUMM coobpaskeHuAMU. OyHRINUA

L(s,u) = ||s||* + (w,Qs + 1), s€E,, u>0,

aasierca Gpyuruueit Jlarpansa s 3agaun (10.37). Ee cennoBas Touka
s*, u* onpepneaseTcAa COOTHOLIEHUEM

L(s*,u") = minmin L(s, u).
s u>0

MockombKy no s GpyHkuusa L(s, u) cTporo BeIMyKIa ¥ KBaApaTHUHE, TO
—_OT
ee MUHUMYM I10 s focTuraercs B Touke s(u) = —Q* u/2. Torga L(s(u), u)
npumer Bup L(s(u),u) = —||QTu||?/4 + (I,u). Takum obpasom, mis
OTBICKAHUA $* HANO pelnTh 3a1avy

I}llg())(L(x(u), u).

JTo — 3aavya MUHUMU3ALUUN KBaApaTUYHOH (GYyHKIUU Ha MHOKECTBE
npoctoif cTpyRTyphl, u > 0. Xopomue pe3yabTaThl NPU PeIIeHUU BTOMH
3ajavyd JaeT MeTo] MPOeKTUPOBAHUA CONPAMEHHBIX I'PaJleHTOB. JTOT
MeToJ OTIuvYaeTcA OT U3JIOKEHHOI'0 paHee MeToja IPOeKIUU paJrueHTa
TeM, YTO Ha MHOKECTBO U > 0 MPOEKTUPYIOT He IpagueHThl MUHUMU3U-
pyemoii QyHKINY, a CONPAMEHHbIEe T'PaJUEHTHI.
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10.5. Cnoco6b1 0TbICKAHUA JOMYCTUMON TOUKH

10.5.1. Bo Bcex paccMOTpeHHBIX pelaKkCalMOHHLIX METOJaX pelleHUsA
3ajJay MaTeMaTHUeCcKOro porpaMMUpoBaHus NpejnoJaraiach U3BeCTHOM
HavajlbHafA Touka xXg € X. Huske uanaraiorcsa Tpu crnocoba OThICKaHUA
TOYKU X, IpUHaAIeskalleil MHOKeCTBY

X = {X: fz(x) 2 07 i € Ila (ai7x> 2 bia (XS IQ}

llns OThICKAHUA TOYKM T, YIOBIETBOPSAIOIIEN TUHEHHBIM OrpaHUYeH!-
M (a;,X) > b;, i € I, npuMenuM 1060l U3 METOIOB, PACCMOTPEHHBIX B
JAMHENHHOM NPOrpaMMHUpPOBaHUU (CM. METOIbI OTHICKAHUSA UCXOMHON YTiIo-
BOil TOUKM). 3aMETUM, UTO 3TH METOIbl KOHEUHBI.

Hrak, 6yaeM mpearnojaraTth, 4To HaM U3BeCTHaA To4yka Xg € F, Takaf,
uyto (a;,Xg) > b;, i € I,. 0603HaUNM

) — —fix), i€,
hl(x) B { bz - (ai,x), 1€ IQ.
10.5.2. Cnoco6 1. Ilycts

_J 0, ecim hi(xo) <0, i€l
Pi=13 1, ecim hi(xg) >0, i€ L.

[lasi oTbICKAHUA JOMYCTUMON TOUKM MHOsecTBa X OyAeM pemiaTh clie-
AYIONYIO 3a1a4y:
¢ — inf,

Fix) +pi€ >0, i€l (10.38)
(ai,x) >b;, 1€l

HcxomHoit momycTuMol mapoit Xg, & A 3Toil 3amauu OymeT Xg U

& = max h;(xo). O6osHaunM uepes x*, £* peuenre 3agaun (10.38).
i€l1,p;=1

3ameTuM, UTO Tak Kak £* = inf &, To Takoe o6o3HauYeHUe MpeaycMaTpU-

BaeT, BooOlile TOBOPA, U ciIyuail, Korjga £* = —oo.

10.5.3. Teopema. Ecau daa s3adawu (10.38) natidemca makas do-
nycmuman napa x, & wmo £ < 0, mo mouka x 6ydem npuHadiexcams
muoscecmey X . Ecau ace 6 pewenuu x*, £ sadawu (10.38) 6ydem &* > 0,
mo muosxcecmeo X nycmo.

B camom pene, eciu X # &, To cyllecTByeT Takad To4YKa X, UYTO
h;(x) <0 gaa Bcex i € Iy U I». Toraa, B3sAB { = max h;(x) < 0, momyuaem,

i€l

YTOo napa X, £ JonycTHMa U NpU 3TOM CIIpaBedJUuBO HepaBeHCTBO & < &F,
IpOTHUBOpeYalee MpPeanoo#eHnio 0 MUHUMAIbHOCTH BeauduHbl £*. A
Pemats 3agauy (10.38) Moo, mpuMeHss [11060it cXoOALMica pe-
JaKkcalllOHHbII mpolecc.
10.5.4. Teopewma. FEcau muomecmeo X Henycmo u obaadaem
€B0LicmBOM pe2YAAPHOCMU OMHOCUMEAbHO HeAUHeUHbX 02PAHUYEeHUll, mo
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410001 €Aa00 CTOOAUULICA PeaaKkCayUoHHbLL npoyecc npusodum K donycmu-
moti nape x, £ < 0 3adaqu (10.38) 3a koneunoe wucao umepayuil.
HorazateancTBo. Ecau & < 0, To xg € X. [Ipeanonoxkum, uto
&o > 0. Tar rar MHoecTBO X peryJfpHo, TO HaiifeTcA Touka X € X Ta-
Kas, 9To h;(X) < 0 mas Beex ¢ € I u (a;,X) > b; mnsa Bcex i € I>. Benener-

BuUe sTOro napa X, £ = max h;(X) 6yaeT yloBIeTBOPATEH O paHUYEeHUAM
i€l,pi=1

sanaun (10.38), u, sHaunT, lim &, = ¢* < € < 0. Ho ucxoanoe snauenue
m—r0o0

&o mogouTenbHO (& > 0), MO3TOMY U3 CBONCTB CXOflIecs MocaeaoBa-
tenbHoCTH {&,,} BbITEKaeT CylieCTBOBaHHe TAKOrO HOMepa Mg, HaYKUHaA
¢ Kotoporo Bce &, <0, m=mg,mg+ 1, ...
TaruMm o6pasoM, 1106011 ciabo cxoaAmuiica pelakcalllOHHBII npolecc
3a KOHEYHOe YHCJIO Mg UTepaluil NIPUBOAUT K NMAPe Xy, Emy < 0. A
10.5.5. Cnoco6 2. IlycTb X9 — ¢uKcUpoBaHHasg Touyka us F,.
O6o3HaunM

_J 0, ecmm hi(x0) <0, i€l UL,
pi = 1, ecau hi(xg) >0, i€ UlL.

Ii1s oThICKaHUA JOMyCTUMON TOYKM MHO;iecTBa X OydeM pelaTh cie-
OVIOMYIO 3ajavy:
& — min,
fix)+pi 20, i€, (10.39)
(ai,x) +pil 2 bi, i€
HcxogHoit gomycTuMoit mapoil X, & A 3TOil 3amauyu OyaeT Xo U
o = Jnax hi(xo)-

flcHo, uTo ecau HalimeTcA Taras gomycTuMad napa X, &, uro £ = 0, To
TouKa X GyIeT npuHaie;aTh MHosecTBY X . Ecau ke B pemenun x*, &*
sagaun (10.39) 6yner £* > 0, To mHOMecTBO X mycCTO.

B otannune ot npeabigyiiero cnoco6a, 34ech OThICKaHUE AOMYCTHUMOI!
TOUKH MHO;ecTBa X MPOMCXOAUT B OAMH 3Tan (He HAMO OTHETbHO pe-
maTh 3a7avy OTbICKAHUA TOYKH, YAOBJIEeTBOpAIONIEll IUHENHBIM OrpaHu-
YeHMAM), rapaHTHPOBaTh ke KOHEUHOCTh pelaKCaliOHHOro mpolecca B
criocobe 2 MOsKHO JUIIb B caydae £* < 0, Hanpumep, ecly MHOMKeCTBO X
peryJaapHO OTHOCUTEIbHO JUHENHBIX U HeMUHEHHBIX OrpaHUYeHU.

10.5.6. Cnoco6 3. PaccMoTpuM OCHOBHYIO 3a/1auy BBIIYKJOrO NPOT-
paMMUpOBaHUA

p(x) = min
IpU YCIOBUAX
X={xeTl: fi(x) >0, i=1,m}, '={x:x>0}.

Tperuii cnocob npencrabasaet codoii o6obmeHne M-MeToga pelieHus
3aayil JUHEHHOT0 MPOrpaMMUPOBaHUsA Ha HEIUHEHHbIH (BBIMYKIbIN)
ciyyan.
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Onpepenum ais GUKCUPOBaHHON TOYKM Xq

pi = { 0, ecau fi(xog

0 BernuuHy
0,
0

)

AV WV

1, ecau fi(xo
1 paccMOTPUM 3agady
»(x) + M ¢ — min,
fi®) +piE >0, i=Tm, (10.40)
x>0, £>0.

3mecb M — HeKOTOpoe YHCiI0, 0 BbIGOpE KOTOPOro pedb MoiioeT HUe.
Mapa %o, & = .maxl(—fi(xo)) GynmeT momycTumoii ans 3agauu (10.40).
L,pi=

MbI mokazkeM, 4YTO IMpU ONMpedelNeHHbIX YCIOBUAX pelleHue x*, £* stoi
3aJayd TaKoOBO, YTO TOUKA X" ABJAETCA ONTUMAalbHON TOYKON OCHOBHOM
3agayvu.

IIycTh BBIMOMHAIOTCA BCE YCIOBUA, MPU KOTOPBIX CIpaBeiiNBa Teope-
Ma 3.6.7, a ©UMeHHO MHOecTBO X OCHOBHOI 33/1aui BBIMYKJOr0 MPOrpam-
MUpPOBaHUs 06iaangaeT CBONCTBOM peryispHoctu 3.4.2; a pyHruuu p(X) u
fi(x) (i =1, m) nenpepoiBHO N Pepenuupyembl Ha MHOxecTBe [. B aTux
NPEATNoJIOEHUAX ClIpaBe/liinBa cilelylolas TeopeMa.

10.5.7. Teopema. FEcau paspewuma 0CHOBHAA 3a0aia 6bINYKL020
npozpammuposarus, mo Haiidemca makoe 4ducao My, umo daa ecer
M > My 8 awGom pewenuu x*, £* 3adauu (10.40) moura x* 6ydem on-
MUMaAbHOU 04 0OCHOBHOLL 3adaiu.

HorazateancTBo. llo yciaoBuio cymecTByeT Touka

*

x* = argmin {p(x): x € X}.

Oymsmna L(x,y) = ¢(x) = (v, £x)), re £7(x) = (f1 (), o, fin (%)),
ABafgeTcA ¢pyHruueit Jlarpansa 0CHOBHOIM 3a1aul BBIIYKJIOTO TPOrpaMMU-
poBaHusf. B cuny teopemn! 3.6.7 napa x*, y* ABiAAeTCA CeANOBOI TOUKOIL
¢yurunn L(x,y) Ha MHOsecTBe X > 0,y > 0 u L(x*,y*) = ¢*, Tak Kar
(em. (3.34) B n. 3.6.7) (y*,f(x*)) = 0. O60znaunm p’ = (py,...,pm) u
BoInmumeM ¢yHruuio Jarpansa s sagaun (10.40):

Li(x,€,y) = o(x) + M& — (y, f(x) + pf),

inf  Li(x,§,y) = inf (p(x)—(y,f(x)) +&(M —(y,p))) =

x>0,£0 x20,£20
B { inf (p(x) = {y,£(x))) mpu M —(y,p) >0,

—0O B IIPOTUBHOM cCJy4ae.

m
CaenoBaTenbHo, ecan M < E y; = My, ToO
i=1

inf L *) = inf L(x,y*) = L(x*,y*) = ¢".
o 1(%,6,57) inf (x,¥y") =Lx"y")=¢
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C mpyroil cTOpoHbI,

inf suplL > inf L >
x}lol}ﬁko yglg l(xvgay) = yglg XZIOI}£>O 1(X7§7 y) =

> kL 6 xT) = ¢
O6oznaunMm Z = {x,&: f(x)+p¢ >0, x >0, £ > 0}. Hockoabry
Ly (x,¢,y) aBasercs ¢yuruueit Jlarpanska nas sagauu (10.40), o
inf supLy(x,£,y) = inf X)+ ME) < oF,
ol sup 1(x,6,Y) oonf (e )+ ME) <o
IpuyeM NMpaBoe HepaBEHCTBO BLIMOIHACTCA B CHIY TOTO, UTO IJA BCAKOTO
x € X 6ymer (x,0) € Z. Takum oGpasom,

inf  supLi(x,{,y) =su inf Li(x,§y) =
ol sup 1(x,€,y) sup 1(x,€,y)

= Ll(X*voay*) = L(X*ay*) = (,0*,
OTKyZa ¥ cjlelyeT CIpaBelJuBOCTb TeopeMbl. A

10.5.8. CnenctBue. Fcau Haiidemca makoe Goavwoe M, umo 8
pewenuu x*, & M-3adawu (10.40) 6ydem £* > 0, mo ocnosnas 3adaua
BbINYKAO20 NPOZPAMMUPOBAHUA HEPAPEULLUMA.

HeiicTBUTENLHO, €CIM OCHOBHAfA 3agava paspemnma, To miaa M > M
B mo6oM peutenun M-3anauu 6ynet £* = 0. [IpoTuBopeune u qokaspiBaeT
yTBep:;kaeHue ciedcTBusm. A

10.5.9. O6cysaeHue.

1. EcTrecTBeHHO, uTO BeqnunHa My npakTUYeCKd HaM HeusBecTHa. B
cully 3Toro B KadecTBe M BbIOMpPAIOT HEKOTOpPOE AOCTATOUYHO GOJbIIOE
ypeao. IIpu aToM ciegyeT uMeTh B BUAY, YTO BbIOOP CAUIIKOM GOJILIIOTO
M MoskeT MPUBECTH K NMOTepe TOUHOCTHU BBIYUCIEHUH.

2. Eciu B MHOsecTBe X Bblie/eHbI JIMHEHbIE OrpaHuYeHus, T. €.

X={x: filx)>0;iel, (a;,x) =2 b;, i € [, x >0},

To TeopeMa 10.5.7 coxpaHfleT CUJIY U MPU YCIOBUU PeryafgpHOCTU MHO-
#ecTBa X OTHOCUTEIBHO MUIIbL HEJUHEHHbIX OrpaHUYeHUil.

3. Haroner, ykaskeM Ha OJHY BO3MOMHOCThH MpuMeHeHud M-MeTona.
[Ipenmonoxum, 4To B pe3yibTaTe HEKOTOPOro Ipollecca MUHUMU3ALUU
noiyueHa Touka Xo, 0Ju3Kad K X, HO He NpUHadJekamiasg MHOMECT-
By X. B aToM ciyuae npumeHeHue crnoco6a 3 MOKeT oKkasaThbCfl BecbMa
NepCIeKTUBHBIM Il YTOYHEHUA NPUOIUAKREHHOro penieHus Xg.

10.6. MeToasbl cayuaiiHOro cinycKa

10.6.1. 3TU MeTOAbI XapaKTepPU3YIOTCA TEM, YTO B KauecTBe HalpaB-
denus sy B popmyie Xp41 = X — Oksk (kK = 0,1,...) BeIOUpaeTcs Heko-
Topaf peanu3aluf n-MepHOIl ciyuaiiHoil BeJWUUHBI S C U3BECTHLIM 3a-
KOHOM pacrnpefeneHua. TpyaHO cKazaTh UYTO-HUOYIb OIpefejeHHOe 00
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3 (HEeKTUBHOCTH METOJOB CIyUyallHOro CIycKa, ofiHaKko 6aarogaps UCIob-
30BaHUIO OBICTPOAEHCTBYIOMKNX KOMITLIOTEPOB 3TU METO/IbI OKa3bIBAIOTCA
NPaKTUYECKU MONE3HBIMMU.

10.6.2. O603HayeHUA U oIpeeseHHUA.

P{A|&k—1,...,60} — ycloBHasg BEpOATHOCTb OCYIIECTBIEHUS COObI-
TS A OTHOCUTENBHO CIYYaMHbIX BeMUYuH &1, ..., &o-

MA{&g|Ek—1,-.-s €0} — yClIOBHOE MaTeMaTHUYECKOEe OUAaHUE CIIydaii-
HOM BelUUnHbI & OTHOCUTEIHHO CIAYYaMHBIX BeIuduH &1, ..., &o-

3amuch & 2 &, k — 0o o3Havaer, 4To MOCIe0BaTENbHOCTD CIyYaliHbIX

BenuuuH {{} cXoouTCs MO BEPOATHOCTH K CiydailHON BenuduHe &, T. e.
nas mo6oro € > 0 P{|&, —¢&| > ¢} — 0, k — oo.
3anuch & — £, k — 0o o3HavyaeT, 4TO MOCAEIOBATEILHOCThL Ciaydaii-
II.H

HBIX BEJIMYMH {X} } CXOOUTCA MOYTH HaBepHOe (C BEPOATHOCTHIO 1) K cay-
yaiiHoil Beauuune &, T. e. Qi ao6oro € > 0 P{sup |, —&| > ¢} — 0,
k — oo. mzk

10.6.3. IIpoueaypa ciayuaiiHOro rnoucka IpH pelleHUU 3ajgayu
6e3yc/IOBHOIIT MHUHHMH3aNUU. B KauecTBe s; BbIOUpAIOT Cily4dailiHbIil
BEKTOpP €JUHUYHON AJUHBI U 3aTeM IIPOBEPAIOT, Aejiasa Malblii mar mno Ha-
NPaBIEHUIO —Sy, OyaeT au GYHKIUA p(X) yObIBATH B OKPECTHOCTU TOU-
KU X BOOAb 3Toro HampaBiaeHud. Ilo cyTtu gema Takum oGpa3oM IpoBe-

pAaoT 3Hak BeauuuHol o« = (@' (xk),sk)/||¢'(xk)|| (mamomuum, uTo
lIskl| = 1).
Ecau oy, > 0, TO 0CYLIECTBIAIOT CIyCK M0 GopMyiie
Xk+1 = Xk — ﬂksk, (1041)

B KOTOpOil () BBIOMPAIOT TaKUM 00pa3oM, YTOObI BBIIOMHSIOCH YCIOBUE
e(xk = Brsk) < (1= Ar)e(xp) + Apws,
0<ALS ALY, wp= [iBI;ngo(xk — Bsg). (10.42)

Ecnu o < 0, To monaraloT Xpyi = Xj, —Sk41 = Sk U OCYLIECTBIAIOT
cnyck. IIpu ap = 0 nonaraiot X1 = X 4 BBIUUCIAIOT HOBOE CIy4YaitHoe
HampasJ/eHue.

10.6.4. IIpeamonoskeHuda. OTHOCUTENBHO Cay4allHbIX BEKTOPOB
S0, S1, ... IpelojaraeM, YTO OHU He3aBUCUMBbI U TAKOBbI, YTO BLINOJIHAET-
cA ycJaoBue

P{aj > ®xp, .., X0} =2p>0, k=0,1,.., (10.43)

nas Hekoroporo a € (0,1).
3ameTyM, 4TO ciydaifHble BeIUYUHBI v, BOOOIIE [OBOPS, 3aBUCUMBbI.
IpuMepbl pealusanuyd ClydaiHbIX BEKTOPOB Sg, YIOBIETBOPAIOIUX
yeaoBuio (10.43), pacemorpens! B . 10.6.10.
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OTHocHTeNbHO MUHMMHU3NPYeMoil GyHKIMHU ((X) MpenmnoaaraeM, 4To
MHOKECTBO ee CTallHOHapHbIX Touek HemycTo: X * = {x*: ¢/ (x*) =0} # @.
10.6.5. Teopema. Ecau:

a) p(x) € CVL(E,);

6) inf p(x) > —o0;

B) Oaa scakoeo € > 0 Haildemea makoe § = §(e) > 0, umo ||’ (x)|| > 6
oas scex x maxkux, ymo p(x, X*) > €;
mo p(Xp, X*) ;)0, k — 0.

HorazaTenabcTBO. B cuny nemmsel 9.4.8 cripaBelinBo HepaBEeHCT-
Bo ¢(xk) — p(Xt1) = hazll¢' (xi)||* (k= 0,1,...) npu h = \/(2L). To-
CKOMIbKY TNpU (DUKCUPOBAHHBIX Xj,...,Xo Beauunna ||¢'(x)||? aBasercs
KOHCTAHTON, KOTOPYIO MOSHO BBIHECTH 3a 3HAK YCJIOBHOIO MaTeMaTH-
YeCKOro oMaaHuA, To ¢ yuetoM yciaous (10.43) us npeasiayuiero Hepa-
BEHCTBa MoIyyYaeM

M (@(xk) — @(Xp41) Xk -y X0) = hlle’ (xi) [P M (0 X, ..., X0) >
> hll¢' (xp)l*pa’®, k=0,1,...

U3 kypca Teopun BepoaTHocTeit *) caemyer, uto ME = M (M (€/n)),
roe M(&/n) fAiBasieTcA YCIOBHBIM MaTeMaTUUYECKUM OKMIaHUEM CIIyJaii-
HOJl BEJIUYMHBI { OTHOCUTENBHO CIy4YaiiHOil BeINYNHBI 7). YUUTBIBAsA I0-
cileqHee HepaBeHCTBO, moaydaeMm mif j = 1,k

M(p(x;) — e(xj41)[x0) = M(M(p(x;) = p(x;41)[x1,%0)[x0) =
= MMM (p(x5) — e(Xjt1)|Xj, -3 X0)|Xj—1, -os X0)---) | X0) =
> hpa® M (... M (M (||’ ()25 =15 -, X0) [Xj—2, ey X0) o X0) =
= hpa® M (|l" (x;)|1? |x0).-

IMosTomy

M (p(x0) — SO(Xk+1)|X0)

= M(ng x;) — (X1 |XO> = zk:M — @(xj41)[%0) =

k
= M (p(x0) — @(x1)|x0) +ZM — ¢(xXj41)[%0) 2>

k:

E

> hpa?||¢' (xo)|I” + hpa® Yy~ M(ll¢' ()% [%0),  k =1,2, ...

=1

U Tak Kak Xg — (QUKCUPOBaHHafA TOYKa, TO BCce YCIOBHbIe MaTeMaTHyec-
Kue okujaHufA, QUTypUpyIOLlie 3[ech, COBHafaloT ¢ 0e3YCIOBHBIMU W,

*) Cm.: Boposkos A.A. Kypc Teopuu BeposTHocTeil. — M.: Hayra, 1976. — C. 89.



222 I'a. 10. PeaakcauuonHnvie memodsv. peuleHuss C 02PAHUYEHUAMU

crefnoBaTelbHo, 0a M@(Xy41) clpaBeqnnBa olleHKa

k

Mo(xk11) < @(x0) — hpa® > M@’ ()|, k=0,1,...
=0

B cuay ycnoBus 6) mocnenoBatenbHocTh {M (X))} orpaHudeHa cHusy,
U TIOCKOMBKY TpelbIAylias OlleHKa ClpaBelInBa A Bcex HOMepoB k, TO
M||¢'(xx)||> = 0 npu k — 0o, a 3HAUMT, BCJAeACTBHE YCIOBUA B) /A
BcAkoro € > 0 6ymer klim P{p(xi,X*) 2e}=0. A

— 00

10.6.6. CnencrBue. FEcau @ynruyus p(x) ydosaemsopsem ycao-
suam npedvidyuetl meopemvl U, KPome mozo, ABAACMCA BblNYKAOL, Mo

p(xk, X*) =0, k— oc.

NleiicTBUTENbHO, KaK ObLIO H0KA3aHO, MOCAEOBAaTEIbHOCTD {p(X), X *)}
CXOOUTCA 10 BEPOATHOCTM K HY/IIO, a CJleJoBaTelbHO, U MOCIeNoBa-
TenbHOCTL {ug}, roe pr = @(xi) — @(x*). Iockombky cymecTByeT
HEKOTOpas MOANOCIeI0BaTeIbHOCTb {/ik; }, CXOAAWAACA K HYJIO MOYTH
HaBepHOe, TO B CUIy MOHOTOHHOIO HEBO3pACTaHUf MOC/IeJoBaTelbHOC-
T {u, } 6yoeT crnpaBeInBO COOTHOLIEHUE [if, =0, k — oo u, ciegoBarensb-

HO, B CUJIy YCJOBHUA B) U TeopeMbl 9.2.5 nonyqaeM p(xp, X*) = 0, k — oo,
II.H

rae X* — MHOECTBO MUHUMYMOB (yHRINU p(x). A

10.6.7. Iasa Toro 4ToO6bI OLEHUTbL CKOPOCTb CXOAUMOCTHU HAIIero mpo-
1ecca MUHUMU3AUU, TOHAZOOUTCA Cleayiolias

Jemma. Jaa nocaedosameavHocmi CAYHALUHBLE BEAUYUH {ai} 6bl-
NOAHAEMCA COOMHOUWeHUe

k—1
P{Za? > %azpk} >1- %sz’ k=1,2,..
§=0

HoraszaTeabcTBO. PaccMoTpum BcmomoraTelbHYIO IOCIeoBa-
TeJbHOCTL HEe3aBHCHUMbIX CIy4ailHbIX BeauduH {{} Takux, 4ro P{{, =
=a?}=pu P{£ =0} =1— p. 3nech @ U p — KOHCTAHTDI, HUTYPHUPYIO-
mve B coorHomenuu (10.43). llorasem, 4yTo mis Beex HoMepoB k = 1,2, ...
u aas ao6oro C € (—oo, +00) Gyner

{kia }ZP{&_EEJ‘Z%}. (10.44)

IIyets k = 1. 3 (10.43) noayuyaem

0 mpu C >a?,
Plag>C}y>< p mpu 0<C<a?,
1 mpu C <0,
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cnegoBartenbto, P{a3 > C} > P{& > C}.
CnenaeM MHAYKTUBHOE Tpeanofoskenue, uto (10.44) cnpaBenanBo aisa

Bcex k < m.
k—1

Iycrs £ = m + 1. O6o3HauuM Sy = Za?. Ilo dopmyne moaHoiT Be-

=0
POATHOCTU NMeeM

P{Sp1 > C(m+1)} = P{al, + Sy > C(m+1)} =
= P{Smt1 2 C(m +1)[Sp, > C(m + 1)} P{Sp, > C(m + 1)} +
+P{Spmt1 = Cm+1)|C(m+1)—a® < Sy, < Clm+1)} x
xP{Cm+1)—a®> < Sn <Cm+1)}+
+P{Spmi1 > C(m +1)|S,, < C(m + 1) — a*}x
x P{S,, < C(m+1) —a?}.
Tar Kak ciyyaiiHble BEINYNHbI f HEOTPULATENbHbI, TO
P{Spm+1 =2C(m+1)|Spm =2 C(m+1)} =1.
Kpowme toro, ycaosue (10.43) o3navaer, uto
P{Spm+1 = C(m+1)|C(m + 1) —a? < Sy <Cm+1)} >
>Plal, > a?|Cm+1)—a®> < S <Cm+1)} >p
[MoaTomy
P{Spm+1 =2 C(m+1)}P{Sp, =2C(m+1)} =
=pP{C(m+1)—a®>< S, <C(m+1)}.
ITocronbry U3 HoOpMyIIbI ClOKeHNA BepOATHOCTell cilenyeT
P{Cm+1)—a’< S <C(m+1)} =
= P{Syn > C(m+1) —a’} = P{S,, > C(m + 1)},
TO
P{Sm1 2 C(m+1)} >
> (1=p)P{Sm > C(m+ 1)} +pP{Sp > C(m + 1) —a’} =
= (1 —p)P{Sm = Cim} + pP{Sp, > Cam}, (10.45)

rge C) = C’m—+1 Cy =+ C-a

k—1
N1 He3aBUCHMBIX ClIydyalHBIX BedW4WH & o603HauuM Rj = E -
Jj=0
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Torpna
P{Rpt1 > C(m+1)} =
=P{{, =0, Ry >C(m+1)}+ P(&y) =a?, Ry >C(m+1)—a’} =
=(1-pP{R, >C(m+1)}+pP{R,, >C(m+1) —a*} =

= (1-p)P{R; > Cim} + pP{R,, > Com}. (10.46)
[lo unpgysTUBHOMY mpefnoioskenuto ycioBue (10.44) Beimomusercs s
k =m u mo6oro C € (—o0,+00) u, B yactHoctu, gisg C = Cy u C = Cs.
[oatomy u3 (10.45) nomyuaem

P{Sm+1 2 C(m+1)} > (1 = p)P{R;, > Cim} + pP{Ry > Com}.

Otciona u us (10.46) crenyer cnpaBeaauBocTh (10.44).
Hna Ry o4yeBUIHO paBEHCTBO

k—1
P{Rk < %ank} = P{ Z(fj —a?p) < —%ofpk}.
j=0
Ilo HepaBeHcTBY KomMoropoBa mocieHsis BEPOATHOCTL HE MPEBOCXOAUT
Benuuunel 4/ (a'p?k). Ocraerca B ycaosun (10.44) nonoxuts C = o’p/2,
4TOOBI MOMYYUTh YTBep:kIeHue JeMMbI. A
10.6.8. OueHKa CKOpPOCTH CXOOUMOCTH.
Teopema. Ecau daa swinyraoti PyHruyuu o(X) 6bINOAHAMC YC-
A0BUSA:
a) p(x) € CVL(E,);
6) X* # o;
B) das cakoeo € > 0 natidemca makoe § = () > 0, umo ||¢'(x)|| =
das scex x maruz, wmo p(x, X*) > ¢;

mo
o C Co
P{cp(xk) —p(x*) < 71} >1-=2 k=12, (10.47)

2de Cy >0 u Cy > 0 — Heromopbvle NOAOHCUIMEAbHLE KOHCITIAHITIbL.
HorgaszarteabcTBO. U3 TeOpeMbI 9.3.4 caenyeT olleHKa

o)~ T,
p(xr) —p(x*) <7 Z TEEnE . k=1,2, ..,

a Ha OCHOBaHUM JIEMMbI 9.4.8 nMeeM
o(xj) = p(x11) = haille' (x)I?,  h=\/(2L).

Moatomy @(xi) — p(x*) < . Jlemma 10.6.7

==,
N
L
Q
NN
N—
L
o>
[l

NpuBOOAUT K COOTHOIIEHUIO

5 s k—1 -1 5
* n 9 2n° 4
P 09 — — E . < >1] - ——— .
{ (k) (x7) < h < % > = ha2pk} >1 atp?k’ (10.48)
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a 3TO B CBOIO ouepe/lb 0Kas3blBaeT CIpPaBeAIUBOCTb TeopeMsl npu C; =
= 2n%/(ha®p) u Cy = 4/(a*p?). A

10.6.9. CnenctBue. FEcau gynryusa o(X) cuavho suinykaasn, npu-
nadaewcawan waaccy CH(E,), mo

Pk =% < Zpoexp{-Cak}} > 1= 2, Ca>0,  (10.49)
20e p — KOHCMAHMA CUALHOLL BbINYKAOCTU.
HeiicTBUTENBHO, MOJAb3YSICh TeopeMoii 9.3.5 U mpenbiaylieil olleHKoi

pasHocTH ¢(X;) — ¢(Xj4+1), IPUXOAUM K HepaBeHCTBY
) k—1
% — x*[|> < H0 exp { - phza?}, k=1,2,..
=0

BocrnoabsoBaBmucs aemmoit  10.6.7, mpuxogum K (10.48) mpwu
C3 = phap/2. A

10.6.10. IIpumepbl peanu3aluy cJaydaliHbIX BEKTOPOB Sg
(k=0,1,...).

1. Cnyuvafiublii U MoKoopAMHAaTHBIN cnyck. Ilycts s; =
= ej(y), I1e ejy) — j-il KoopaunatHelii BekTop. Homep j = j(k) BbI-
GupaeTcsa ciaydaiiHeiM o6pasom u3 n uuncen {1,2,...,n} TakuMm oGpasom,
uro P{j(k) =i} =1/n (i =1,n). B aToMm ciyuae, Kak HeTpPyIHO BUIETh,

Plag> 1) = p( o0 1y

n e’ Gei)[Pllsge > =

Yunteisas, uto (@' (x), pr)* = (@4 (Xk))?, [Iskll = 1, momen sanucatn

P%ﬁ>%}=Pﬂ%mawf(§M#m»ﬁ1>§}>

> P{(@uy (x))? > IO 5 prot () =

n

= max(¢(x1))?} = .
i=1l,n n
Ha npaxTuse mMeron ciaydyaiiHOro IOKOOPAMHATHOIO CIyCKa MpUMe-
HAETCA B COBOKYIHOCTU C HEKOTOPLIMU 3BPUCTUYECKUMU NpUeMaMy C
1IeIbI0 YCKOPEHUs Tpoliecca MUHUMU3anuu. Tar, npu BbIGOpe Halpasiie-
HMA CIYCKa MCKIIOYAIOT U3 PACCMOTPEHMA “HelepCrekTUBHbIe” Hampas-
JeHUs1, HAaNpUMep, Mpu BeIGOpe HoMepa j(k) HampaBieHHe —Sj = —Sg_1
ceb yae rcuepraio Ha npefbiayieM mare. TakuMm o6pasoM, Homep j(k)
BeIOupaior u3 n — 1 uncen {1,2,...,5(k—1) - 1,j(k—1)+1,..,n}.
B pesyabTaTe psjga UCHObITAHUNA HEKOTOpPbIe HAlpPaBIEHUS MOTYT ObITh
OTBEPrHYThI, 10 KpaiiHeil Mepe BpeMeHHO, KaK HelepCleKTUBHbIEe, BBUILY
yero BbIGoOp HoMepa j(k) MPOU3BOAAT U3 MeHbIIero Habopa duce.
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Haxomell, MeToj ciry4aifHOro OKOOPAUHATHOIO CITyCKa YacTO UCIOJb-
3YIOT B COUETAHWU C APYTUMU TpUemMaMM, o6pasysd Tak HasbIBaeMble
2ubpudnvie memodv.. Hanpumep, 3amaB U3 TeX WIU UHBIX COOOpameHUH,
NOABJAIOIMXCA B pe3yibTaTe HaKallAMBaloOllelics B Ipollecce cyeTa WH-
(opmanuy, HEKOTOpoe YHCIo p < 7, NMocje MOCTPOEHUA TOUEK X, ..., Xp B
KayecTBe HalpaB/leHUsA CIycka —S,y BBIOMPAIOT HampaBileHHe Xp — Xo,
nocjie 4yero MOBTOPAIOT MPOIECC CIyYailHOro MOKOOPAUHATHOIO CIIYCKA.

2. Meton cayuaiinoro cunycka. IlycTh s — ciydaiiHas Tou-
Ka, nopuuHAlomasca Ha chepe S = {s € E, : ||s|| — 1} paBHOMepHOMY
pacrnpejeleHuIo.

Onpenenenue. CuyyaiiHasa Touka s € F,, Ha3bIBae€TCA PAGHOMEPHO
pacnpedeaennoli Ha KBaJpUpyeMoli MOBEPXHOCTH S, eClii JJIA BCAKOrO U3-
mepumoro noamuoskectsa S’ (S’ C S) P{s € S’} = mes S’/ mesS. 3necn
CHMBOJI meS 03HAYaeT IIolab.

U3 »Toro ompepeneHus cilefyeT, 4TO ILUIOTHOCThL paclpeeleHus
BeKTOpa s Gy[eT BeIMUMHOM MOCTOSHHON U paBHO# 1/ mesS.

IMocKONbLKY Sj, — He3aBUCHMBbIE cilydaliHble BEKTOpbI, PaBHOMEPHO
pacnpejeiednrnle Ha chepe S U, clegoBaTelbHO, 06JaJaolIie MOCTOAH-
HOM IIJIOTHOCTBLIO paclpeleleHys, To 1A HeKoToporo p > 0, 3aBUCAIIEro
OT M-pa3MepHOCTH TpocTpancTBa E,, Oymer

P Hs _ o) H\— >p>0.
{l}s» TGl f2p
Ho ecan o (x0) .
s — —————|| < =
H P Tl e H 2
TO
' 2 / ! 2
o2 = Seixp)sk)” () ¢ (Xk) st © (xp) S
k 1’ ()12 ( <|I<,0’(><k)|| ST I(Xk)||>) -
1
><1 Sk S0Xk||”) T
Urax,
1
P [se - ||<,0 |H) ipzr>0.
HO

Plai > (1= - 5E851) ) =1
i Il (<)l ’
4|xk,...,x0} >p>0.
Takum o6pasoM, Bbinonusercs yciaosue (10.43) naa o = 1/2 u Heko-
Toporo p > 0.

3. B KauvectBe npuMepa HUCIIOJb30BaHHUA 3aBHCUMbLIX cnyqaf/'mmx
BEKTOPOB pacCMOTpPUM Tak Ha3bIBaeMbIil MeTon Cﬂy‘taﬁHO?O noucrka c

cjleaoBaTebHO, P{ak



10.6. Memoduw cayuaiinozo cnycka 227

oby+enuem. HanpaBieHue s; Ha Kamgoit uTepauuu 6ygeM onpeneifaTb
(popmyJoit

1
sp = — (Vi — W wil|<e<l, k=0,1,..
k “Vk +Wk||( k k)a ” k“ X ) s Ly ooy
roe {Vk} — [ocjieoBaTeJbHOCTb He3aBHCUMBIX Cﬂy‘{aﬁHLIX BEKTOPOB,

PaBHOMEPHO paclpefeleHHbIX Ha eIMHUYHON cdepe ¢ LeHTPOM B Havaie
KOODAMHAT, W), — 00ydaloluii BeKTOp, BBIGOP KOTOPOro MPOU3BOAUTCSA
¢ y4eToM HH(pOpPMaUuK 0 MUHUMHU3UPYeMOH (QYyHKIMH U MHOMecTBe X,
HaKOILIEHHOIl B pe3y/bTaTe NpeIblAyLIUX UTepaluii.

MoraseMm, uto aasa mo6oro ¢urcuposBanHoro s (||s|| = ) a1060ro
a € (0,1) 6ymer P{(sk,S) > a|xg,...,.x0} =2p >0, k=0,1,..., T e
BoinoaHAoTeA ycnoBusa (10.43) mpu § = ' (xx) /| (xx)]|-

B nanbHeimnx paccMOTPeHUAX HHIEKC k BO MabeskaHne rPOMO3IKOC-
TU omyuieH. PaceMoTpuM BekTop y = —w + (0 + (S, w))S, e

§ =1+ w)?—|w>

Jlerko y6eauTbes, 4TO

lyll=1ud+(5,w) >/1—-c2+ (5,w)2+(5,w) > 0.

IMosTomy

(y+w,5) =0+ (w) =y +wl
Broisepem £ = (1 — a)?(1 — ¢)?/8 u mpeanonoumM, 4To OCyIEeCTBUIOCH
cobbiThe (v,y) > 1 —e. 3ameTum, 4TO

v =yl =2(1-(v,y) <2,

1
58 =—((y+w,8) +(v—y,5) >
5:8) = T (4 w8 4 (v = 3,9)
1 1
z — +w| — I—T +wl| —Vv2¢e) > 0.
oy wl = [ = 31D > el + wl - VE2)

Tar kak [|[v+w| < [ly + Wil + [[v =yl < [ly + w[[ + V2¢, T0

lly + w|| — V2e _q 2V/2e 1 2V/2¢
(s,8) > - >1- >
lly + wl| + V2 ly + wl| + V2¢ llyll = [lwll
2v/2
>1- 2=
1-¢

Mockonbky {Vvy} — MocienoBaTeNLHOCTL HE3aBHCHMBIX, PABHOMEPHO
pacrpeeneHHbIX ClIyJaiHbIX BEKTOPOB eIUHUYHON MIUHBI, TO LI 1060~
ro equHuyHoro Bexropa a (||al| = 1) u mo6oro yucaa e € (0,1) cymect-
ByeT Takroe uucio p = p(e) € (0, 1), He 3aBucsllee HU OT HOMepa k, HU OT
BerTopa a, yto P{(vy,a) > 1 —¢e} = p. B cuny aroro

P{(sy,s) > a|Xp, ..., %0} = P{(vi,yr) > 1—€e}=p, k=0,1,..
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10.6.11. MeToa cayudaiiHOTO cIIycKa JJA OThICKaHUA CcTaluo-
HapHBIX TOYeK o6Ieii 3aJa4ui HeJUHEHHOr 0 MPOorpaMMHUPOBaHHUA.
Iliast 3agaun MUHUMU3aUUU GYHKIMU ©(X) Ha MHOsKkecTBe X = {x: f;(x) >
>0, i =1, m} MeTox ciyuaiiHOro ciycka npejicTaBaseT co6oil mpolece mo-
CTPOEHUsI IOCIeI0BATEILHOCTH {X}, }, 2I1€MEHTBI KOTOPOH YIOBIETBOPAIOT
CIIEAYIOUNUM COOTHOWEHUAM: Xg+1 = Xg — OkSk, Ok = 0, [Xp+1,%Xk] C X,
P(Xp+1) < p(Xg). 3meCh S — HEROTOPLI CiTyJaiHbIil BEKTOP eANHUYHON
IMUHBL. PasinyHble BapuaHThl MeToda OTJIMYAIOTCA CIocobamMu BbIGOpa
HanpaBieHua sy 1 mara (3.

C BBIYMCIUTENBHON CTOPOHBI METOJ BechbMa IPOCT, MOCKONbLKY 3ie-
MEHTapHO HaXOJUTCA HaNpaBleHUEe Sy C MOMOIILIO TOTO WM UHOTO AaT-
yyKa ciayvaiHbix uuced. OgHako, B OTIMYME OT COOTBETCTBYIOIIET0 Me-
Toza B 3ajlauax 0e3yc/lOBHOI MUHUMU3aALUN, 3leCh IPUXOAUTCA 3aTpayn-
BaThb YCU/JUA Ha NPOBEpPRY TOro0, ABJAETCA /M HallpaBjeHle —S; BO3MOK-
HBIM B TOYKE Xp, JJIA Yero BBIACHAIOT, IPUHAMIEHUT JU MPU JOCTATOYHO
MaioM 3 Touka X — (s, MHOmecTBY X, U JUIlL 3aTeM, €ClIU —Sj —
BO3MOKHOE HanpaBieHKe, IPOBEPSAIOT, yObIBaeT AU GyHKIUA p(X) BIOIb
3TOro HanpaBieHUA. I TodbKo Mocie NON0MUTENbHOT0 OTBETa OCYIIeCTB-
JfileTcA CIyCK.

Kar u B n. 10.4.3, o6o3HauuM uepes (; paccTofiHUE OT TOURU Xj OO
Oauzkaiiieil Mo HampaBIeHUIO —Sj FPAHUYHOI TOYKU MHOecTBa X .

10.6.12. Cxema meToa. B kauecTBe HayajabHOr0 NPUOIUHEHNUA MO-
sKeT ObITh BbIGpaHa Jio6Gas Touka Xo MHoskecTBa X . IlycTh B pesynbTaTe
k-1 ntepauun BbrumciaeH X, € X. Onumem (k + 1)-10 urepanuio.

1. HaxomAT cny4yafiHoe HalpaBjieHUE Sp U MPOBEPAIOT, ABJIAETCA JU
HanpaBjeHue —Sj BO3MOMHBLIM B TOUKE Xj.

2. Eciu nanpaBieHue —sj; He ABIAETCA BO3MOMKHBIM, TO IMOJaramoT
Xp+1 = Xp ¥ nepexogaT k 0. 1 mpu k =k + 1.

3. Eciu —sp; — BO3MOKHOe HallpaBieHue, TO B KauecTBe [y BbIGUpa-
10T mo6oe uucno (3, npuHaanexaiee orpesry [0, (x] 1 ynoBreTBopsioliee
YCIOBUIO

0(xp — Brsk) < (1= Ap)p(Xr) + Apwy,

< < = i — .
0<AS< A <L, wy Oglélickw(xk Bsk)

Hawxonen nonaratoT x; + 1 = X, — BgSg U nepexogaAT k0. 1 npu k =k + 1.

3amMeuaHue. B m. 3 npegycMoTpeH u TOT ciaydail, Korga ¢(xg) <
< (xy, — Osi) npu Beex B € [0, (). B aToMm cayuae S, = 0 ¥ Xpq1 = Xp-

10.6.13. MHokecTBO cTalllOHapHbIX ToudeK. PaccmoTpuMm Bermo-
MorareibHylo 3agaqy (cM. 1. 10.4.2) oTbICKaHUA TAKOI0 YUCIA 0 U TAKOI0
BeKTopa s, 4To

0 — max,
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(fl(x),s)+0 <0, iel,
—(¢'(x),8) +0 <0, (10.25)
(s;s) < L.

Rakr u B n. 10.4.2, BBegeM ciaenytomuiue o6o3navenus. Illycts € > 0;
I(x,e) ={i: 0< filx) <ek; I(x,0) = {i: fi(x) =0}

(x,€), S(x,e) — peumenne 3sagaun (10.25) mpu I = I(x,¢); 7(x,0),
x,0) — pemenue 3agaun (10.25) npu I = I(x,0); Xo={x € X: p(x) <
< o(xo)}; X* = {x* € Xo: o(x*,0) — 0}. B coorBercTBUM ¢ m. 10.4.7
MHOecTBO X * AIBNAETCA MHOMECTBOM CTallHOHAPHBIX TOYEK — TOUEK, B
KOTOPBIX BBIMOJHAIOTCA HEOGXOAMMbIE YCIOBHA JOKAIbHOTO MUHUMYMA.

IIpennonosenuna. CxooquMocTs Merona OyzeM 0GOCHOBBIBATH INPH
CIIEAYIOWNX MIPEIION0KEHNAX:

1) BEKTOPEI S, ABIAIOTCSA CIYYaiiHbIMI, HE3aBUCUMBIMU U PABHOMEPHO
pacnpefeneHHbIMU Ha chepe S = {s: ||s|| = 1};

2) gynruun p(x) u f;(x) (i = 1,m) npunanaemar raaccy CH1(X);

3) mHoecTBO X OrpaHUYeHo.

3amMeTHM, UTO NIPU UCCIEeI0BAaHUN CXOAUMOCTH MBI OYeM CyLIeCTBEH-
HO Kcroab30BaTh Matepuan § 10.4. IIpu aTom U3 npemnonoskeHus o6 orpa-
HUYEHHOCTH MHOkeCcTBa X( CIELYeT, UTO BBINOJIHAIOTCA yCaoBus 2)—4)
m. 10.4.6: ||f/(x)|| < M nas Beex x € Xo, X* # @ u )ég( p(x) > —oo.

mQ

OGosnaunM uepe3 @, S pemenue 3zagaun (10.25) mpu x = X u
I =1(x,0).

10.6.14. Temm™ma. Ecau @ > 0, mo cywecmsyiom vucaa € > 0, 6 > 0,
a € (0,1) marue, umo dan bz € € [0,2], x € Us(X) = {x € X|
[|x — X|| <0} u awboeo nanpasaenus s (||s|| = 1), ydosaemesopawwezo ycao-
suio (s,8) > 1 — «a, 6ydym evinoanamuvca oepanuyenus 3adaqu (10.25) npu
oc=0/4ul=1I(x,¢).

ToxaszaTeabcTBO. IlycTh € ¥ 0 TAKOBBI, UTO BBIMIOJHAIOTCA Hepa-
perctpa | (x) — ¢ (®)[| < 7/2, [f1(x) - (@I < 7/2 (i = Lm). lnn
ao6oro x € Us(X) u aoboro i € I(x,¢e) C I(X,0) Gyner

0> (fi(%),s) +7 = (fi{(x),5) + 7+ (fi{(X) — fi(x),8) >
> (fi(x),8) +7 - |IfiX) — fix| > (fi(x),8) +7/2 (10.50)

U, aHaJIOTMYHO,

02> —(¢'(x),8) +7/2. (10.51)
IIycTs
a=0"/(32M7), M =max{max||¢' (), M}.
xeXo

3amerum™m, uto 7/2 < (¢'(x),8) < ||¢'(x)|| < M;. Nanee,
(fi(x),8) = (fi(x),8) + (fi(x),s —§).
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Ho
(fi(x),s = 8) < Mills = 5]l < Mu/[Isl]* — 2(s,5) + [I8]]* <

< Miv/2-2(1-a)=7/4
Otciona, yunteiBas (10.50) u npeabigyliee HepaBeHCTBO, MONYYaeM

(fix),s) < —7/2+7/4=-7/4

U, aHAJIOTUYHO,
(¢'(x),8) = (¢'(x),8) + (¢'(x),5 —8) <T/2— Mi[ls —5]| >7/4. A

10.6.15. JTemma. Jaa awbozo v > 0 cywecmsyiom wucaa o, > 0
u ¢y > 0 makue, umo daa ecexr X 6 XO\UW(X*) u B €0,¢] oydem
T>0,>0 uXxX—0s€X. 3decy Uy(X*) = {x € Xo|p(x, X*) < ~}.

HorazaTteanbcTBo. CHavama mOKaMeM CYLIECTBOBaHUE BEIUYMHBI
0y > 0 paa moboro v > 0. IIpepnonosuM npoTuBHOe: ImycTb o) — 0,
k — 00, maA HEKOTOPOW MOciemoBaTenbHOCTH {yi}, rae mapa o, S —
pewrenyte 3agaun (10.25) npu x = yi, I = I(yk,0) u yr € Xo \ U, (X*)
oJA HekoToporo v > 0.

Tak Kak MHO#eCTBO X OrpaHUYEHO, TO, He yMaJfsd 0OIHOCTH, MOM#KHO
CUUTAaTh, YTO klim yr =Yy, npuieM p(y, X* > v. llycts 7, S — peutenue

— 00

sagaun (10.25) npu x =y u I = I(y,0). Hocroabry y ¢ X*, To 7 > 0.
B cuay memmer 10.6.14 cymecTByioT Takue uncia € > 0 u § > 0, uto as
BCEX X € Ufg(y) napa o =g /4, s =S OyeT yAOBIETBOPATh OrPaHUYEHUAM
sagaun (10.25) npu I = I(x,&). Tak Kar yy — y 1npu k — 0o, To A

BCeX NOCTAaTOYHO GOJMBIIMX HOMepoB k GydeT yi = Ug(y), a 3HauUT, B

CUJIy TOU e JIeMMbI B Nape Oy, Si OyloeT oy > 5/4 > 0, MOCKOJAbKY T
KaK KOMIIOHeHTa pelrenus 3agaun (10.25) ecTh BennunHa MakcHUMaibHas.
[MomydyenHoe npoTuBOpeune J0Ka3blBaeT CyNeCTBOBAHIE BEIUYUHbI 0, >
> 0 gag mo6oro v > 0.

JlokaxeM Tellepb cyllecTBoBaHHMe BeauunHbl (, > 0. IIpeamonoxum
MPOTUBHOE: /11 HEKOTOPOH NocaeaoBaTeNbHOCTH {Yy }, yi € Xo \ Uy (X™),
oyner (;, — 0, k — oo. 3mech v > 0, (, — paccTOAHUE OT TOUKU Y},
IO TpaHUIlbl MHOKecTBa X BIOJb HampaBleHUA —Sg, apa oy, Sg — pe-
wenue 3agaun (10.25) npu x = yg, I = I(yy,0). Rask u Bbime, Gynem
npefamnojaraTh, 4To klim yie =y u p(y,X*) > ~. B cuny aemmer 10.4.10

— 00

cymecTBYIOT Takue yucaa € > 0 u 6 > 0, uto npu Beex yy, € Us(y) umeer
mecto BrIouenue I(yg,Z) C I(y,0). Torma us aemmer 10.6.14 cremyer,
4yTo orpanndenus 3agauu (10.25) GyayT BLIMOMHATLCA OPU 0 = i& s=SF,

rie napa o, s — peutenue 3agauu (10.25) npu x =y, I = I(yy,€). Ilo nem-
me 10.4.8 uz (10.30) u (10.31) noayuaem, uto (, > min{z/u,0,/L} > 0.
[MonyyenHoe NpoTHBOpeYNe NOKa3bIBaeT jJeMMmy. A
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10.6.16. Teopema. IocaedosameavHocms cayiatinelr mowekr {xj}
cxodumesa no eepoamuocmu k mHoxcecmsay X *.

oxaszaTenbcTBo. 3apuKrcupyeM MIPoU3BoIbHOE YnciIo ¥ > 0 1 Jo-
KameM, uto P{p(xr, X*) > v} = 0, k — oco. [Ipeanonosxkum, 4to Xxj €
€ Xo \ U,(X*). Torga no nemme 10.6.15 naitgyrea Taxue uuciaa o, > 0

u ¢y > 0, 11A KOTOPLIX Tf > 04 U Zk 2 (y. 31ecob Oy, S — pelleHue
sagaun (10.25) mpu x = x; u I = I(x,0). Tak rak & > 0, To no Jem-
Me 10.6.14 cymecTByeT uncio g > 0 Takoe, 4TO BCAKUIT BEKTOD Sg, YIOB-
JeTBOPAIOIHIi yCIOBUIO (Sk,Sk) > 1 — e, 6yoer yIOBIeTBOPATH OrpPaHu-
yenuaM s3agauu (10.25) npu o = 70k 1 I = I(xg,Z). B cuny BoiGopa unc-

na By (cMm. yeaosus (10.26)) umeenm mas Beex 3 € [0, (] xx — Bsp € Xo 1
(em. m. 10.4.9)

o(xk) — p(xk41) = Ap(xk) — wi) = AMp(xk) — @(xx — Bsi)) >
> A((0'(xe), 508 = SLEsell?) > (B0 — 38°L).

Brui6upas = min {Zk, %}, noJy4yaeM C y4eTOM TOro, 4To Zk 2> (¢ u

o> 70~ TIPH BCEX Sp TaRHX, 4TO (s,s) > 1 — «, cooTHowweHNE

p(xk) — e(x — Brsk) = , (10.52)

. 14y
rme » = min { - — .
& 8 L }
IIyeTb & — cayyaliHble BeIMYUHBI TaKue, YTO

1, ecm x5 € X\ Us(X*),
& = 0

ecin  xy € Us(X™).

[MockoabKy TOUKH S paBHOMEpPHO pacnpefeieHsl Ha chepe S = {s: ||s]| =
=1}, to u3 (10.52) crenyer

Plo(xy) — p(xpi1) = #|& = 1} > P{(sp,51) > 1 —a} >
> P{|lsk —5kl]> < 2a} >p>0.

Otciona M (p(xk) — @(Xk+1) Xk -5 X0)) = #p&j. VI3 3TOr0 HepaBeHCTBa,
aHaJIOTMYHO TOMY, Kak 3T0 Aenanock B 1. 10.6.5, Jerko noiyuuTh ycloBue

k
Mo(xr41) < @(x0) — 2p > ME;.

j=0
[Mocronbky MHOMECTBO X MO MPENONOMEHUIO OrPpaHUUeHO, TO OrpaHU-
yeHa u ¢yuruua ¢(x) Ha X u, caegoBateiabHo, M¢, — 0, k — oo, a

snauut, P{p(xy, X*) 27} =0,k > c0. A

10.6.17. O cxomumMocTU MeToja B cjly4yae 3ajgay BbIILYKJO-
ro nporpamMmupoBaHuA. B 3amauax 6e3ycloBHOII MUHUMHU3AIUU U3
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CXOOUMOCTH IO BEPOATHOCTH IOCIEIOBATEILHOCTH {Xj} K MHOMECTBY
CTAlMOHAPHBIX TOYER Clef0Baja B BBIIYKIOM CIydae CXOAMMOCTH I0Y-
TH HaBepHoe nociefoBaTeabHocTh {p(X))} K ¢* = minp(x), a 3Ha4uT,
¥ CXOAUMOCTH MOYTH HaBEpHOE MOCIeNOBaTEeIbHOCTH {X)} K MHOMKECTBY
petenyii. B 3agauax ¢ orpaHMYeHUAMH YCIOBHA BBLIMYKIOCTH GYHKLUH
»(x) 1 MHOMecTBa X ellje He rapaHTHPYIOT aHAJIOTUYHOIO yTBEP: K ACHHUS.
Ilas mokasaTenbcTBa TOTO, YTO

@(Xk)—ﬂp*, k—)OO, p(xkaX*)—)Ov k—)OO,

HeoOXOIUMO JONOJMHUTelNbHOe TpeGoBaHue peryiaspHocTu no Caeiitepy
MHOsKecTBa X.

10.6.18. IIpenmnoioxeHusA.

1) BekTophl sy, ABAAIOTCA CAyUYaiiHBIMU, HE3aBUCUMBIMUI U pAaBHOMEPHO
pacnpefeneHHbIMU Ha chepe S = {s: ||s|| = 1};

2) BBITYKJIOE U 3aMKHYTOe MHOeCTBO X PEerylfipHo, T. €. CYIeCTBYeT
map R paauyca r ¢ [eHTPOM B HEKOTOPOI TOUKe W, LEINKOM IpUHA[JIe-
samnit MHOmecTBY X : R = {x: p(x,w) <r} C X;

3) Bhinykaasa GyHruua ¢(x) npuHapieskut kiaccy CH1(X);

4) mHoskecTBO X OrpaHUYeHO.

3ameuanue. HerpyaHo yGequThbes, 4TO yClIOBUE PEryispHOCTH 2)
SKBUBAJIEHTHO YCIOBUIO PEryJfpHOCTH, BBeleHHOMY B mi. 3.4.2 u 3.4.3.

Has 060CHOBaHUA CXOAMMOCTHU MPOLEAYpPhI CIydaiiHOro crmycka Heob-
XOAMMO PaccMOTpPeTh PAI CBOWUCTB.

10.6.19. CotictBo A. FEcau moura x € X He seangemca onmu-
MaavHol, mo Haildemca makoll eekmop 'y € X, daa Komopozo cnpasedauso
HepaseHcmao

(¢ (%), K—F) =1 >0.

HoraszaTeabcTBo. IlycTh ¥ fABIAETCA NpoeKiueil TOUKU Z = X —
— ¢'(X) Ha MHO;ecTBO X . B cuny cBOMCTB NPOEKTUPOBAHUS NMEET MECTO
COOTHOIIEHNE

(®-2,%-3) > K- 7

P®,x-3) = x-7I*
Otcioga u ciegyeT CBOMCTBO A, MOCKOJIbKY PaBeHCTBO X = y MIBJIAETCHA
HEeOOXOAMMbBIM U JOCTAaTOUHBIM YCI0BHeM onTuManbHocTs X (1. 10.1.2). A
Bcioay Huse uvepe3 X U y 0003HAaueHbI TOUKH, YOOBJIETBOPAIONINE
cBoiicTBy A.
10.6.20. CBoiictBO B. Hatidemca makoe uucao § > 0, umo mHo-
Jcecmea

Us(X) ={x € X: [x=X[[ <6}, Us(y)={yeX:|[ly-¥ll<d}

He nepecexaiomcs, U cyuecmeylom maxue n-mepHvie cepvt Ry u Ro
paduycos r1 u re, umo Ry C Us(X) u Ry C Us(¥).
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JlokaszaTenbCTBO BbITEKAET U3 CBOMCTBa A (Tak Kak X #y) U Ipemno-
nomenus 2) *). A

10.6.21. CsoiicrBo C. Juan = (¢'(X),X —¥) Haiidemca makoe
0 > 0, wmo dan ecex x € Us(X) uy € Us(Y¥) Oydem evinoanamoca Hepa-
8eHCMB0

N —

(@' (%), x —y) =2 50
lokaszateanbcrBo. O6osnaunm v = max_ ||¢'(x)||. [Ipeanonoske-
x€Us(X)

HUe 3) rapaHTUpyeT, YTo v < +00. BeiGepem

S 2(LIX -yl + 2v)

[lycthu=x—-Xuv=y-—Yy,; Tormga

(¢'(x),x—y) = (¢ R+ ), X=7) + (¢ +u)u—-v) >
2> (p'(X+u),Xx-3) - [(¢'X+u),u-v)|

Hanee,
(' (X +u),u = V)| < @' &+ w)l[u— v <y(|lull+[[v]]) < 2v0.
Ho B cuny mpennonoskenus 3) u cBoiicTBa A moiydaem

(QOI(E'F“):i_y) = <(pl(f),f—y+ (QOI(E'FU) - @l(i)ai—?) z
> (¢'X),x-3) — l¢'&E+u) - @x-7I >
> n — Lljul|[[x - ¥l > Lé[[x - ¥I|-

Tpu nociegHUX COOTHOIIEHUA W BBIGOP BEIUYUHBLI § NOKA3bIBAIOT CIIpa-
BelauBocTh cBoiictBa C. A

10.6.22. Onpenmenenue. Mbl cKameM, 4TO 0CYU4eCMBUAOCD co0bl-
mue M = M(x, s), ecau naitgerea taxoe 4> 0, uto y = x — fs € Us(¥),
rae x € Us(X), a —s — BO3MOKHO€e HanpaBlleHle, BLIOPAHHOE METOHOM
cay4JaiiHoro moucka.

10.6.23.CBoitctBO D. Ecau nacmynaem coGoumue M= IM(xy,, i),
mo cywecmsyem makroe » > 0, 4mo

o(xk) — p(Xp41) > 2.

*) Jlerko mokaszaTh, UTO eciM TOUKAa W — IeHTp chepbl R (paunyc; r), IpUHAaIe-
T

X —w|+r

T1 —
eHTpoM cdepsl Ry Gyner Touka wi = — (W — X). AHanoruuHo u aaa Ro.
r

sameil peryiapHOMY MHOKecTBY X, TO MOKHO B3ATb ] = , IprYeM
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NoraszaTtenbcTBo. IlyeTh x4 € Us(X), a yj, — a100as TouKa U3 Ie-
peceuenuss ayda Xji — s ¢ MHomecTBoM Us(y). Tar rak wp =

= 0<1LI31£C w(x, — Bsi), To ansa Beex (B € [0,1] cnpaBefnInBoO HepaBeHCTBO

wr < @(xg — B(x — yr)). Orciona u u3 nemmbl 9.2.3 noiayyaeM HepaBeH-
CTBO

o(xr) — p(Xk+1) = A (p(xk) — p(xk — B(xk —yi))) =
> M (B 000,30 = yu) = 5L e — yill?).

Ho ||x; — y&|| <20 + ||X — ¥|| = 0, nosTomy us cBoiictBa C nomyuaem,
yTo nas Beex B € [0,1] Gyner

k) — plxisn) > (360 — S LA%6).

}. Ecmn =1, To LH? < %171/1

IIycts B = min {1, §L6’°

—_

o(xk) — p(Xpy1) = Z/\kn

T0 p(xk) — P(Xpr1) = 1)\ 17/79,, U Tak kar A\ > A >

} CBOﬁCTBO D cranoButcsa CclipaBegJju-

ECJII/IB— 2L9"’

1 .
> 0, To Ipu 3 = Z)\nmm{l’§L0’

BbIM. A
10.6.24. CeoiictBo E. FEcau nocaedosameavnocmv {x;} marosa,

o0
umo x, € Us(X), mo P{ U imk} =
k=0
HowrasateabcTBo. U3 cBoiictB A u B cienyer, uto

f P{M > 0.
Lt Pt} = p

IIpu ¢uKCcHpOBaHHBIX Xg,X],... COOTBETCTBYIOmUe coObiTuda Mo, My, ...
B3aUMHO HE3aBUCUMbI, TaKk KaK B3aMMHO HE3aBUCHUMbI CllydyaiiHble Beju-
YUHBI Sq, S1, ... ClegoBaTenbHO,

{ N o, xi, X} = HP{EUI”xk} =

m

= [ -P{Mxi}) < (1 —p)™ =0, m— oo

k=0
3neck 91, o3HavaeT coObITHE, JOMOJHUTEIbHOE K COOBITUIO My, T. €. Ny,
o3HayaeT, 4To cobbiTue M He mpoucxoaut. IloaTomy coriacHo 3aKOHY
“HYJA WIN eIUHUIbI”

P{ n ﬁHXO,Xl,...} = O, T. e. P{ U ﬁk|x0,x1,...} =1.
k=0 k=0
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S S —
JTO U 03HAYaeT, UTO P{ U zmk} =1 A
k=0
10.6.25. Teopema. P{klim o(xp) ="} =1.
— 00
lorkazaTenbcTBO. B culy mpennoseHuii mpoueaypsl nociaegoBa-
TeNBHOCTh CIy4ailHbIX BeanuuH {p(Xy)} MoHOTOHHA: P(Xp4+1) < @(Xk)
(k=0,1,...), n orpannuena: p(xy) = ¢* (k=0,1,...), u, ciegoBatensHo,
CYLIECTBYET ¢ = klim ©(X). A 3HAYUT, C BEPOATHOCTHIO, PABHOI €IUHM-
—00

Ile, HalijeTcA Takoil HoMmep kg, 4To anafA BceX k = ko + 1, ko + 2, ... Gymet
BBLINIOMHATLCA HEPABEHCTBO

o(xk) = p(Xp41) < 32 (10.53)

Ecan gna moGoro ckoab yrogno Mamoro d; > (0 HaiimeTcss Takas Io-
ClIeI0BaTEeIbHOCTD {Xj, }, UTO

xi, € Us, (X*) = {x € X: plx, X) <1},
TO C BEpOATHOCTBIO, PaBHOII efnHue, lim ¢(x;) = ¢*.
k—o00

[Ipennonosxum, 4To CyuecTByeT Takoe 4ucio d; > 0, YTO B OKpecT-
noctu Uy, (X*) nomamaer auib KOHEYHOE YUCIO TOYEK IOCIENOBATENb-
Hoctu {x;}. He orpannuuBas o61IHOCTH, MOAHO I0araTh, 4To BCe Xy &
¢ Us,(X™). Toraa ¢ BeposAITHOCTBIO, pAaBHOW eUHUIE, HaiifeTcs Taroil
cayyaiinbeiii Homep k > ko, 4TO ocyliecTBUTCA coGbiTue 9y, a cilegoBa-
TeJbHO, OyaeT

o(xk) — p(Xp41) > 2.
dto npotuBopeunT ycaosuio (10.53). Teopema moxasana. A
CaneanctBue. p(x5, X*) =0, k — oco.

JTO COOTHOILIEHHE C OUeBHIHOCTHIO CcllefiyeT U3 HellpepbIBHOCTU (QYHK-
unu (X), OrpaHUYEeHHOCTH MHOMeCTBa Xy U YTBep;iIeHUS Teope-
Mmbl 10.6.25. A

10.6.26. MeToa npoeKTUPOBaHUA clyuyailHOro HallpaBJIeHUA.
W3noskeHHbIl B IpeAbIAYIIMX pa3fenax MeToJ MUHUMU3ALUNUN MOKeT OKa-
3aTbcA HeapperTuBHBIM. [leso B cienyiomem. C pocToMm uucia n — pas-
MepHOCTH NpocTpaHcTBa F,, — ybbIBaeT BepOATHOCTh TOr0, YTO Hampas-
JeHUe fIBIfAeTCA BO3MOAKHBIM. CKOPOCTh 3TOro yObIBAHUA XapaKTepU3yeT
npocroii npumep, koraa X = {x: 0 < x; <1, i =1,n}, a Touka x;, = 0. B
3TOM cilyuae BepOATHOCTb TOr0, YTO Cily4daiiHoe HalpaBieHUe —sj OyIeT
BO3MOHBIM, OUeBHAHO, paBHa 2~ ". IloaToMy AiA nonydeHUs BO3MOKHO-
ro HanpaBieHUA TpebGyeTcd Npu 60ABLUINX N HA KaxO0i uTepaiuu, Booobie
roBops, 60JbIIOe YUCIO0 UCIBITAHUI, IPUUEM Kazk10e UCNbITaHue CBA3aHO
¢ mpoBepKoit, 6yaeT Ju [ AOCTaTOYHO Maloro [ Touyka Xj — (3Sp Opu-
Hajje:kaTb MHOkecTBY X.

B meTone, KoTopoMy MOCBAllleH HacTOAIMIMII pasfel, cilydaiiHoe Ha-
npaBjleHle CTaHOBUTCA BO3MOMHBIM B pe3yJbTaTe MPOEKRTUPOBaHUA Ha
JOMYyCTUMO€E MHOMECTBO.
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06o3HauuM 4Yepes Zzj MPOEKIUI0 TOYKU Xp — Agry Ha MHOMeCTBO X .
3mecy Ay = sign (p'(xk),rx), @ ry, — CaydailHblii BEKTOp, PABHOMEPHO
pacnpefeneHHbIl Ha n-MepHOU chepe eqUHUUYHOTO paguyca.

10.6.27. Cxema mMmeTona.

Xi+1 = X — BiSp, Sk = X — Zg.
B rauecrtBe [3; BbIOMpAIOT JI0G0€ U3 YKCe, Y I0BIETBOPAIOIUX YCIOBUAM

o(xp — Brsk) < (1= Ap)p(Xr) + Apwr,
0< B <L, 0< A <A <

rue w ﬁren[(l)r’ll]go(xk Osk).

10.6.28. CxoguMocTb MeToda OyaeM [10Ka3bIBaTh B IPEANOJOMKEHU-
Ax 1. 10.6.18, Ho npu 3ToM TpeboBaHUe PeryjafApHOCTU uaauiiHe. Hag
060CHOBaHUA CXOOUMOCTU MeTOJa MPOEKTUPOBaHUA NpPUMEHUMa Ta e
MeToauKka, uto u B nm. 10.6.19-10.6.26.

Pacemorpum MmuosectBo *) Vs(y) = {y € E,: |ly — ¥l < 6}. 3ame-
M, uto Us(¥) = {y € X: |ly — 7| <0} C V5(¥). Byaem roBoputb, uto
ocywecmesurocy codoumue N = N(x,r), ecau Haiigercsa Takoe a > 0, 4TO
x —ar € V3(y), rue x € Us(X), a r — HamnpasieHue, BLIOpaHHHOE MeTO-
noM caydaitHoro noucka. Ompenenenue coGeitusa P = PM(x,s) ocraerca
IpeHUM, HO Ipu 3ToM s = (x —y)/||x — y||

10.6.29. CBotictBo F. Fcau ocywecmsuaocy cobvimue N =
= N(xg, r1), Mo ocywecmsumen u coboumue My, = M(xy, Sg).

lokaszaTennctBo. lyerh vy = x; —arg € V5(¥), a yr — mpo-
eKIMA TOYKM Vi Ha MHOecTBO X. I3 CBOWCTB MpOEKUUU CIEAYeT, YTO
llye — x|| < ||vik —x|| mpu mo6om x € X u, B uactHoery, ||y — | <
< Vi = 71, 1. e yi € Us(3). A

Haxonern, oueBuaHo, yto 1as Beex x € Us(X) Gyner

P{Mx} > P{Mx} > inf P{M|x}=p>0.
XGU(;(X)

Ob6ocHOBaTh CXOOUMOCTHL Tpollecca MUHUMU3AIUU Telepb He Mpej-
cTaBifieT TPy[a, eciu MOBTOPUThL pacCyIeHUs, KOTOpble HCIOIb30Ba-
JUCh NpU JoKazaTelbcTBe TeopeMbl 10.6.25.

*)Bnecy ¥, Us(X) u Us(¥) Te e, uto u B 0. 10.6.20.



I'TABA 11

METO/J MOIUOUIIMPOBAHHBLIX ®YHKITUA
JATPAHMA

11.1. MeTon MHoskuTeeil JlarpaH:;ka

11.1.1. Merox cocTouT B mpoleaype OTBICKaHUA CeIJIOBOH TOYKU
(x*,y*) ¢yuruuu Jarpanma L(x,y) na E, x E (cm. n. 3.6). lloctpoe-
HMe UTepalMOHHbIX MPOLECCOB CYLIECTBEHHO ONMPAETCA Ha COOTHOLICHNE

L(x*,y") = max min L(x = min max L(x,y).
(x*,y") max min (x,¥) D max (x,¥)

11.1.2. IlepBbiii BapuaHT MeToAa. JTOT MeTOH, NpeoKeHHbIi
dppoy u I'ypBuIleM, COCTOUT B IOCTPOEHUH [OCAEOBATENbHOCTH { X}, Y }
no gopmynam

0
Xpy1 = X — ﬁ%L(Xk,Yk),
0
Yet1 = Py (yk + ﬁa—yL(Xk,Yk))y

rie Py (v) osnauaer mpoekumio Touku v na Ef. Taxum oGpasom, Tou-
KM Xj CTPOSITCA METOZOM IpajUeHTHOr0 CIIyCKa ISl PelleHHs 3ajadul
OesycioBHON MuHMMU3auuu GyHKUMM L(X,y) N0 mepeMeHHOi X, a Tou-
KW Yy CTPOSITCAl BAPUAHTOM METOAa NPOEKLUMH IPaaueHTa sl pelieHus
3agaun MakcuMusaunu GpyHKuun L(X,y) 10 nepeMeHHOH y Ha MHOKeCT-
Be E)f ={y € Ep,: y >0}.

YKasaHHBIH IpoLiece NPUBIEKaeT CBOeil IPOCTOTOMH, MOCKOIbKY

%L(x, y) = ¢'(x) = (v, f' (%)),
9

%L(Xv}I) = —f(X), fT(x) = (fl(x)7 ey fm(x))7

a mpoeKkTHpoBanue Ha F; ocyliecTBiaseTcsa aleMeHTapHo.

K comanenuio, 3ToT MeTon He oGecrneuyruBaeT 3aBeJOMOI CXOAMMOC-
TH Jaske B TeX clyuadX, Korja rapaHTHpOBaHa CXOOMMOCTh Kak MeToja
rpaJueHTHOro ciycka, Tak U MeToAa NpoeKLUUU rpaaueHTa. U3BecTHBII
3JeMeHTapHLIN MpUMep 3afadyyl OJHOMEPHONH MUHUMU3AINY X Ha TOM0M Y-
TelabHOl momyocu X > () CAYMUT TOMY MOOTBEP:KIEHUEM.
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11.1.3. Bropoii BapuaHT MeToAa. JTOT BapuaHT OTJINYAETCA OT
IpeIbIAYIIero TeM, UYTO Ha KamiJ0l MTepaluud o4YepeqHYIO TOURY Xj41
npejiaraeTcA MojaydaTh B pe3yiabTaTe MOJHOM MUHMMHU3AUUU (HYyHKIUU
L(x,yx) 10 nepeMeHHoH X:

Xk+1 = arg)flelgi L(x,y%),
Yi+1 = Pt (ye — Bf(xk))-

B sTom BapuaHTe CXOAMMOCTL MMeeT MeCTO B yCJAOBUAX, MPU KOTO-
pBIX JokasbiBainch TeopeMbl 10.2.5, 10.2.6 0 cxoaMMOCTHU MPOEKIUU I'pa-
OUeHTa.

11.2. MeTon monudunupoBaHHbIX (yHKIUIT JlarpaH:ka

11.2.1. 3a nociendee gecATUIEeTHE MOABUIOCH OOJbIIOE KOJINYECTBO
paboT, MOCBAIIEHHbIX YUCIEHHBIM MeTOJdaM pelleHuA 3ajad MaTeMaTu-
YeCcKOro NporpaMMUpOBaHUfl, OCHOBAaHHbLIM Ha MOCTPOEHUM MOAUDUILIN-
poBaHHBIX GyHKUUI JlarpaH:a. Meton MoguduiupoBaHHBIX (GYHKIUI
JlarpaH:;ka mo3BoJjifieT pacuupuTh 06JacTh MPUMEHEHUA MeToda MHOMKU-
Teneit JlarpaH:a U MMeeT CBOell 11eJbl0 MOBBICUTH 3()PEKTUBHOCThL BbI-
YUCJANUTENbHBIX IPOLEeCCOB OThICKAHUSA CeIJIOBBbIX TOYEK.

Iloctpoenue mogudunrpoBanHoit GpyHkiuu JlarpaHs;ka ocHOBbBIBaeTCA
Ha clleqyiomux coodpaxenusax. [l 3agaur MUHUMU3AUUKN GYHKIUY p(X)
Ha HEKOTOPOM MHO;kecTBe X MOCTPOUM (DYHKLUIO

N(X7Y) = QO(X) - 7(x7Y)7

Olpe/ieIeHHYIO B MPOCTPAHCTBE Fpy .

YcnoBysA, KOTOPLIM AOMKHA YIOBIETBOPATH QyHKIMA Y(X,y), onpene-
JIAIOTCA cleytolleil TeopeMoil.

11.2.2. Teopema. FEcau cywecmsyiom x* € X u y* € E,, maxue,
Ymo:

1) x* € X(y*) = Argmin {N(x,y*): x € B, };

2) y(x,y") 27(x",y") Vx€X;
mo x* € X* = Argmin{p(x)x € X} = X N X(y*).

NoxaszaTenbcTBo. Tak Kar x* € X N X (y*), To nas Beex x € E,,
oyner

NE"y") =) =7(x"y") < ox) = 7(x,y").

B yactHocTu, npu x € X nmomydaem, B cuiy yeiaoBus (2), 9o p(x*) < p(x)
Vx € X; caegoBatenbto, x* € X*. llostomy X N X (y*) C X*.

Teneps noramem, uto X* \ (X N X (y*)) = &, uem u 3aBepiiuM [0-
Ka3aTeNbCTBO TEOPEMBbI.

[Ipeanonosxum, yto Haigerca X € X* rtawoit, uto X € X N X (y*).
Mocroabkry X € X* C X, To B cuiy npeanoioskenus oyzetr X € X (y*), u,
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cjieaoBaTebHO,

N5 y") = o(x") =7(x",y") < o(X) —7(X,y") < pX) —7(x",¥")-

Taxum o6pas3oM, moidydyaeM HepaBeHCTBO ¢(x*) < ¢(X), npoTuBopeyallee
IpeanonoeHuio. A

11.2.3. MoaudpunupoBanHana ¢yHriuda Jlarpan:ka. PaccMoTpum
OCHOBHYIO 33/lauy MaTeMaTH4eCKOro NporpaMMHUpPOBaHHUSA

— min,
»(x) — min . (11.1)
xe X ={x: fi(x) 20, i=1,m}.
Kak usBecTHO, GpyHRIMSA
L(x,y) E yifi(x (11.2)

onpepeneHHas 1A Beex X € E, ny € EWL {y: y > 0}, aBaserca GpyHK-
uueit Jlarpauska nas sagauu (11.1).
PacemoTpum GyHKIMIO

N(x,y) = o(x) — Z Y(fi(x),:) (11.3)

1 0003HAUYNM -
= Z W(fz(x)a yz)
=1

Ecau v(fi(x),y;) (i =1, m) nogo6pana Tak, YTOObI BBIIOIHAINUCH YCIO-
Busi TeopeMbl 11.2.2, To ¢pyHruuio N(xX,y) GyfemM Ha3bIBaTh MOAUDUIM-
poBaHHOI (yHKIMel Jlarpanska. UTak, eciu QyHRINUA

m

y) = Z'V(fi(x) Yi)

TaKkoBa, YTO CYUIECTBYIOT X* U y*, yIOB/IeTBOPAION[HE yCIOBUAM
x*e XNX(y")
I (11.4)
¥(x,y*) <F(x*,y*) VxeX,

To x* € X, u N(x,y) 6ymer moaubuuupoBantoii ¢pyuxuueii Jlarpanska
nas sagauu (11.1).

11.2.4. IlocTpoeHue mMoaudpuUUpoBaHHON ¢yHKIMU JlarpaHn-
sxa. Kak usBecTHO, coOTHOIIEHUE

2 1x,y) = Zy@m =0 (115)

omnpefelasieT TOYKY X, B KOTOPOW BBINMOJHAIOTCA HEOOXOAMMbIE YCJIOBHUSA
MuUHHMYyMa 10 X ¢pyHrunu L(x,y). Iaa N(x,y) Heo6X0AUMBIM YCI0BHEM
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MUHHUMYMa 10 o 6y11eT COOTHOIIIeHue
m

SN (x,y) = Viplx) - > 0. BIVER) =0 (11.6)

Cpasuenue (11.5) ¢ (11.6) HATOMKHYIO HA MBICAb BBECTU CHCTEMY ypaB-
HeHUil

0 .
Yi = ﬁf}/(‘fl(x)’yl)a i=1m, (117)
2
¥ N0TpeGoBaTh ee pa3pelIMMOCTH TIPU JONOIHUTENbHBIX TPeGOBaHUAX
filx)y; =0, i=1,m, VxeX. (11.8)

11.2.5. YeaoBua cymectBoBaHua ¢ynkunun N (x,y). Pacemor-
PUM YCIOBUSA, IO3BOJAIONINE TOCTPOUTE MOAUGUINPOBAHHYIO (QYHKIUIO
Jlarpanska mpu 10CTaTOYHO OOIIMX MPEANONOKEHUAX OTHOCUTENLHO BUJIA
obyurunit f;(x) (i =1,m).

A) Ecan f;(x) < 0 oA HEKOTOpOro HoOMepa 4, TO i-€ YPaBHEHUE CUC-
tembl (11.7) He uMmeer pelreHys, 1, CleJ0BaTelbHO, MHOKECTBO PELIeHHI
cucteMs! (11.7) mycro;

ecnu f;(x) > 0 045 HEKOTOPOro HOMepa i, TO €INHCTBEHHBIM PelIeHIeM
i-ro ypaBHenus cucremsl (11.7) 6ymet y; = 0;

ecan f;(x) = 0 ona HekoToporo Homepa i, To ioGoe y; > 0 GymeT
pellieHneM 4-ro ypaBHeHus cructemsbr (11.7).

B) Ecau mist HekoTopoii napel x*, y* > 0 Beimoausiores yeiaosus (11.8),

TO m
ZW(fi(x) 27 filx*),yr) VxeX.
i=1

11.2.6. Teopema. Ecau dgynruyuu v(f;(x),y;) (i =1,m) marossL,
ymo:

sbinoansomes ycaosus A);

cywecmeyom x* = x(y*) € X(y*) y* > 0 makue, umo

u
3—ﬂ7(fi(><) yi) =wyi, i=1,m;

soinoansiomes 0aa x* = x(y*) uy* > 0 ycaosus B);
mo x* € X*.

Ecau, kpome moeo, gynruyus N(x,y*) duddepenyupyema 8 moure x*
u daa awbuiz f;(x) uy; >0 6ydem

mo napa X*, y* asasemca moukroi Kyna—Taxkepa.
HoraszaTeabcTBO. U3 ycnoBuil TeopeMsbl mosyyaeM, 4YTO HalIYT-
cA Takue X*, y*, 4To

fix*) 20, y; >0, fix")y; =0, i=1m,




11.2. Memod moduguyuposannvir dynkyuil Jazpannca 241

1 BbImonHsercs HepaBeHcTBo (11.4). CiegoBaTelbHO, BINOJHAIOTCA BCe
ycaoBus TeopeMb! 11.2.2, u, 3Hauut, Xx* € X *.

YuutsiBas (11.7), (11.9), noryuyaem, uto napa x*, y* — Touxa Kyna—
Taxxepa. A

11.2.7. [Isa npumepa ¢yusunu v(f;(x),y;):

N(fi(x),91) = =3 [min{ fi(x) - y3, 0},
(fi(x),3:) = 5u7 = S min{£i(x) = yi, O}

Jlerxo mpoBepuTh, UTO GYHKIMA —7y; BbIMyKJIa M0 X, ecau f;(X) BorHyTa
U BolyKaa 1o y (cm. m. 2.4.8). ®yHKUusa —7, BBIIyKIA [0 X U BOTHYTa
no y. Ilocrennee ciaenyer us toro, uro mpu f;(x) —y; < 0 oHa auneiina
no y:

“(fiX), i) = =597 + 5 (Fi(x) = 9)* = Filx)yi + 312(x),

a mpu f;(x) —y; > 0 crporo Boruyra:

1
=2 (fi(x),yi) = —gy?-
JloctaTouHO PoBepUTh BhINoaHeHUe cBoiicTB A), C) mus v (f;(x), yi):

0 _ i — fi(z), i 2 fi(x),
E N L G B o

A) Ecin fi(x) < 0w y; > fi(x), To us (11.7) umeeM y; — fi(x) = y;
¥, caegosatenbHo, f;(x) = 0. [IporuBopeune yKaspiBaeT Ha HepaspeLln-
MocTb cucteMsl (11.7). Ecan f;(x) > y;, To y; < 0, HO %72(]2(){), yi) =0;

i

nostomy u3 (11.7) noayuaem, uro y; = 0. [IpoTuBopeune.
Ecau f;(x) > 0 u y; > fi(x), onaTs npuxoguM K npotuBopeunio. Ec-

au f;(x) > y;, TO a—f'yg(fi(x),yi) =0, u, clieloBaTelIbHO, e[INHCTBEHHBIM
K3
pelenueM 4-ro ypasuenus 6yner y; = 0. Eciu f;(x) =0 u y; > fi(x), To
y; =>0wn %72 (fi(x),yi) = y;, 1O3TOMY i-My ypaBHeHuto cuctembl (11.7)
(2

yaoBaeTBopsieT aoboe y; > 0. Cayuait y; < f;(x) = 0 mpoTUBOpe4uB, Tak
Kar u3 (11.7) crepyer, uto y; = 0.

C) Eean filxi) =y} > 0, 10 1(fi(x),97) = 50)> > m(fi(x"),47)-
Ecmu fi(x) —yf <0, x € X, to yf > fi(x) >0 u f;(x*) =0. Tak kax
—2y; fi(x) + (fi(x))* < 0w y; fi(x*) = 0, 10
[min{f;(x) — 7, 0} = (fi(x) —yi)* = ()" — 2y; fix) + (fi(x))* <

< (¥)? = (i = fi(x")? = [min{fi(x") — y;;0}]?
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U, CIeNOBATEALHO, V2 (pi(X), ;) 2 12(fi(x"),y])-

11.2.8. O6cy#aenue. B yciaoBusax Teopemsr 11.2.2 mapa (x*,y*) Mo-
seT He fABIAThbeA Toukoll Kyna—Takkepa. Takr, Hanpumep, pelieHue 3a-
naun (11.1) MeTomoMm mTpadHbIX GYHKIUN co mTpadom

L -1 Y min{ f;(x
g0 = 5 2 Imin{fi(x), 0}

npu (3 € (0, 5] mocTaTouHO MaloM AaeT COOTHOIIEHUE

min ¢(x) = min (ip(x) + 54(x)).

ecan ¢(X) CUILHO BLIMYRAA, a f;(x) 1-Mamopupyembl (7 = 1) 1 HenpepbIB-
Ho auddepennupyemsr (cMm. . 6.2.7). Ecau noaosuts y; = 1/8 (i =1, m),

avy(x,y) = —%w(x), TO B TOYKE pelleHus X* BbINOIHEHBI ycioBus 1), 2)

teopems! 11.2.2 mpu y* = (1/5%,...,1/8*), roe 8* € (0, Bo] . Onnaro B 06-
meM ciydae 3afaHus GyHRIUU f;(X) paBeHCTBO BCeX KOMIIOHEHT BEKTO-
pa y* nna touek KyHa—Takkepa 3aBeJoMO He BBINOJHAETCH.

TFapanTuio Toro, uro napa (x*,y*) aBaserca toukoit Kyna—Takkepa,
naioT ycaoBusi TeopeMbl 11.2.6. B To se Bpemsa cama dynruua N(x,y)
MOMET U He HUMeTb Ce[JIOBhIX TOYeK, HeCMOTpPA Ha TO, UTO HCXOJHAaf
OCHOBHaf 3ajaya MaTeMaTHUUeCKOro MpOorpaMMUPOBaHUA fBIAETCA BbI-
nykioit. Tar, pyuruua N(x,y) = ¢(x) — 7, (X,y) yIoBIeTBopseT BceM
ycaoBuAM TeopeMbl 11.2.6, HO cell/ioBoit TOUKHU He nMeeT. EcTecTBEHHBIM
yciaoBueM, obecrneuyrnBaloUM CyLIleCTBOBaHUE CEIJI0BON TOUKHU (YHKIUU
N(x,y), ABasieTcAa HepaBeHCTBO Y (x*,y) > J(x*,y*) mas Bcex y € E,,.

m

JTUM CBOCTBOM o6jagaeT, Hanpumep, QyHKIUsA Z'yg (fi(x),¥i)-
i=1
YUucnenHas peanusdanud. IyTh NepBblii — HUCKATh TOURY X*,
petuas cuctemy ypaBHenuit (11.6), (11.7), Hanpumep, ClIeAYIOWUM HTe-
PaLUOHHBIM TIPOLECCOM:

x; € X(yr) = Argmin {N(x,yx): x € E,},

Yi+1 = iV(Xk Yk)-
afF Ik

[puMeneHre I'palUeHTHLIX METOAOB Mif pemenus cuctembl (11.6),
(11.7) cBfA3aHO ¢ BbIYKCIEHUEM BTOPBIX MPOU3BOAHBIX QyHRUMU F(X,Y).
Onnaxo maske B YCIOBUAX ABakabl AuddepeHnupyeMocT GyHKIUN p(X)
u f;(x) BTOpble NPOU3BOAHbIE ISl MHOTUX U3BECTHBIX MOAU(PUIMPOBAH-
HBIX GyHKIUI JlarpaHsa He ompeeneHbl BCIOLY, Kak 3TO TpeGyeT Npu-
MeHeHUe IpaJleHTHBIX MeTOAOB i pelieHus ypaBHeHuii (11.7). B o6o-
UX pacCMOTPEHHBIX Bblllle MpUMepax CUTyalusa UMeHHoO TakoBa. U 3xech
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y#e cilefyeT mpuberaTh K MeTodaM MUHUMH3aUUM HeanuddepeHHupye-
MBIX (GyHKIM *).

IIyTh BTOpOii. BLIUMCAATH TOUKY X* METOAaMM OTBICKAHHA CEILIOBBIX
Touer dynruuu N(X,y), eCTeCTBEeHHO, PU YCIOBUM CYIIeCTBOBAHHUA Ta-
KOBBIX.

B 3ToM ciIyuae cTaHOBATCA MPUMEHUMBIMU MeTOIbI IepBOTro MOpAKa,
HampuMep, aHajor MeTona dppoy-I'ypsua:

0
Xk+1 = Xk — ﬁa—xN(Xka)’k),

0
Yitl =Yk — ﬁ@N(Xka)-

11.3. BzaumocBA3b MeToA0B MHO;kuUTelNeil JlarpaH:xka
U mTpa@HbIX QYHKUIUHA

11.3.1. Rak MbI Buenu, oOCHOBHasl uaefd MeToaa MOAUGUIIPOBaHHbBIX
¢yurnuit JJarpan:ka u Metona mrpadHbIX GYHKIUN COCTOUT B CBEI€HUU
3aJay ONTUMU3ALUU C OrPAaHUYEHUAMH K 3agayaM 0e3 orpaHuueHuii. B
TeopeMe 11.2.6 6blaM yCTaHOB/EHBI YCAOBUSA, IPU KOTOPLIX pelleHue 3a-
Jayy MeToAoM MoauduuupoBaHHbIX GyHRUMI JlarpaH;ka ABAdeTcA TOU-
roit Ryna—Takrepa. Ora3biBaeTcs, MeTO MTpadHbIX GYHKRINM 061amgaeT
TaKk;e 3TUM CBOICTBOM, €ClIU B KauecTBe ABONCTBEHHBIX NepeMeHHBIX
B3fiThb YacTHble NIPOM3BOJHLIE MITPada no GyHKUUAM-OrPaHUUEHUAM.

BeigicHUM yci0BHA, IPU KOTOPBLIX MeTop IITpadHbIX QYHKLUWN NpuU-
BoAUT Takie K Touke KyHa-Tarkepa. Tem cambiM 6yaeT ycTaHOBIe-
Ha cBA3b MeToAa MoAUGUIMPOBaHHBIX GyHRKUuit JlarpaHma ¢ MeTomoM
mTpapHbIX (QYHKIUMA.

11.3.2. PaccMoTpuM OCHOBHYIO 3aJadyy MaTeMaTU4eCcKOro Mporpam-
MMPOBaHUA:

»(x) — min,
x € X = {x: f(x) >0},

rae f1(x) = (f1(x), f2(X), ey fn(x)).

ITpaduyio ¢yHRIUIO 3aNUIIEM B CIeIyIOMEM BUJE:

(11.10)

M(z,8) = p(x) + % (fx), B>0,

rie:
(W(f(x)) =0, ecun fi(x) >0 gas Beex i € I ={1,2,...,m};

Y(f(x)) >0, ecin f;(x) < 0 xoTsa GbI 0 ofHOTO ¢ € I.

*) CM., Hanpumep, MoHorpaduto: Jemvanos B.®@., Bacuaves JI. B. Henuddepenuu-
pyemas ontumMmusauusa.— M.: Hayka, 1981.



244 I'a. 11. Memod wmoduduyuposannvir GyHkyull

O6osznauenun. L(x,u) = ¢(x)+ (u, f(x)); ul = (u1,us, .., upm) <
< 0 — ¢yuruns Jarpamsa aas sagaun (11.1); Y = Argmin {¢o(x): x €
eX};

= {x: 2 MxH) =V 0+ 55 (zreteNvhE =0, 5>0)}
— MHOKEeCTBO CTallMOHAPHBIX TOUYEK MTpadHOi HyHKINY;

K= {(x,u):

9 Lixm) = Vo) + 3wV =0 uifi(x) =0, u<0}

i=1

— MHosKecTBO Touek KyHa—Takkepa;
ui(B) = ﬁaf O y(fys); i=Tom, ys€Ys v(B) = (ys (@)
u’(8) = (w1 (8),u2(8), -y um(B)),  I(x) = {i: fi(x) =0}.

11.3.3. IIpennonoseHuA.

1) ¢(x) — Boinykaas dyukuus, f;(x), (i = 1,m), — BoruyTble QyHK-
unn, ¥(f(x)) — BblmyKaasa GyHKUUSA;
MHOsecTBO X peryiasapHo no Cieiitepy;
MHO€CTBO Y HelyCcTO U OrpaHu4eHo;

( f(x)) € CH(En);
-H(f(x) <0, i=1m;
(

6 (x)) =0, ecin 0 < f;(x) < p < 0.

. Teopema. Ecau svinoansiomea ycaosus 1)-6), mo

Jim p(v(B), K) = 0.

2)
3)
4)
5 3
)
11.

loxkasatenbctBo. IlycTh yg € Yj3; Torna

Veolys) = Z —ui(B)V fi(yp)-

Ecau Gypmer nokasana paBHOMepHas OrpaHUYEHHOCTb MO [ cemelcTBa
{v(#)}, To maa moboit npeuenbﬂoﬁ Touku v* = (y*,u*) cnpaBenauBo

cootHotenue Vo(y*) + E u;Vfi(y*) =0, u, Kpome TOro, B CHIy ycio-

Buf 6) uf f;(y*) =0. TaHI/IM o6paszoM, Jiobas npegenbHas Touka v* 6yaeT
npuHamieaTh MHOMecTBY K, u, ciegoBateinbto, p(v(5), K) — 0 (8 —0).
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IIpeanonoxum, uro cemeiictBo {u(3)} He ABNAETCA paBHOMEPHO Orpa-
HuvyeHHbIM 10 (. Toraa HaiimeTcs Takas nociegoBaTtenbHOCTh {[f}, 4TO
—u;i(Br) = +00, Pr — 0, x0T ObI A5 0HOrO HOMepa i. 3 npeanonosse-
HUA OrPaHUYEHHOCTH MHOKECTBA Y cileqyeT OrpaHUYeHHOCTh B COBOKYTI-
HOCTU MHOsecTB Y3 i Beex 3 (eM. Teopemy 1 us [1.4). 13 sTolt TeopeMbl
ciiefiyer, 4To 100as NpefelbHasa ToUKa y* cemeiicTBa {y3} NpuHaLIeKUT
MHO?KECTBY Y.

He ymanss o6mHoCTH, MOskeM Mpearnoaaratb, 4To kll)H;o vg, =y". llo

ycaoBHiO 2) Hajinercsl Takas Touka z € X, uro f;(z) >0 (i = 1,m). U3
BBIMYKJIOCTU QYHKIUU @(X) clefyeT

0(z) — o(ys) = (Veolys),z—ya) = Y —uiB)(V fi(ys), z — ¥s).
i=1

Tax wak fi(x) — pornyToie pynma, 10 fi(z) — fi(ys) < (Vfi(ys)z -
—¥3), U, yuutsiBad, 4to —u;(3) > 0 (i = 1,m), noryuaem

m

o(z) — o(ys) 2 Y —ui(B)(fi(z) — fi(ys))-
i=1
[penmonosum, uto I(y*) # @. Torga Haiigercs takoit Homep j € I(y*),

urto fj(y*) =0, u gaa gocraTouno Maibix G > 0 6yznet fi(yg,) < %fj(z).

Urar, fj(z) — fij(ys.) < %fj(Z) nasi j € I(y*) u mocTaTodHo GOdbIIMX
HoMepoB k. U3 ycnoBuit 5), 6) momyuaeMm, uTo HaiifleTcA Takoil HOMep
ko, uto mas Bcex k > ko 6ymet u;(B) = 0 Vi € I\I(y*). llocnennee cue-
ayetT us Toro, uro fi(y*) >0 gaa i € I\ I(y*), 1 HoCKOIBRY yg, — ¥~,
10 fi(yp,) > 0 maa k > ko.
Hamnee,
m
o(z) — o(ys,) = Y —wi(B)(fi(2) — filys,)) =

i=1

= Y —uilBila) - filya)) >3 Y —uilBfi2);

i€I(y™) i€I(y*)
Mo3aToMy
- w(z) —(yg, )
> —uilBr) < 280(2111 (pﬁf?) <2—0 f~(ik)0 = const.
ieI(y*) iely*)”’ icely*)”"

[IpaBoe HepaBEHCTBO CiIeAyeT U3 TOro, YTO NociIeJoBaTedbHOCT {¢(yzs, )}
MOHOTOHHO Bospactatomas (cm. (6.8) B 1. 6.2.2).
TakuM 06pasoM, Mbl NMPUILIA K COOTHOLIEHHIO, NMPOTUBOpeYalemMy
NPEANoNOMKEHNIO 0 HeorpaHUUYeHHOCTH mnociegoBateabHoct {—u;(0)}-
Hawowner, cayuait, korga I(y*) = &, B cuiy ycaoBus 6) TpuBuaieH. A



JOBABJEHUA

I.1. O KoHe4YHOCTH UYMCJ/IEHHO peajll3yeMoro Meroja
BeIGOpa mara u3 yciaosusa (9.15)

MoskHO yTBep#aaTh, 4To AaA byHkHuil us wiacca C1'(E,) BbGOp
Koaddunuenta By us ycaosus (9.15) ocyiiecTBiaseTca 3a KOHEYHOE YUCIO
yaBoeHUi (uau OpoGieHnit) BeAUYKHbI mara.

0 -
HUrak, nonaraem [y = %}ck)w (i=0,£1,£2,...), |Isk]| = 1, u npoBe-
preM BbInosnHeHHe cooTHouwenus (9.15). Beanuuna i uamenserca mo Tex

nop, noka He OymeT BbinonHeHo HepaBeHCTBO (9.15). Iyers (9.15) Bbimoa-

HseTcs Brepsble npu i = ig(k). Toroa monaraem [y = 8<p(xk)2m (k)

sy,
Tloramem, uTo BeauuuHa ig(k) orpaHuueHa B COBOKYIHOCTH, T. €.
liog(k)] < M (k=0,1,...). JeiictButeasro, npu i < N = [—log, L] —

—1 6yner (1 — L2°71) > 1/2 (3mech [a] osnauaet uemyio yacth uucaa a),
OTKyza

o - 22

> (¢ (%), 2°(¢" (xk), Sk)sk) — L—||(90 (xk),s6)|1> =

Op(xk)
8sk

’

— (20— [2% Op(xx) H 1 9(x5)2"
h (2 L2 H 6sk 2 2 6Sk

kel={0,1,2,..}.

JTo B cBOIO o4yepelb 03HauaeT, uTo maa f = 2NV ~1(¢'(x;),s.) HepaBen-
ctBo (9.15) Takske mMeeT MecTo. 3HAUMUT, TOT HOoMep ig(k), MPU KOTO-
pom BbimoaHuTCA HepaBeHCTBO (9.15), He mpeBocxoaut M = |N — 1|, a
roadduument By = 20" (' (x;),s:) ymosaeropsaer (9.15). 3amerum,
4TO f3), MOMKHO MPENCTAaBUTh KaKk

B = (! (xu), 50,

roe L2-11-Nl < ¢}, < L2V, Tlostomy HepaBencTBO (9.15) Gymet BbI-
nosiHeHo He Gojiee yeM 3a KOHEUHOe YUCIO0 yABOEHUN paBHOMEPHO M0 BCeM
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uTepaLufaM.
llns cunbHO BhINYRIOH GyHKUUM (X) BbIGOp Koadhduuuenta [y u3
yCJI0BUSA
B = argmin(x — fsy)
B>0
MO;KHO 3aMeHUTh Ccjefylolleii OLleHKOHl 3Toro KoadduuueHTa CHU3Y U
CBEpXY:
(' (x1), 8k) (¢'(xk), 5k)
el ol g, ¢ el o), (1)
P
rie p — KOHCTAHTa CUJIbHON BLIMYRJIOCTU. [elicTBUTENBHO,

pBE < (@' (xk), Besk) = Br(@' (Xk),sk)

N
u, ciefgoBarensHo, B < (@' (Xk),sg)/p- C Opyroit cTOpoHsI,

(@' (xk),88) =
= (' (x1) — ' (xk — Brsk),sk) < || (xk) — @' (xx — Brsi)|| < L

u, 3Haunt, B > (¢'(Xx),sk)/L, 4To BMecTe ¢ MPEAbIAYIIUM HepaBeHCT-
BOM faeT cooTHomenue (1).

I.2. O1leHKa CKOPOCTHU CXOOHMOCTH IHKJIUYECKOTo
MeTo[Ja MOKOOPAMHATHOrO CIycKa ¢ yJBOeHHeM mara

B sToM MeTope HampaBieHUe CIIycKa TaKoe ke, Kak U B ciaydae 9.7.8,
a BeauuyuHy mara (3; GyaeM BbIOMpaTh crnocoGoM YIBOEHUSA IO cXeMe,
onucaHHOU B 9.4.6, T. e. U3 YCJOBUA BBINOJHEHUA HepaBeHCTBa
Br. Op(x)
p(x) — p(xi — Bysy) > 2 2elxw)
2 ask
[MoraeM, 4yTo 1A 3TOro Metona GydeT cIpaBellNBa JIUHeHHAA CKO-
POCTh CXOAUMOCTHU MO (pYHKLIUOHATY.
Hemma. Jasa awbozo sexkmopa h € E,, ||h|| =1, cywecmsyem makoii
underc i € {k,....k —n — 1}, umo

loxaszarteabctBo. U3 (1) caexyer, uto Haiigercsa XoTs Obl OgHA
KoMIOHeHTa BekTopa h Takas, uto |hj| > 1/4/n, a 3HauuT, 414 BeKTOpA
s; = e; OyIeT BbINOJHEHO HepaBeHcTBO (1). A

CaenctBue. Jaa awbozo h € E, u ||h|| =1 cywecmeyem oxpecm-
nocms Us(h) = {x: p(x,h) < &} makas, ymo (x,s;) < 1/(2v/n) 0aa ecex
x € Us(h), § < 1/(2v/n), u nekomopoeo i € {k,...k+n—1}, k=0,1,...

lTorasateabcrtBo. [lycts x € Us(h). Tornax=h+y, rze |ly]| <
< 1/(2\/’5)7 U, 3Ha4YUT, <X7 Si) = (hv Si) + <y7si> 2 1/(2\/E) A
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Teopema 1. Ilycmv nocaedosameavrocms {Xp} cmpoumca no cxe-
me 9.7.8 u B, = (@' (xx),sk)/L. Tozda dan aGo2o0 Homepa p u xoms Obl
das 0dnozo Homepa i € {0,1,...,n — 1} 6ydem cnpasedauso Hepasercmeo

<<p/(XP+i), Sp+i) 1
o Gopa)l 2 dngm’ 2)

NorazateancTBO. U3 crencTBud noaydaeM, 4To Aif J1i060ro p =
=0,1,... cymecTByeT Spy;, TaKoii, YTO

Qp+i =

o1 Us(¢'(xp)
e oY IR EC]

rae 6 = 1/(24/n), 10 < n. Iaa mo6oro i € {0,...,n — 1} 6ynyT cnpaBex-
JUBLI COOTHOLICHHUSA

H Sol(xp) H _ H ‘PI(Xerl) +
ll¢’ (xp)l ||80 i)l ||<P e Gep)l
+ I(xp+1) _ ‘P(Xp+2) R LP/(Xpﬂ'—l) xp+z H
ll’ (Xp+1)|| ||<P'(Xp+‘>)|| ”“p’(XIHi Dl Tle'( xp+z )i
H ¢’ (xp '(xp+1) H +H "(xpsi—1) ¢’ (Xps4) H
I’ (XP ” ”90 xp+1)| lle’ xp+z—l)|| “‘P xp+z)||

OueHuM j-e ciaraeMoe B NpaBoii 4acTu HepaBeHcTBa (3):

H Xp+]) Xp+J+1) H
lle’( Xp+j i ”90 xp+]+1)||
_ H ““P xp+j+1)||80l(xp+j) - ||“Pl(xp+j)“%0l(xp+j+1)
lle' (xp g+l " (xp5)l

MoGaByUM B YHCAUTENb IIPaBoOil YacTU NOCJIeJIHEero paBeHCTBa

£’ (Kpt 1)l (Kptjs1)s

MoJIy4YnuM

H ||‘Pl(xp+j+1)||‘Pl(xp+j) - ||“P/(xp+j+1)“%0/(xp+j+1) +

ll¢" (xp ) IHI9" (xp sl
||‘P’(xp+j+1)||90l(xp+j+1) - ||‘P/(xp+j)||‘P/(xP+j+l)
lle' (xp )" (xps 54l
‘ ||‘Pl(xp+j+1)||80l(xp+j) - Sol(xp+j+1))
lle' (xp)IHl9" (xp )l
(" (xpejs)ll = lle" (xps) D@ (Xpijisr)
lle' Gep )l (xpg 54l

+

<

+

+
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Orciona, ucnoabaysa ycaosue p(x) € CH1(E,), nonyuaem

H ll (%p1j) Nl (xp1ji1) H
ll¢' (xp+5) || Il (ep )l
L(‘P (Xp+j)7sp+j) L(‘Pl(xmj)yspﬁ) (Sol(xp+j)75p+j>
Sl (xpa)IIL le'Gepe DL =7 Nl (xpai)l

[Ipennonoxum, 4To Teopema HeBepHa, T. e. maA Bcex j € {0,1,...
.,n — 1} 6yner

2<‘P/(Xp+j)75p+j> 1
lle' Gep )l 2n/n
Torga, Bo3Bpamasnch k (3), noayyaem
H ¢ (xp) @' (Xp1i) H 1
' Gep)ll Tl Gl 2n\/_ 2/n

Moatomy npu Beex i € {0,...,n — 1} 6yzer
¢’ (Xpii) U,;( (xp)”)

llo' (xp+4)l ll’ (xp)
1
—m, pEI—{O,l,...},

U, 3HAYUT,

@' (Xp1ig) o' (xp)

; e Us ;
(1" (Xp-rio) [l’ (xcp) |

T. €. cCor'JlaCHO CJ1eACTBHUIO CHpaBe):[JII/]BO HepaBeHCTBO

¢ (Xp+io) 1 1
(T se) 2 37 > o

Mpbl TpUIIM K TPOTHBOPEUUIO C IMPEINoNoKeHHeM O HeBbINOMHEeHUN
HepaBeHcTBa (2). A

Teopema 2. Ilycmv muomecmeo Xog = {x: p(x) < ¢(x0)} oepanu-
weno, p(x) € CH1(E,), nocaedosameavrnocms {x;} cmpoumcs no gopmy-
aan (9.7.9), (9.13).

Toz20a umeem mecmo caedywu,as oyeHKa CKOPOCMU CTOOUMOCMU:

(p(Xm) - 30* < 57'7,4/777,, m € Ia

20e § > 0 — Heromopas KOHCMAHMA, HE 3A8UCAULASL OM DPAIMEPHOCMU
npocmpancmea E,,.

HorasaTteabcTBO. U3 Teopemsbl 1 cienyet, 4yTo npu Jio6om p € [
cpefu TocieoBaTelbHOCTU BEIUYNH afﬂri (t=0,1,....n—1),

2 <‘P/(xp+i), Sp+i)2

(0] .=
. ll" (xpsi)lI®
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HaifieTcst XoTA Gbl OMMH Takoit, uTo o, ; > 1/(16n%). Tloatomy

P0pe0) = Pxprin1) > T2l i) P > 157 2l Gy 1,
1, 3HAUUT,
P(Xpri) — p(Xprit1) S 1
l¢'GopslP 2 T60m

Tarum o6pasom, u3 TeopemsI 9.3.3 umeeM

Ln*16 _ on*

16Ln3 m m

[m/n] 1 —1
w(xm)—cp*Sn[Z ] <
i=0

Ocranock 3aMeTHTh, 4To BeauuuHa ( (cormacuo [I.1) umeer Bun [ =

= ﬂ(go’(xk),sk), roe L27UN-1 < ¢}, < L2IN-11 yto obecneunBaet ko-

L
HEYHOCTh ee BhbIbopa MeTOoHOM yABoeHuil. Eciu Bciogy Bblille BeIUYUHY
Br 3aMeHnTh Ha By = —%(¢'(X}),Sk), TO pesyIbTaThl TeopeMbl 1 i Teo-

L
peMeI 2 coxpaHsoTes. A

B cayuae cunbHoit BeiyKiIocTH GYHKUUE ¢ (X) U BbIGOpa KO3 GUIM-
eHTa () U3 ycioBus

Br = argmin p(x; — Osy)

>0

6y,11€T ClipaBelJIMBO COOTHOIIeHNe

(' (xk),sk) /L < Br < (@' (xk),8k) /P,

Mo3TOMY Ipedblgyuirie pes3yJ/bTaTbl CIIpaBedJMBbl U OJIA 3TOro crnocoba
BbIﬁOpa mara. OI.IeHRa B 3TOM cCiy4dae nMeeT BUJ

P(xm) — " < exp [— pdy %] m=0,1,...,
”XWL_X*“2 < %eXP[_P52%]7 m=0717"'7

rae 01,02 > 0 — HEKOTOpble KOHCTAHTHI, HE 3aBUCAIINE OT 1 U M. A

I.3. BbIpos#aeHHOCTh B 3KCTpeMalbHbBIX 3aJadax

W3noseHHbli B I, 3 MaTepual gaBaics B IPEINoJI0KeHNH, YTO Orpa-
Huuenusi f;(x) (i = 1,m) u uenesas GyHKIUA p(X) HE BbIPOICHDI, T. €.
o'(x*) 20, fl(x*) 20 (i = 1,m). B ciyuae BbIPOKIEHHOCTH Teopema
HKyna—Takkepa cTaHOBUTCA Hecoiep:kaTelbHOM, Tak Kak

fix)=0, i=Lm, (1)
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¢'(x") =0. (2)

B nactosmem go6aBieHUU U3J0ieHbl KPUTEPUU ONTUMAaIbLHOCTH /A

BBLIPO;KIEHHBIX 3aJay MaTeMaTH4ecKoro NporpaMMHUpoBaHuA. UTo6LI He

YCIOAHATD UBJ0eHUH, pacCMOTPUM TOJBLKO CIy4dail akTHBHLBIX OrpaHu-

yenuit, T. e. f;(x) = 0 (i = I,m). Cuurtaem, Kax u panbuie, f7(x) =

= (f1(x), ..y fm (X)) 1 dopManu3yem Hamy 3agady ¢ BBIPOJEHHEM Clle-
IyIouuM 06pa3oM:

X) — min,
p(x) — mi 3)
X ={x€E,: f(x) =0},
MpU yCJIOBUAX
e (x*) =0, ¢q=T,p—1, "
fi(q)(X*)z ) q=17p_]-7 Z—].,’ITL

Yepes pP) (x¢) 0603HaUNM MTPOU3BOAHYIO P-T0 MOpAAKa GYHKIUH ((X)
B Touke Xo. Hampumep, ¢'(Xg) — 2T0 rpagueHT GyHKUUU @(X) B TOYKE
X0, ©?(x0) = ¢"(Xo) — MaTpulla BTOPHIX MPOM3BOMHBIX U T. A. [eii-
crBuie npoussomHoii pP)(x) onpegeneHo Ha MPOU3BeNEHUH TPOCTPAHCTB
E, x ...x E,, caegyomnmM obpasoM. IIyers y), ... y® — sgementsr
N—————

p
ns FE,. Torpa

o? (xo)fy M, ...,y ] 2
A (0 9 W) (9 ® 9
2 (oot + et 5yl (Gt + ot gy (o)

A pl 9P (x0) (1) (1) (B ()
= Z i1!~-in!azf1...8xf{lyl iy ey ey - (9)

2

i1+...+in=p
Hanpuwmep, B cayuae yI) = ..y = h 6yger
() .
®) (x0)[h, .., h] £ o® (xo) [ £ P 90T (x0) pis pin,
¥ ( 0)[ PRLRE) ] ¥ ( 0)[ ] i1+m2+in:p Zl'Zn'aicila’E%" 1 n

p

BBenem cienyiomniue o603HaYeHUA:

Im f®)(x0) = {y € Em: ;" (x0)X]" = i, i = T,m, x € En},
Ker £V (x0) = {x € En: f"(x0)[x]P =0, i = T,m}.
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I. YcioBue p-peryiaApHOCTH OrpaHUYeHHUIL.

OnpeneneHnue. bygem roBoputhb, uto otoopasenue f: E, — E,,
Pp-pe2yaapHo 8 mouke Xo, ecau aasa aoo6eix h € Ker f(xg) u h # 0 Bbimosn-
HEHO COOTHOIleHNe

FO )P E, = By,

(smecw zamuch f(P)(xo)[h]P~'E,, osnauaer, uto onepatop fP)(x°)[h]P~?
NpUMeHseTCA KO BCeM aJeMeHTaM z U3 npocTpaHcTBa Ey).

B nanbueiiuiem, He orpannunBas o0mHOCTH, cuntaeM Xg = 0, f;(xg) =
=0 (i=1,m).

IIycts M — HekoTopoe nmoamHoskecTBO F,,. BekTop x € F,, Ha3bIBa-
eTcsl KacaTellbHBIM K MHO;ecTBY M B Touxe Xg € M, ecau cyumecTBy-
eT Taroe uuciao € > 0 u oroGpamenue ¢ — r(t) orpeska [0,¢] B E,, uto
Xo + tx +r(t) € M npu Beex t € [0,¢], ||r(¢)||/t = 0, t — 0. CoBoKymHOCTD
BEKTOPOB, KacaTelbHbIX K MHOeCTBY M B TOUKe X, Ha3bIBaeTCA KACd-
meAbHbIM KOHYCOM K mHovcecmey M B Touke X 1 o6o3navaercs T M (Xg).

I1. OcHoBHbIe TeopeMsbl. [I1A goKkasaTenbcTBa yCIOBHUil ONTUMAalb-
HOCTU MOHAZOOUTCA HECKOJbKO KIACCUUYECKUX pe3ylbTaTOB U3 Kypca
MaTeMaTHUYeCKOro aHajlu3a.

Teopema (060OMEHHBIH MPUHIUI CHUMAIONIUXCA OTOOPasKeHuUit).
ITycmov 6 nexomopom wape U(zg,r1) = {z|p(z,20) < r1} (r1 > 0) onpe-
deaeno omobpaycenue ®: U(zg,m1) — En, nputem muoxcecmeo ®(z) e
nycmo dasn ecarozo z € U(zg,r1). lIpednoaoscum, daree, wmo cywecmey-
em wucao 6 (0 < 0 < 1) maxoe, wmo:

a) h(®(z1), ®(2z2)) < 0p(z1,22) 0aa awboiz 71,22 € U(zg,r1);

6) p(zo, ®(20)) < (1 —O)ry.

Toz0a dan 6cakoeo uucaa ro, Y008.AeMBOPAIOULE20 HEPABEHCMBY

p(Zo,(I)(Zo)) <rg < (1 - 9)7‘1,

cywecmeyem marxoti saemenm z € U(zg,r2/(1 —0)), umo z € ®(z). Bo-
Aee moeo, cpedu mouek z, YydoeaemeopAIWUL SMUM YCA0BUAM, Halidemcs
makas, 4mo

p(2,70) < (70, B(20)).

3necs h(A,B) = max { sup p(z, B), sup p(z, A)} — xaycaophoBo
zZEA z€B
paccTosiHde MexIy MHomecTBaMu A u B.

Teopema Banaxa 00 OoOTKpPBITOM JUHelHHOM oToGpame-
Huu. Ilycmv A — auneiinoil onepamop, deiicmeywowut Ha E, — E,,.
Lloaoocum

CA) = sup (llylI=" inf {||x[|[x € En, Ax = y}).
y m

Tozda ecau Im A = E,,,, mo C(A) < co.
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Teopema o cpennem s3HadeHuu. Illycms U — omrpwimoe mHo-
acecmeo 8 E, u omobpaxcenue F: U — E,, duddepenyupyemo 6 kadxncdoil
mouke ompeska [x,x + h] C U. Tozda™)

[F(x +h) = F(x)[| < e, [[1£"(x + th)]| [[hl].

IT1. O606menHana TeopeMa JliocTepHuKa.

Teopema 1 (o6obmennas TeopeMa Jlioctepuuka) **). Mycms U —
oxpecmuocmy mouku 0, f — duddeperyupyemoe do p-20 nopsdka erai-
yumeavHo omoobpascerue muoxmecmsea U & E,,, ydosaemesopsaiouee ycao-
suito (4). Ilpednoaoycun, wmo f asanemcs p-peeyanproin 6 mouke 0 u ezo
Pp-f1 NPOU3BOOHAST HENPEPLIBHA.

Torpa racatenbHbIil KoHyc K MHOskecTBY M (0) = {x € U|f(x) =0} B
Touke 0 coBnagaet c AgpoM olepaTopa f(”) (0) :

TM(0) = KerfP)(0). (7)

Bosee toro, ecin sup ||{fP)(0)[h]P~'} 7| < k, To cymecTByIOT OK-
Ihjl=1

pecthocts U' C U Touku 0, yucio § > 0 u oroGpamenue y — x(y)
muosectBa U' B E, takue, uto f(y +x(y)) = f(0) u [|x(y)|| <
<OlEy) — £(O)|IYP Yy e U

NorkaszatenbcTBo. IIycts BekTop x mpunamiexut 1M (0).

Tlokamem, uto x € Kerf(®)(0). HeitcTButensHo, tx + r(t) € M(0),
[|le(t)||/t — 0 mpu t — 0, uan

f(tx +r(t)) = £(0). 8)
C aopyroft cTOpoHBI,
£ . f(p)(O)
(tx +r(t)) =£(0) + ...+ —![tx +r(t)] +w(t), 9)
lw®I|/t" = 0.
[IpupaBuuBas npasble yactu (8) u (9), umeem
£(0) = £(0) + 1 (0)[75;(!"‘ ()P + w(t),
Wi ) )
%f(”)(o) [x+ @] +w(t) = 0. (10)

*) Uurarenn MomeT HaiiTh 3Tu Teopembl B Kuure A.Jl. Hodde u B.M. Tuxomuposa
“Teopus skcTpeManbhbix 3agau” (M., Hayka, 1973).

**¥)Teopema BmepBble cdopmyaupoBana U jokazana B WIIK AH CCCP
A.A. TpeTbAKOBBIM.
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Coxpamas (10) ua ¢P, moryuaem

1

o (P)(0) [x + @]p L@l o, (11)

tp
Ho neBas vacts Boipamenus (11) ectsb

p—1
PO+ O )[R TR +

.+ fP(0) [r(t—t)]p + %p! —0. (12)
Hcxons us nenpepoisHoct f(P)(0) u yeroua (4), noayuyaem us (12)
npu t — 400, uto fP)(0)[x]? = 0, 1. e. x € Ker fP)(0) uan TM(0) C
C Ker f(P)(0).
ycts Teneps h € Ker £(P)(0), 1. e. f()(0)[h]? = 0. He orpanuunpas
obmHocTy, cuntaem, uto ||h|| = 1. Moaoxkum z, = ah, a > 0. O603HaUNM
uepes Uy(x) = {y € E,|||x — y|| < d} okpecTHOCTh TOUKM X paguyca d.
PaccmoTpum MHOrosHauHoe oToGpaseHne

dx, (x) =x— (p— D{FP(0)[xa]P 1} (x4 + %),

rae fP)(0)[x,]P~" — HenmpepbIBHBIN JTUHEHHDBIH OMepaTop NMPH KakI0M
(purcupoBanHoM «a > 0.

IMokasemM, UTO NpU KazKkIOM JOCTATOYHO MajoM « > (0 1Jf omepaTo-
pa ®x_ (X) BBINOJHEHbBI CledyIO1e COOTHOMIEHNUS:

h(®x, (x1), ®x, (x2)) < 7l[x1 —x2l,
X1,X2 € Ud(a)(o)a UAS (07 1);
p(0,®x, (0)) < d(a)(1 — 7). (136)
B cBoio ouepenn, 3To GyjeT o3HauyaTh, uTo MIA omepatopa Px_(x) BbI-

HOJIHEHBI YCJI0BUA 0006IEHHOI0 MPUHIHUIIA CHUMAIOMNX 0ToGpakeHui U,
3HAYUT, CYIIECTBYeT Takas Touka z(q), 4To

(13a)

20(0, @44 (0))

z(a) € Ox, (2(a),  plz(2),0) < =77

,HOKa}ReM CHayvaJia, 4TO

p(0, ®x, (0)) = o() (14)

npu goctaTouHo maioM « > (. CorinacHo TeopeMe Banaxa 06 oTKpbITOM
JAUHeiHOM oTo6paskeHun

m = sup (lyll ™ inf{Ix]| x € Bn, fP (O[] x = y}) < oo,
yeb,
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" MO3TOMY

Mo = SUp (lylI™ inf {1l [x € En, P (0)[ah]" 'x = y}) = ==,
y
rae £ (0)[ah]P~'x = P! fP)(0)[h]P~'x. Tar rar h € Ker f(?)(0), To

p(0,x,(0)) = [|(p = D{SP (0)[ab]’ "} f(ab)]| <
< (p—1)!m||f(ah)|la' P = (p— 1)!ma1_pr(O + £(0)[ah] + ...

-+

® 1)'f(p)(O [ah]? + w(ah) H = (p— Dla' Pm|lw(ah)||,

rae ||w(ah)|| = o(aP). 3uauurt,
p(0,9x,(0)) < (p— Dla! Pllw(ah)|| = (p — Dlmo(a)  (15)

1 BBINMOMHEHO cooTHoueHue (14).

JlokaseM Ternepb CpaBefInBOCTh yciaoBuA (13a), T. e. 4To npu M060M
npoctaTouHo ManoMm « > 0 omepatop Py (x) GymeT cKUMAIOLIKUM B IIape
¢ neHTpoM B Touke 0 1 ¢ paguycom d(a) (mpudem Huse GyIeT MOKasaHo,
yto d(a) = a/R, R > 1 — HekoTopas KOHCTaHTa, OCTOAHHAA IJA BCeX
IocTaTouHo Maielx a > 0). B cBoio ouepens, B coBokynHoctH ¢ (15) aTo
Gyner o3HavaTh cinpaBeJnuBoOCTh ycnoBus (136). Imeem

h(@an(x1), Pon(x2)) = inf{||z; — Z2|| |z; € (%), i=1,2} =
— inf {||z1 - | | =g Y O)feb] 'z =

P)(0)[ah)’"'x; — flah +x;), i = 1,2} <

_ 1
C(p- 1)!
(ah +x1) — f(ah 4+ x2) —

/7 (O)ab] ! (x ) .

~X ap_l
IIo TeopeMe O cpedHeM 3Ha4yeHUU

[|[f(ah + x;) — f(ah + x2)|| <
< sup ||f'(ah + x; + 0(x2 — x1))]| ||x2 — x1]|-
0efo,1]
[MosTomy

1

Hf(ah +x1) ~ f(oh +x0) — oo f ”)(O)[ah]p_l(X2 - xl)H <

< sup Hf’(ah+x1 +6(x2 —x1)) —

FP©fabl | |x - x|
0€[0,1]

(p— 1)'
(16)
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Cunraem, uto ||x1]| < a/R, ||x2|| < /R, R > 1, rae Beanuuna R BbiGupa-
eTcA U3 YCIOBUA BBINOIHEHUsA cooTHoleHuA (13a) oqHOBpeMeHHO 1A BcexX
J0CTaTOYHO MaibIxX o > 0. Hume Gy geT nmokasaHo, UTO 5TO cleaTh MOHO,
u 3HaueHue R Gynet onpeneneHo. PackaansiBas f'(ah + x1 + 6(x2 — x1))
no ¢opmyie Teiisopa B Hylle, uMeeM

f’(ah+x1+0(xQ—x1)) = f'(0) + fP(0)[ah + x; +0(x2 — x1)] + ...
FP0)ah +x; +0(x2 —x1)]P " +e(a), (17)

-+ o 1)'

rre |le(a)]| = o(aP™!), Tak rar ||ah+x; + 0(x2 — x1)|| < 4a. Iepsbie
p — 1 craraembix B (17) paBHBI HYIO, MO3TOMY

fl(ah +x; +6(x2 —x1)) =
: 5 f(p)(O)[ah +31 4+ 0% — x1)]P ! +2(a) =

FP(0)[ah)~" +

o 1)'

p—1
+ oy 2 G /P Okl i + 6k = x)) +2(). (1)

Teneps onennM s3Havenue Bennunnsl R > 1 (||x1]| < /R, ||x2|| < a/R)
TaKkUM 06pasoM, YTOObI HOpMa BTOPOro cjiaraeMoro B npaBoit yactu (18)
obl1a Menbine a1 /(4m). ATo cnenaTb Bo3MOHHO, TAK Kak

H(p—l ' E (0)[ah]’ ™ x1 + (%2 — x1)]’

p—1
1 i op—1-i i
h (p—l)!”f(p)(o)nch—lap il + (k2 — x)|I° <

plz p—1

®)(0 zl>1 1 p—11 £(p) %
Ll ||Z <Gt IO S

Monaras R > 2P13|| f(P)(0)||m/(p — 1)!, nomyuaem

aP!

<
= dm

H — 1)l 4 Z _1FP(0)[ah]P T x4+ 6(x2 — x1)]f (19)

OuenumM, ocHoBbIBasich Ha (18) u (19), npaByto yacts 1o Gopmyie (16):

1
sup Hf (ah +x1 +0(x2 —x1)) — T

FP©ab | [x: = x| <
0e€fo,1]
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< ®)(0)[ah]P "1~ [x; + 0(x2 — x1)]' +
2 g _12 O ab] T e + 0k — x)]

1aP™
4 m

+ ()| Ix =31l <
Lo xs = x|
=2 m
IOJIA BCeX OJOCTAaTOYHO MallbIX & > 0. JTO B CBOIO o4yepengb o3HadaeT, 4ToO
h(® 1,(x1), @ 1 (x2)) <
< (a¢h+x1) — f(ah + x3) —

N 1

(20)

L PO e - )| <

1
< 5llxe = xf,
X1,Xs € Ug(a)(0),

T. €. BbINonHeHo ycioBue (13a) ¢ vy =1/2 u

R =220 f@(0)|Jm/(p — 1)

Takum 00pasoM, cripaBelJUBOCThL ycioBuil (13) morasaHa, moaTOMy [Uif
aio6oro gocTaToyHo Majnoro o > 0 cyllecTByeT TOUKa

z(a) € O, (2(a)) (21)

Taraf, 4ToO

p(z(@),0) = [lz(@)|| < 4p(0, D, (0)) = o(a), (22)

u u3 (21) crenyer, uto f(ah + z(a)) = 0, uau ah + z(a) € M(0). B coBo-
kynHoctu ¢ (19) aTo o3nauaer, yto h € TM(0), u Tem caMbIM I0Ka3aHo,
uto Ker f(P)(0) C TM(0).

JlokazeM Temepb MOCHENHee YTBepikieHHe TeopeMbl. M3 Teopembl
Banaxa u ycnoBus o6 orpanmdennocTd omepatopa {f®)(0)[hP~1}~!
cienyeT

s up (Il nf (il x € B SOOI x =y }) = M < o
=lye

3adurcupyem npousBoibhoe h, ||h|| = 1. Torga gas ao6oro orobpaseHus
®,n(X) IMeeT MeCcTo COOTHOLIEHNE

h(®,n(x1), Pan(x2)) = inf{||z; — z2|| |zz € Bon(x;),i=1,2} =
= inf{||z; — z2|| | f*)(0)[ah]*'z; =
= f®(0)[ah)’'x; — f(ah +x;), i = 1,2} <
F®)(0)[ah]”~ (x2 — xl)H.

(ah +x;) — f(ah + x3) — (p_l ]
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W3 nocnennero HepaBeHCTBa aBTOMAaTHYECKH MOy YaeM aHamoruduo (16)—
(20), uTO IMIA BCeX X1, X2, IPUHAMIEHKAIINX OKPECTHOCTH HYyIA u' mocTa-
TOYHO MaJloro paauyca r, U 11060ro y € u’' MMeeT MeCcTO COOTHOLIEHHE

h(®@y (x1), Py (x2)) < [[x1 — x2/2. (23)
Nlanee, B cumy (15)

p(0,2y(0)) < M[IE(Y)II'? < r/2. (24)

CootHomenus (23) u (24) NOKa3bIBAIOT, YTO A1 MOGOro y € u' oTobpaske-
nuA Py (X) yIOBIETBOPAIOT yCI0BUAM 0606MEHHOr0 MPUHIHUIA CRIMAIO-
wux orobpaxenuii. [loaTomy cyuecTByeT Takoii BeKTop X = X(y), 4TO
x(y) € ®,(x(y)), u, crenoBarensto, f(y + x(y)) = 0. C npyroit cTOpoHbI,

Ix(y)ll < 61p(0, 2y (0)) < d[IF(¥)I[7,

rae 01, 0 — TOJOKUTEIbHbIE, HE 3aBUCALINE OT y KOHCTaHThI. Teopema
noxkasana. A

IV. Heo6xoqumsle U JocTaTOYHbIE YCJIOBHUA ONTHMaIbHOCTHU
Pp-ro nopAakKa.

Teopema 2. [lycmv U — omkpvimoe muoxcecmso 6 E,, dynkyusa ¢:
U — R u omobpaxcenue £: E, — E,, cmpozo duddepenyupyemsvt 8 moike
x* € U do p-20 nopadka skawiumeavro. Ecau x* docmasasem A0KaibHbLL
munumym 6 3adaue (3), (4) u ecau f — pezyaspnoe omobpasceHue p-z20
nopsadka 6 mouke X*, mo

P)(x*)[h?] >0 Vhe Kerf®(x*). (25)
Ecau wee sup |[{fP (x*)[0]P~'} Y| < k u daa nexomopozo oo > 0 Gydem
[IR|l=1
BbLNOAHCHO Ill-tepaeeucmeo
o) (x*)[h*] > of[h|/”, h € Ker f*)(x*)\{0}, (26)
mo X* — MmoyKa A0KAAbHO20 MUHUMYMA.
HorasaTenbcTBOo. Heo6xogumocTh. Ilycth X* — pemenue

samaun (3) u h € Ker fP)(x*). Cornacno teopeme 1 h € TM(x*), rae
M (x*) ={x € E,|f(x) =0}, 1. e. cymecTByeT oTobpasenue r(-): [—¢, ] =
— M (x*) Takoe, uTO

f(x* +th+r(t) =0, [c@®)]/t—0, t—0.

3uaunt, x* + th + r(t) — gomycTUMBI 3IeMeHT B 3aave npu t € [—e, €],
u, cilefoBaTeNbHo,

p(x") < p(x* +th+r(t)).
[MosTomy
P(x") < p(x" +th+r(t) = o(x*) =

= p(x") + @' (x)[th+ ()] + ... + <P(”)( [th +r(B)]” + o(t*) =

= () + S I + o(t7).
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OTciona HenocpeACTBeHHO cienyet (25).

lNoctatounocTh. Cunraem, uto @(x*) = 0. O6o3Haunm 4Yepe3
B(hy, ..., hy) nomnuneiinyio dopmy (p) P (x*)[hy, ..., h,]. OueBuaHo,
yto B(hy,...,h,) — HenmpepbIBHaA cuMMeTpUYHasA NoaMINHeliHaA hopMa.
Bribepem € > 0 Tak, 4T0OBI

7(e) = (p (1—e)? — CLIBII(L +e)P~te ~
k —k_k «
= CHIBII(1+ )P he —...—C£||B||e”>—2—p!>0.

(ocrombry (0) = a/(2p!) > 0, 3T0 3aBeJOMO MOKHO caenaTh.) PyHKIMN
f(x) u p(X) M0 yCIOBUIO UMEIOT B TOUKE X* MPOM3BOJHLIE P-I'O MOPAIKA
no x. Ilonbsysce popmyioit Teitnopa 1 yunTsiBas ycaosue (3), noiydaeM,
uto pi(x*) =0 (i = 1,p — 1), u, 3HauuT, Haiigerca Takoe yucio & > 0,
uto mpu ||h|| < d

* (67
lo(x") = B[hJ"| < o[-

Teneps nycts ||h|| < 0 1 x* +h — gonycTUMBIil 3M1eMeHT B 3ajade, T. e.
f(x* + h) = 0. Torna, npumenss k gpynrunonary F(x) = £ (x*)[h + x]?
o6obuenHyio TeopeMy JliocTepHuKa mpy p = 1, moaydaeM CylecTBOBa-
HIe SIeMeHTa hi TaKoro, 4To

FP )b+ B =

} (27)
Bl < k”f”(h”w o |hl)-

3uaunt, h 4+ h € Ker fP)(x*), npuuem ||h — (h + ﬁ)|| = ||ﬁ|| < g||h||, rar
aT0 cienyet u3 (27). Orciona (1 —e¢)||h|| < [|h+h|| < (1+¢)||h||, u B
UTOr€ MOJTyYaeM

p(x" +h) = p(x") > BWJ = 7] = Blb+ h— k] - 55 b >
> Blh+ B — G} 1Bl [+ B[P [B] — .. — [ BI|[B] — 37 ] >
1 _
> (5 (et —o7 = GBI+ e — ..~ [Bll? ~ %) []") > 0,

T. e. X* — peutenne 3agaun (3), (4). Teopema gokazana. A
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